Ladies and Gentlemcﬁ,
Dear Colleagues

By the cndeavour of some enthusiastic finslerists, this Romanian- fa-
panese Colloguivm on Finsler seometry is Sinally wunder wa . '

Our guests, famous scientists, professors : Makoto Maisumoto, Masag
Hasliguchs, Masaki Fukui, Shun-ichs Hojo, Yoshihire 1 chijvo, Fumio I keda,
Satoshi keda, Hideo Tzumi, Toshio Sakaguchi, Choko Shibata, Hideo Shy.
mada, Shoji Watanabe, Hiroshi Yasuda as well as Mrs Hashiguchi and Mys
Watanabe, travelled a long and tiresome wa ¥ i order to participalc in the Sfirst
international mecting of large audience devoted 1o pure Finsler geometry.

We wish them welcome to Romania and great success in the works ¢
the Colloquium. I address my heartful thanks to Professor Masao Hashi-
guchi, the main supporter of our scientific meeting.

Romanian geometers fecl honored by the presence of some members o
best school of Finsler geometry in the whole world, the Japanese one. The y
consider that direct dialogue with the Japanese collcagies in the oldest Roma.
nian University, the Al I. Cuza" Untversity followed by the discussions at
the Universities of Brasov and Bucuresti, may determine a real progriss
in a field of the geometry with a brilliant theoretic and applicative pers pective,

Much honowured guests from Japan! We know very well vour Sfruiiful
achicvements. They are fundamental in Finsler geowmelry and its applications,

They culminate with the illustrions professor Makolo Matsumoto’s iono-
graph Foundations of Finsler Geometry an! Sye ial Finsler Spaces. We
highly appreciate them

No doubt you arc informed that the stud yof Finsler geomclyy in Romania
has a tradition of half a century. The first paper written by a Romanian is
Formules fendatmenta'cs dans ia théorie des hyvrersurfaces d'un espace de
Finsler and was published in Comples Rendus de I'Acad. Sci., Paris, 1934,
It represcnts the beginnings of subspaces of Finsler space theory, We cxpress
our gricf that the author of this paper, the father of Romanian Siaslerists”,
Academician Mendel Hainovici dicd 17 Yearsago. Hewould have reached toda y
an age allowing him to organise personall ¥ tlis Romanian-Japancse Collo-
quinm. I am sure that he would hase done it with greal pleasure and com-
pclence.

In the last 50 years, the study of Fiusler geomctrv in Romania Jollowed
an ascending trajectory, tangent to some new directions and tendencies, marked
by three National Seminars and by the profitable collaboration of the Japa-
nese School,

All these will be common bridges of approaching modein problems dn-
teresting the community of the finslerists over the world.

Today, when the mankind looks anxiously to the fulure, lot ns hope that
Romanian-Japancse Colloquiiin of Finsler geometr yowill be a flower of the

Sriendship of our people, in ¢ bettcr and more generous world.

Radu Miron

Fomul NXNX, s.Ia, Matematica, 1984 4
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ON GENERALIZED MIRON-BERWALD CONNECTIONS
BY
TADASHT AIKOU and MASAO HASHIGUCHI

g @ thor enjoyed studying in Jasi
the spring last year the second au yec
at tth;}nvit(;tign of Prof. R. Miron. Then he was inv llgedtt(;othiisvz;lgﬁi
‘confcrs.'nccs and honored to have opportfumt_teia toitalll?{issl(e): gcogletry our
: interest |37. The significance of axioms in & :
2;&1;13‘1“1}11 emphasized by taking accmmt] of generalized Berwald spaces
2.5 gencralized Finsler spaces [9,4]. .
- Djlgl;(ll);(;;]CI\} LM atsum E to [7], gencralized Bg:lt‘;vald spai;egs ;E}'S
ith Tinsle i -ald type with surviv
C d with Finsler connections of Berwa w SUr'V]
h(—)tl:)cr(;rlgﬁ T4 On the other hand, in his recent paper | 81, whlt(izgn;s i;esgcég
this Colioquium, Prof. Matsumoto has tgea}tled Pllyr:SIi(:fegoil::zgfesting pduced
: a Finsler space and then obta _
on a hypersurface of a Fin : 1t Lol BILEC

ti / nth surviving {v) he-tors s
connections of Berwald type wi ? : : '

In the present lecture, continued from [3], we wc()iuid 1;(;31511(36;111?11]135?
Finsler connections of Berwald type generally (i\,l) an Oeneralization "
kind of Finsler connection should be reasonable asfa f e ing
the Berwald conncction (§2). For fuller p';\litlflé}larsr er;l ftrs ac; eoapplFC% caning

r [1]. And lastly (33) we shall notice that the c
}t)i-?é) Lcrage Jof gcnera]izeg\ Finsler spaces.6']l he terminclogy and notations are
ferred to Matsumoto’s monograph [6]. _ .
o §1. L-Metrical Finsler Connections. “Zie aretfirit C(;pcer::sg t}\]\:tfk:ma
rs nction -
i ace. Let L and g,y denote the fundamental fu. !
fi:li?rsxfa(;:t:{):gnsor respecti\-'zly. And we shall express a Finsler connection by
H £
its coefficients (Fff, N4, Ci%). _ . .
- ;n a Finslfzr space there are known two canonical Finsler connecitlsgls,
that is, the Cartan one, CT', and the Berwald one, BI'. They are uniquely

determined by the following systems of axioms:

CT (Matsumoto [6]) BT (Okada [11])

(C1) gefa=0, (B1) L:k=0,

(C2) DY=Fh—-N%=0, (B2) Df=0

(C3) TJ‘;,EFj‘-k'—I’.ki.':O, (BS) TJ‘J;=9, ‘ e

(C4) Sfh=ChH—CéH=0, (B4) Pa= a:N—F;=0,
5 = (B5) C/%=0.

(C3) gup=0,
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Omitting some axioms

_ tting axtoms {rom cach of the sy

v ' s 3 : syste abov

’\111{1:])]21‘;; 2:;:}::}1 cto‘nncctlc.)r}s of Cartan type and of }Sc:rt\l:]:ldﬁli);;.“; ge ha'V?l

a Fins cction satisfying (C1), (C3) is called 7 we chall el

€ N bl - N . - = ! © n f : i )

'fl Finsler connection satisfying (B1), (B‘i)) L-motric ;t’('{vf:f].‘SO, ety ool

Ry @t We have their general

Theorem 1. (Miron-Hashi i |

. - (2 -Hashiguchi [10 ot ]

can be cxpressed in terms of t’ti Dy, lT,'};)'an‘(; éﬂfffictrl I G LT
ik

"\r‘k _G‘k“‘\"ﬁ ]
File=T/ -i-g;im}\"mh—’r-gkimx\’mj“—o;"kx o+ T
CJ‘#‘_—gJ‘k a5 j‘k )
\\'1_1ere CL=(D %, Gi, g%) and
TR
Xou=D+ (T — D) — T* ., Ty (T fe— T+ Tuh)/2
S f‘k=(51‘r“5‘1k+5u‘)/2.

Theorem 2 (Alkou Hashi i An L metrical Finsler CORNECLLON
. = gUCh 17). . ] ; )
can be 6,’(}5?6358({ th Lerms Of its D‘J,l ][ _f;lg) and p‘ z eal t ! o
] ik -

i . i
Niup=Go—((PloATi'oF DY)+ i Poot + Te+Dd))/2,
Fj‘]‘:a;N‘k'—P‘kj. C,-’,,:O.

< .
_Sj‘k(_x?:sqgni??{l}}?d Berwald Conqections. Tensors D%, Tf(=—T

ol=- a; é differei?cre;rrt lthC:It]‘ llale given arbitrarily. In Theojrfam 2, h;\{t?e:?:l
t : - In ollowing, we shall assume Fi ions
o be p-homogeneous. Then any Finsler connection s:til;;?essler ronnections

(l) .Dig'}-P‘“:O’
(2) ¥( éij‘r‘"" é!Qk‘r) =0.

where Qfy =T g
€ eT(i)], (:01'811;: ,3-’- (GI: ;g——P',,,). The converse of Theorem 2 is given as
Heous lensors T"'(=_%1‘}* i (}IJZ P-hamcggneous tensor DS and (0) p-homoge-
T enigns L-metr;':ulF' lk,-), ik Satts fying the conditions (1), (2), there ex gis
e el wmsier connection whose deflection, (k) h- and (v) b b
| F? Ie given DYy, T/ and P, respectively ’ (8) ho-forsion
ralisn Caf;n(;r Ccoc;nne;:pon satisfying (C1) ~ (C5) but (C3) is called a gene-
Sl o i:ec z]gn GCT' (Hashiguchi-Ichijys (5]), and a Figr;lsler
ek on, BI‘Ty(Mgt( 1)~ (BS) but (B3) is called a Berwald conmection
16 are vory ool atsumoto [7]). Such Finsler connections with survivin
S BerI:val (zjinst, becags:.e the remarkable class of Finsler spaces calleg
ol paces is defined with respect to each of these con-
Now, let I'f{=—T¢ i
LGN ik ¥y) be an arbitrary (0) p-hom
. g*?iﬁﬁf& whhose (#) f;-tm;sxon is T4, gt)t)ltjzve caggflg‘ta()::ceizgi?lr.
At 1) -torsion 1s T, If we abandon (B4), it is shown thaz
Th Soeh B sler connection of Berwald type whose (k) k-torsion i
nsler connections with surviving Ty and (or) P, appearoirgllcl);;olfs

ON GENERALIZED AMIRON-BERWALI} CONNFECTIONS

» tvpical generalization of

\[atsumoto's theory of hypersurfaces [8]. So, as
BS5) a generalized

BT we shait eadl o Finsler connection satisfying (I31), (132), {
Berwald conncction GET.

This definition has various advantages. [F'or cxample,

Theorem 4. A GCT is characlerized as a insler connection (I}, Fde
wi) satisfring g G, and a G s characterized as a Finsler connection
(Fihe Folee 0) satisfying L,=0.

The so-called C-zevo conncction of a GCL s a GBI, Especially,
the Rund connection is a GBY thus obtained from C1%

A Finsicr connection is called fimear, il '}, depend on position alone.
A Tiusler space i calied o ceneralized Berwald space, if we can introduce a
Jincar GCY [5]. By Prof. Matsumoto [7], it is also defined as a Finsler space
<uch that we can introduce a linear BI'T. 1f a G BT is lincar, then Ph=0.
So, we can define such a space in terms of a GBI' with weaker conditions.

Theorem 5. .1 finsler space is ¢ generalized Berwald space, 1f we can

mtroduce o Dnear GRE.

3. Gereralized Miron-Berwald Connections. In his paper {91 Prof.
\Mliren wrete, A Finsler space is sometimes adopted as a hasic concept
in the theoretical » hesics. However, the fact that the fundamental tensor
ficld of a Finsler sprce is provided from a positively homogencous function
is not always desivable for physicists, as pointed out by scveral anthors”.
And le tr ated a generalized Finsler metric g;;, which 1s a symmeciric and
non-degenerate tensov ficld of type (0,2). We shall assume that g is (0)

p-homogeneous and satisfics his regularity conditions:
(@ (cuga)r'y =0, (B) det (440,
where A= 8%+ (Fegpm) . We shall call a space M with such a g;; a gene-

ralized Finsler space. _
Since {A%) bas the inverse (By), we can put G = Bhydl2, where v/

denote the Christoffel symbols formed with respect 10 £y Prof. Miron gave
(wo caponical Finsler conncctions. The one is uniquely determined by the
system of axioms for C1'in which {C2)is replaced by Ni=2G". Sowe shall
call this connection the Miren-Carten connection MCY'. The other is given
Ly (584Gt e 6% 0}, We shall call this the Miron-Berwald connection MBI,
Putting L=¥{gy¥*y’). we have a Finsler space (M, L). Then we have

Theorem 6 []. MBI of (M, gy) is just BT of (M, L).

Thus MBI is characterized by the same system of axioms for BI
of a Linsler space. Therclore, we can define a gencralized M BT of (M, g:)
as o GBI of (M, L) and apply the results about GBY.

1n a forthcoming paper we should discuss the relations between MCT
and M B and their gencralizations. The peculiarity Dy#0 of MCT is at
once its strength and weakness.
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FINSLER HYPERCONNECTIONS
BY
1. D. ALBU and D. OPRIS

The theory of the hypertangent bundle and linear hyperconnections
was considered in [2], for their application in the so-called unified field
theory of gravitation and electromagnctism. In this paper, we define and
study the principal propertics of the Finsler hypertangent bundle and the
Finsler hyperconnections.

§1. Finsler hypertangent bundle. Let M be an #-dimensional diffe-
rentiable manifold and T=(7'M, =g, M) the tangent bundle of M (with
fibre type R"). Let J=(JM, =, M) be an N-dimensional differentiable
vector bundle over M with fibre type R¥(N >#). We suppose that there
exists in J a subbundle T'—=(T'M, =g, M) which is differentiably equi-
valent to 7. Since T isimbedded in J asa subbundle, there exists a subbundle
T=(TM, nz, M) with {ibre type RV-"_ which js complementary to T in
J. The vector bundle [ is called an N-dimensional hyperianger t bundle over
M and the subbundle 7 is called a wverfical vector bundle.

Let J be an hypertangent bundle over M. We call the Finsler hyper-
tangent bundle, the Finsler bundle associated to the pair of vector bundle
(T, J), (1], i.e., the vector bundle FJ={zpJM, np;, TM). T is imbedded
in J, then the Finsler tangent bundle of M, FT=(=pTM, npz, TM), is im-
bedded in FJ and there exists a subbundle F7 of FJ which is complemen-
tary to FT. FT is the Finsler bundle associated to (T, 7), namely, FT=
=(nypT M, npg) with fibre type R™, m=N—n. FT is called a Finsler vertical
bundle.

Let (U, ¢) be a structural chart of FJ, x=(x', y"), i=1, n, the local
coordinates of TM in U and (5% ¥, %), a=1, N, the local coordinates of
FJ in npd(U). Let s{x)=97'(x, &), i=1, 5, x =U ben linearly independent
cross-sections of FT, where {e/} is the canonical base of R* and s,(x)=
=cp‘1(§, eq), a=n-1, N, N=n-+m, m linearly independent cross-sections
of FT, where {e,} is a complementary base of {e;} in R¥. We put E (%)=
=%, €,), a=1, N, Vx €U, where {e4} is the base {e, o} of RY. We obtain
N linearly independent cross-sections of FJ on U. If (U', ¢") is another
structural chart of FJ with UnU'# @, then we have the following
transformation rules:
2=V (2,27, yY= (3x"/3x‘)y',z""=M§’z"‘,E¢(?c)=M:'(5:)E¢,(x), where M:
Un U'—Gl{n, R). We have:



