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ON FINSLER SPACES OF CONSTANT POSITIVE CURVATURE

BY

CHOKO SHIBATA

In last time we had several interesting papers appeared concerning
Finsler spaces of scalar curvature and of constant curvature ([4), {5], [10]),
concepts which Funk [2] and Berwald {1} introduced in the early
years of Finsler geometry.

We consider some examples of Finsler spaces of constant positive
curvature, and study Finsler spaces of constant curvature which are not
necessarily projectively flat.

The terminology and notations are referred to Matsumoto [3].

§1. The torsion tensor Rj,. We consider two Finsler spaces F"=

=(M" L) and F"=(ME‘, L) on a common underlying manifold M*. Let
FP=(N, F,C) (resp. FT'=(N, F, C) be the Finsler connection of F* (resp. F").
Then we have a (0) p-homogeneous tensor Y% satisfying

(1.1) Fh—Fh=Y/.

Assume that both of the deflection tensors D% of F* and D% of F* vanish
identically. Contracting (1.1) by »'y*, we have

(1.2) G'—G'=Y", (Fh=2G' Yqy=2Y".

Here if we treat the Y* written in the decomposed form Yi=py'4 X},
where p is a (1) p-homogeneous scalar and X' is a (2) p-homogeneous vector,
then (1.2) is rewritten in the form

(1.2)" G'=G'+py'+ X,

We shall restricﬁ our'cclnsidera_tion to the Berwald connection BI'=
=(G‘j, Gf‘k b 0) Since G‘,= B,G‘ and Gj'k=BkG‘ 5 (12) ylelds
?‘:=G§+P:y'+P5‘J+X' . py=23ip X’!":"{X‘,

Gi=Gi+ Py +£,8% 4235+ X 4, Xh=0aX'.

Therefore the (v) A-torsion tensor R of B is given by

(1.4) Rfv=R&+ U {y (P i+ 21X+ 8 (pu— P 2—
~P X%+ X+ X XY},

(1.3)
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where we denote by (i) the A-covariant differcntiation with respect
to BI'. From (1.4) we obtain

(15 ) Bk Roohhy /(A1) = {Rok— (Ron—Z™ ) 8%/ (m— 1) —Z53iF,.
‘ 2) Roh— Roolul(n—1)={Ru—(Roo+-Z™,) 5%/ (1 — 1) + Z0VR, .

where /i, is the angular metric tensor of the Finsler space F* and we put
{1.6) Zh=2X% X2 XL X - XX,

§2. Finsler Spaces of Scalar Curvature. A Finsler space FP—{M" [)
of scalar curvature, is characterized by the following condition

2.1) Rym=KLthy, K=Ryj(n—1)L*,

and it is of constant curvature if, furthermore, the scalar K iz constant.

From (1.5) and (2.1) we have
Proposition 1. Assume that the tensor Z% piven by (1.6) vanishes. Then

the Finsler space F™ equipped with the relation (1.2') is of scalar curvature if
and only if the Finsler space F* 1s also of scalar curvature.
Here if the equation (1.2") is obtained from a projective change
of the metric, then the vector X' vanishes, and Z} vanishes also. Thus
Theorem (Szabs). Let F* be a Finsler space of scalar curvature. Then

the Finsler space F*, obtained from F™ by a projective change of the wmetric,
is also of scalar curvature.

Next, we assume that the Finsler space I" is of scalar curvature.
Then (1.5) 1) yields

(2.2) Ry=(Po—p? —2P X LKLY Y'Z o L1 — T .
Proposition 2. The Finsler space I"=(M". L} equipped with the

relation (1.2') is of scalar curvature of and only if the condition (2.2) holds.
Here we shall restrict our consideration to the case where the F” is

a Riemannian space (M", x==(ay(x)y'3’}*'*). Then (2.2) implics

(2.3) R upor= B{ane—anarfa®) 4+ Hyy,

w here we put

2.3) 1) B=KL*+pe— P*—2P X", Hu=Zytalyfa?,
Oy= Ay V™, L=ty 25 .

Morcover the curvature tensor of a Riemannian space F* is given by

Ryipe= Blansap— apay} 302 - Uy {Ugsn { Bushin+ Bylawan

2.4 ;
( ) '“ﬂnkﬂi)/i‘}‘zBauahak"az}'+‘h—rn-hj‘ H i} 6,

where we put H, = b.,a",;H,j, b‘,=3,b’, B,,-uél-B,.
Theorem 1. Let F*=(M" L==0) be @ Ricmannian space. Then the
Einsler space Fr=(M", L) equipped with the relation (1.2') is of scalar
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curvature K if and only if the Ricmannian curvalure lensor Ry, 15 writles
as (2.4},

Corollary 1.1. Lot a space 7% be Riemannian.
(1) Assume that the vector X' vanishes. Then the Finsler space Fr==(M", L)
equipped with the relation (1.27) is of constant curvalure K if and only if
the Riemannian space I'™ 1s of constunt curvature, provided n =32,
(2} <lsswme that the scalar p vanishes. Then the Finsler space F* equipped
with the relation (1.2') 45 of constant curvature K if and only if the Riemannian
cirvatire tensor of I'™ s given by

I\)]“-ﬂ(:I(I.a(ﬂkl.”!k'—(711)‘»(1“)/312—;—%[””_{ZK(kfkg_h’—
(2.9) : hug:k—'"awi_m_) nfa® —I-L_'lwnx-fﬂi/ﬁ“ — @A) y— A ye) fo?) +-
- Hine—Iigpe} (6, Mipp==aa,—aay.
§3. Randers spaces of scalar curvature. IIt is well-known [6] that

the scalar p and the vector X' of a Randers space Fr=(M", L=
=x+ 3) are given by

(3.1) P—=E2L ~Fgofr. Xi=aF},
where
(3.2) 2E =by +by. 2F y=bu—by, ~=Lla, Fyg=Fb",

and (;) is the covariant differcntiation with respect to the associated
Riemannian connection.

Assume that a Randers space F" is of constant curvature K. Then
the equation (2.3) becomes

Ronox= Bl (FpootsFrootn) f2— 2 Fnor 2 Fron) +

{3.3) i ) )
. a2V 3 -V gotaan [P — (Vi Viottn).

Hence we have

Theorem 2. A Randcrs space F* is of constant curvature K if and only
if one of the following facts hold good :
(1) The associated Riemannian space F'=(M", «) is of constant curvature
k=-—s* (s=comst.) and the covariant vector b; satisfies b, =s{a;,;—bb,). In
this case the curvature of Fr=(M" L} is equal to K=—s/4.
(2) The covariant vector by 1s a translation with respect to o, i.e., byy+
Fbju=0 and (ab.b,),,=0 and the curvature fensor Ru. of the associated
Riemannian space I'™ is writien as

K’Mﬂ'__— *Z(thibﬂ'_ bhjbik+bhkbii +Km(jt){bhbia|'k+

(3.4)
'l‘b,bkan"—(d!mbrbm'- l)ah’ﬂfg}.

In this case the curvature of F" is equal to K=b,bpaa’*/(n—1).
§4. Kropina space of constant curvature. The quantities p and X' of

a Kropina space F" are given by
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(4.1) p= —(Ewll-+FB)p. N'=—-L(Fi+ pb')2.

By the similar way as in shown in §3 we have
Theorem 3. A Kropina space I* is of scalar curvature K if and only
if a covariant vector b is conformally Killing on " and the following con-
dition holds
Ropor=Alpp+ vopey L2V [4—2(V oo+ F opp) apai p*+
+ P{Frgart+Iyqan) [2— LM i fA4- (Upe+ U} f2.
Corollary 3.1. Assume that by is a translation with respect to . The

Kropina space F" is of constant curvature K i [ and only if the following
condition

(4.2)

(4.3} Ropor=dA st vonon— L3V f4—2V qaanay Bt — LM+ (Upp+ Upa) J2

holds. In this case the curvature K 1s equal lo I, F™"[4(n—1), provided that
« 15 positive definite.
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ON FINSLER SPACES OF CONSTANT CURVATURE WHICH
ARE CONFORMAL TO A LOCALLY MINKOWSKI SPACE
BY
HIDEO SHIMADA

§1. Conformally Minkowski space. A Finsler space F* is called a lo-
cally Minkowski, if there exists a coordinate system (x') in which com-
ponents of the fundamental tensor of F* are functions of y* alone. Such a
coordinate svstem (vY) is called adapted in F”. If a Finsler space F'=
= (M7, L) is conformal to a locally Minkowski space F"=({M", A), the
Finsler space is called a conformally Minkowski space. In an adapted coor-
dinate system (x3) in M* the fundamental tensor g,,(32, +2) of F" is written
in the form

(1.1) Zoa(38s 38} = eXP (2p0)Epe( %),
where g, 1¢ a function of af and Z,, is the fundamental tensor of F*.
In an adapted coordinate system (a2} it holds

(1.2) L(33 39) = exp (ol D) M(5%) ;

therefore in any coordinate (1) we have

(1.3)  L{x%, v')=L{x3, 1B) =exp(eo(x3(2 ) M (12} =exp.p(2)) M{X2Y,
where we put g(x')=pe(28(x)) and X%=2+5/5x". From (1.3) we get
(1.4) Lix, y)=»M(a®),

Thus I" is considered as Finsler spaces with the 1-form metric [5] and we
can construrt a l-form connection ‘I {77:

(1.5) Tih=Tg+8 i, pr= dp|&x*,

where I = XX 7, Xi=0x% 828, Xfh=0%a8fdx'ax®. .

A Wagner connection WID=(F, Nf, G;i) is uniquely determined
by the following axioms :

(l) go=0, Zulk=0,

(2) Fh—Fy=38%s,—8fs;, where s, is some vector field,

|3) C,‘,‘—Ck‘,, ("1) :\,JF"’:__]\T;:OA

The s-form connection ('I'f, ‘T, Ch) of the conformally Minkowski
space is a Wagner connection [7]. Hence we denote it by WI'(p,)={'T\%, 'T#,
“#%}. The coefficients are given by

a?=exp(p(x)) X3+t



