68 L. P. POPESCU

(16) BZ(V)=Z(g7V), SiZ(V)y=Z(V).

Un champ fondamental Z(V) est un champ fond ndid
considéré cn {1], Definition 7.3.( ) p fondamental sndust Y (o),

4. Sections globales. Remargue 5. L'isomorphisme
(17) f-‘F*->LXV"|I(1:)=(3,3'IJ)
considéré en {1]. P 721 - . fys
et en {1]. Proposition 6.1. est une conséquence de la proposition
L’application

(18) 6y 1 L>Flef{z)=(0, z)

est une seciron globalc de fibré trivial F (M). L'espace total F est ¢
qucnt}trivial ¢t difféomorph avec la v;(riézé procIl)uit Lxve o e conse
_ vemargue 6. Le groupe affine GA du fibré princi ' :
tible 2 s T GI? ré principal A(M} est réduc-

Cette afirmation est le résultat des propositions :

a) Le fibré tangent T(M) est un fibré associé du fibré A{M)

b) La section nulle '

(19) o *EM-aoh(x)=0sM,

est une sectron globale du fibré tangent T(M).

Pour chaque x <M, un répé i ¢ i
) ; : pere affine u=(v, z) =x3'(x), détermi
1somorphisme SR rne un

o1 VA M, [ &(v)==y 4 2v, son inverse étant &': M, - V,[.&1
B ’ u . z a (X)) =
—_,} ;(;}f_-y)), }_{{_ e de Nous avons défini ainsi 'application %[:“F >£ V)”—a»
—1|a(u, 9)=y+zv, dott on déduit &, : A->T|&, (1)=
B SR & —»T|a, (t)=y+zv et par con-
Remarque 7. L'application
o’=(or, o%) ;

L(M)—T(M)

représente un plongement de fibré L{M) dans le fibré de Finsler F(M

L’'unage o°(L(}M)) est un sous-fibré fermé de F(M) et son co s

: . mplément

F(M)—¢ (L(M)) est un sous- fibré ouvert de F((M)). e
Ces'§01’15—f1bres_ Jouent un rdle important dans la géométrie de Finsler

de la variété M, qui constitue un probléme d'une étude future.
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THE GROUP OF TRANSFORMATIONS OF FINSLER CONNECTIONS
SPECIAL CASES

BY
M. S. RADIVOIOVIU]

§0. Introduction. Let M be an #-dimensional differentiable mani-
fold, and (E, =, M) a vector bundle over M with fibre dimension m. Denote
by @(E) the algebra of vector ficlds over E, by “0'(E) the algebra of covec-
tor fields on E and by A{(E) the algebra of the lincar mappings of () on
% (E). Further we shall consider any metric_tensor field on E as a section
G in L(TE, T*E), G :%*(E) and G : & (E)»(E) be the inverse of G
such that G YG(X))=X for alle and X in % (E) respectively in $(E). In
the following sections we give an invariant form to the propertics of the
Finsler geometric objects, to make possible a global view upon how uscful
the method of Finsler geometry can be in the study of the geometry of a
vector bundle endowed with remarkable geometric structures. .

§1. The group of transformations of Finsler connections. Let N be
a nonlinear connection and V a Finsler connection on (£, =, M). A transfor-

mation of Finsler connection (N1V)->(1-\7, V) is given by
(L.1) Ne=N—A, VEBVE_DELV,,, Vi=Vi-—-Di

Where 4 is a Finsler tensor field of type (§3) and
D: %(E)—>AUE), X-Djy
such that
(DgrY®)Y =0, (Dgry'V)'=0. (DgrYH)V =0 ; (Dg¥ Y7)"=0.

If we denote that D¥=D,r, D%=D,v wegetsimmilar propertis for Dg
as for V. If we denote by D", D¥: H(E)—AYE) and by D" U (E)>A(E)
it is possible to rewritc the above conditions: the vertical and horizontal
distributions are parallel with respect to D¥ and DY for any X in @ (E).

Theorem 1.2. The set of all transformation of Finsler conmections of
type (1.1) and the composition of mappings has a group structure. The group

acts ef fectively and transitively on the set of Finsler connections.
Further we give the transformation laws for the torsion and curvature

tensor fields when A=0.

(X, V)=T(X, Y)~ (D, Y —DyX),
{ R(X, Y)=R(X, Y)—(Vy D)y +(VyD)y+DyoDy—DyoDy—Dry.1»
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Where J V“'D_fv“']? Dovs
| "V D{Y)=V oDy DyoD,
for any X, Y in A(E)
We recall the clasqic definition of the Obata operators and extend it to om
case by the equality :
A)==12{u— G toteol), A*u)=1[2(1+( 'oliolr),

where # =A}(E) and ‘x is the adjoint of thc operator 7 i,
Propesition 1.3. The curvature tensor field R, vssocialed to a Finsicr
connection and the Obuta operater A* satisfyv the following identitv

(1.4) : CR(X,Y)oG=—GoR(X,Y), A*(R(X,¥))=0
l for any X, Y e (F).

§2. Metric Finsler connections. Definiticn 2.1. A4 Iiusler connection
ts a metric Iinsler connection if the following conditions hold :

(1 Ve(V)e V for any X in @&(F),
(2)  V,G=0 for any X in @(f) and V,G='V,G- GoV_.

Let (V, ¥} be a Finsler connection. A transformation of Finsler me-
tric connection is given by .

o l N=Newd, V2= VE+ Vgt 126G (VIC+ V7 ,G)+A(WH(X)),
V= V54 1/26 (VEG) +A(FP(X)).

where W B(L)—»AYE), W(X)=W(X"), and WY(X)}=1V(X"} and the
vertical and horizontal distributions are parallel with respest to W% and
W%. Given a lincar connection V on E onc can parallelly propagate fra-
mes. For any path = between two points in I the parallel transport along
< defines a linear mapping L{r) between tangent spaces at any {wo points
of the path. L{r) is an isometry if there is a metric structure G such that
v,G=0 for all X in H(E).

The holonomy group ®(w) of a point w =E is the group of lineal
transformations in the tangent spaces at 7" defined by parallel transport
along loops starting at w.

If V is a Finsler metric connection with respect to a metric structure
G, then its holonomy group is a subgroup of the generalized orthogonal group
corresponding to the signature of G.

Theorem 2.3, Let V be a linear connection on E, whose holonomy group
keeps a nondcgencrate guadratic form Go and the vertical subspace of the tangent
space invariand, Then V 1s a metric Finsler connection with respect o G which
has the same signature. as G.

Remark . If E is simply connected than the thoremn above can be re-
formulated in terms of the Lic algebra of the holonomy group ®(w).
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§3. Metric semi-symmetric Finsler conneclions. Definition 3.1. A Finsler
connection is called semi-symmectiic il the torsion ficld satisly the follo-
wing relations

T”(X”, Y”)== i |'(”—' 1) :i-(Y”)X”-— t(K‘”)Y”].
(3.2) {

TV(XY, Y= L (m— DY )X —4X")Y "],

and denote by = 1/(n-— 1), #"(X)=HX"} and o= 1{m— v, t"(X)—j(X")_.
“'"(X) . )\t(T(Xh X”)); tV(X) = }‘H(T(Xa: ‘\'1)’ \"rl}?]:c ()‘Iil;=‘l,n; D‘ )d--l,m
and (Xictm (Na)a=1,m alc duial bases in HT*LE, V1 *E,' IFTE, VIE res-
pectively. Hence, ¢ is the extension of the Vrinceanu I-torsion form.

The relation (3.2) becomncs :

(32) TH(X", Y”)—‘I}(Y”)X”- 'f;(}\’”)}’v”, ]‘1(1\'1" Yl’)zc(yl)xv G(xl')}'v’
where o, n=O*E) and V=0 ¢"=0. The mectric Finsler connection V,
given in [8] will be considercd semi-symmetric with TY(X", ¥")=0 and

[4
VX", Y")=0. _ o

( ’I,'hem)'em 3.3. The set of all semisymmetric metric Finsler connec-
tions is given by

C Cc
(3.3) T VELOA(r, "), VE=VE+2A(c)

with
2y (V) =a(Y)X7 S o (V)=o(¥)X".

Further we shall define a tensor ficld H invariant under the transformations
of the form above. First define :

K(X", Y= R(XH, V) VixyHy,
K(X¥, Y")=R{X". Y"), KXY, Y ) =R(XH, YY) — Vet vV,
which have the transformation laws derived from (3.3) given below
B(XH, YAy =K(X". Y¥) 20 {(pat)rt — (v H)xt,
R(X", Y =K(X", Y") 5 2A((ox")y? —(or")s"),
R(X, Y')=K(X", ¥*)4-2A((Vto)yy —(Ty n)xt).

Theorem 3.4, For n>2 and =2 the following Finsler tensor ficld is
an invariant of the group of transformation o [ Finsler mtelric semisymmetric
connections.

H{X", Y =K(X", Y”)+2/(n—Z)A((Kxn)yu—(KyH)xH)—|—1”/[(u— D{n—2)_.
A(GH)yt (Gt x%).
H(XY. YH=K(X", Y")—;—2/-:_:;.-—-Z)A((K_Yl*)yl'—(Krl')_‘-r)»J,~I",’ (m—1)
(1;1———23 "\(i_(":.\':.)l’r_-_(C.\'I')_\'I.)-

(XM, Yy = R(X7, YY) 220 (m— 1) (= 1)] (o — DK et} (5 —1) (Byr)sh)
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where we have denoted :
Ken(Z)=G(K (s, X¥), v3), Kx¥(Z)=G(K(v., N7}, v,)
when (v,) and (v,) arc orthonormal basis in HTE respectively VIE, and

IH_}((UA: Uh) : ZIVrl{(vm "-'u)
and

Rn(2)=G(K(va, XVZ, va), Kxv(2)=G(K(ve, X7)s, v)).
By direct computation one gets H=H.

) Aknowldgement, 1 wish to express ny gratitude to professor Radu Aliron for his helpful
advice during the period of research for writing this paper.
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ON TINSLER SPACES WITH PROPERTY &
BY
TOSHIO SAKAGUCHI

Introduction. Recently H. Tzumi and M. Yoshida [4] intro-
duced the notion of property @ and proved that a Finsler space of scalar
curvature (accordingly of s-ps curvature), an R3-like Finsler space and a
Finsler space with ¥, =0 have the property #. Also they proved that the
notion of property @ is preserved under any h-conformal transformation,

The purpose of the present paper is to investigate the Finsler space
with property % in detail. In §1 we give the fundamental properties of the
Finsler space with property #. §2 is devoted to find the conditions that the
Finsler space with property @ turns into the R3-like Finsler space or the
Finsler space with Fy;=0. Also in §2 we consider the Finsler space with
property @ which satisfies P. Pron—7lk=0.

The notations and definitions in the present paper are referred to the
paper of H. Izumi and T. Sakaguchl [2]

§1. Fundamental properties of a Finsler space with property . First
we know the following

Theorem 1.1. (H. Tzumi and T. N, Srivastava [3]). If in a Finsler space
we demote ol —=F 2HY and o . =F P, aky, then we have

(l. 1) H}k-__F(]jml‘c_i'(1/3)1jk)—"j|k’ IL'r'kgrg Yyp=— Ly iy mik=1:gm-
Definition (I. Izumi and M. Yoshida [4]). In a Finsler space, if the
indicatrix tensor o satisfies the condition of the form
(1.2) ofp—atky = Bk — B,
then it is called that the Finsler space has the property @. ‘
The following fwo propositions are proved by H. o lzumi and
M. Yoshida [4] i o
Proposition 1.2, [# a Finsler space I, (n>2), the property & is charac-
lerized by
(1.3)  Whe: =Z— 1/(n—2) (Z hi—Z 08y = 23— (F [3)(B sk~ Buh) =0
where Ly : =P . Hyy and £;: =L, - o
Proposition 1.3, A I'insler space with property & salisfics
(l‘i) Z}:; ‘nh—]"zi’ﬁcmhf_jlk:‘“o

From (1.1) and (1.2) we have
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