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(4.1) p=—(Eal L+ FB)e. Ni=—L(Fit pb')2.

By the similar way as in shown in_§3 we have
Theorem 3. A Kropina space I is of scalar curvature K of and only
if a covariant vector b, is conformally Killing on " and the following con-
dition holds
R opor= A lyp+ vy 'L"Vnk."4—Z(Voo‘i"FoaP)f’n”k/Bz‘l‘
+ P(Fpgar+Taay) {2 LM f4 4+ (Upe+ Uia) (2.
Corollary 3.1. Assume that b, s a translation with respect to «. The

Kropina space F" is of constant curvature K i [ and only of the following
condition

(4.2)

(4-3) Rohok=Ahhk+thﬁ’k'_EaI;hkl4' 2Voo“hak/ﬁ’ Iaﬂ”[hk"}‘([-nk"i'ljtl)lz

holds. In this case the curvature K is equal to F, F™ [4(n—1), provided that
a 15 positive definite,
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ON FINSLER SPACES OF CONSTANT CURVATURE WHICH
ARE CONFORMAL TO A LOCALLY MINKOWSKI SPACE
BY
HIDEQ SHIMADA

§1. Conformally Minkowski space. A Finsler space F* is called a lo
cally Minkowski, if there exists a coordinate system (x') in which com-
ponents of the fundamental tensor of I'* are functions of y' alone. Such a
coordinate system (x') is called adapted in F”. If a Finsler space F"—
—(M", L) is conformal to a locally Minkowski space F"={M", M), the
Finsler space is called a conformally Minkowski space. In an adapted coor-
dinate system {«§) in M* the fundamental tensor g,,{32, +&} of F" is written
in the form

(1.1 $oa{ 38 38) = exp (2p0)Zp(¥5):
where g, i a function of 2§ and 7, is the fundamental tensor of F".
In an adapted coordinate system (a) it holds

(1.2) L(3, 38) = exp (pa(aD) M (58) :

therefore in any coordinate (1) we have

11.3)  L{x% ) == L{x3, 18) =expleo(8(+N)) M {12} = exp.p(x)) M{X219),
where we put g(r')=p,(28(x")) and X3=213/éx". From (1.3) we get
(1.4) L{x, y)=M(a?), a”=explp(x))X3".

Thus I" is considered as Finsler spaces with the l-form metric [5] and we
can construct a kform connection 'I* {771:

(1.5) ’1‘;';¢=ka"'5§ Pis P;;=6‘p/?.’x",

where Iy =X X7, Xi=¢Ex" 028, Xf=0*a8fatax®. .

A Wagner connection WID'=(Fj, Nf, (i) is uniquely determined
by the following axioms :

(1) gye=0, &uyle=0,

(2) Ffh—Fy=38is,—38fs,, where s, is some vector field,

|3) C3‘1‘=Ck‘;, ("1) _’\'ij‘g—AT;i,=0.

The i-form connection ('I', ‘I, Cf%) of the conformally Minkowski
space is a Wagner connection [7]. Hence we denote it by WI'(p,)=(T4%, T§,
C'%&)}. The coefficients are given by
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(1.6) The=Fh+Diip,, 'Th=Ni+ Dife,. Ch=g"o,00/2
where CI'=(I5%. N§, (%) 1s Cartan connection and D¥, D%, which are
conformal invariants are given respectively in the following :

Dit=Uji-+ 8331,

Ul i =g g — 858k — 83— CF 30— O v, +Cho v+ Chr'+

+ LHCP Conle+ CI"Cre— Cals™)-

D= B+ '8

Bi:= v g — 8y — 8y — LCy .

Theorem (Hashiguchi and Ichijyvo [3]). A Finsler space
ts conformally Minkowski if and only if it is @ Wagner space with respect
to a gradient veclor field and ils h-curvaiure tensor vanishes.

If we put the difference CT' and WI(p;) by Dy%, we have from (1.6)

(1.7) Djia ﬁF;‘k—TJ‘k-'_- —Dilp,.

The h-curvature tensor is given, from (1.7), by

(1.8) Riu=Dg :—Di s+ D D™ — Do D™ +
+ LCS a(Do™ 15— D™ s+ D Do — DM Do),

where the index 0 means the contraction by the element of support y* and
we used the A-curvature tensor of Wagner space with respect to a gra-
dient vector field vanishes.

From (1.8) we have

(1.9) Ry'we=Dy's 1— D io+ Do De™— D i D™

A Finsler space F" is said to be of scalar curvature K if the
equation

(1.[0) Ro,‘n;'—KL’hfj

holds gooed at any (¥ y) of F*, and to be of constant curvature K if, fur-
thermore, the scalar K is constant. It is well-known that if F"is of scalar
curvature K and K ;=0 then K is constant [6].

From (1.7), (1.9) and (1.10) we have

K= Rigf(n—1)L*=[1/(n—1)][~ k", i~ Pifo,— ((w—1)y"|L3+
+CEpr o+ {(n—2)h" + LHCICH— CEC™ e pu]

If pr1;=0, from (1.11) we have

(1.12)  K=Q'p,/(n—1), Q"= —P{+{(n—2)4"+L}CICM~-C{"CR))ps.

And further differentiating A-covariantly we obtain

(1.13) K 1=Q e, f(n—1), Q=P+ LYCECT'—CI"CE) (o

Hence we have

(1.11)
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Theorem 1. Let I be conformally Minkowski Finsler space of scalar
curvature K. If p, is h-covariant constant with respect to the Carlan connection
CT and Q7 ,==0, then the F™ is of constant curvature.

Corollary. Let I'™ be conformally Minkowski Finsler space of scalar
curvature K. If o, and v-Ricci tensor S,y are h-covariant constant with res pect
to the Cartan connection CT and C;01,=0, then the F™ is of constant curvature.

§2. RCG-space. We consider a Randers space (M" a4-8) (a==
(a0, B=b(x)y).

Theorem (Yasudaand Shimada [9]). 4 Randers spuce is of constant
curvature K if and only if it 1s a : (1) RCG-space or (2) RCT-space.

We shall prove the following

Theorem 2. If the corresponding Riemannian space (M, a) of the
RCG-space is flat, then the RCG-spuce is conformally Minkowshi.

Proof. From the Theorem {(Tamiéssy and Matsumoto [7])
a Finsler space is conformally Minkowski, if and only if there cxists a
linear, symmetric and flat connection satislying Vigiy=20xg,;, where V is
the covariant differentiation and &,{(x) is a gradient vector field. If we
take {f} the Christoffel symbol for the Riemannian space (M?, ), we
easily see that the integrability condition of the above recurrent differential
equation satisfies identically.

Remark. 1t is remarked that such an RCG-space is a locally Minkow-
ski space.
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