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METRICAL FINSLER CONNECTIONS T,(y)
BY
PETRE STAVRE

In the present paper we determine the transformations group T,{g),
of a'l metrical Finsler connections, which admit the invariants /,, f..

§0. Introduction. Let 3, be a differentiable manifold of class C-,
(Uqs ®a) a local chart of M arround x =, (8/éx"y i=1, u, the natural basis
of the linear space M, on this, chart, T(M) the tangent bundle to M,
(', ¥') the canonical coordinates of the point yeT (M) (=(v)=2x), T(M),
the tangent spaces to T(M) and (¢/2x%, #/2v1) the natural basis of ran,.
A non-linear conncction on T(M) is a regular distribution N - vel(M)—
~+N,CT(M), such that T(M),=N,@®T(M): ([1] [2]) Tet:

{0.1) —‘?--—-—é— 1:—3, i, s=1, n,

Sat axt ayt

be a local basis of V (Ni-are called the coefficients of the nonlinear connec-
tion N). By the Matsumoto theory a Finsler connection is denoted
by FT'. Throughout the paper the Finsler connection FI'is denoted FP—
=(N, F, ) having Nj, F},, C}, as the coefficients (Miron R. [2]).

All metrical connections are determined by R, Miron, and Ha s
higuchi M. [3].

§1. The general Finsler transformations, C,. Let ‘T be the set of [ the
t'ransformations of Finsler connections, where teC, ¢ (N, F, Cy—+{(N F,C)
Is ([2]):

(1.1) Nj=Nj—d}: Fh=Fy+Chdf—Bly; Ch=Ch—Di

The transformation ¢ is denoted by ¢ (4, B, D} and

1 . . 1
(12)  Ip T —— (8T —3iT,) ; Ihel Sfy— —— (31S,—81S)),
! n—I1 2 n—1
where Tj==Fj~Fj ; Ty=T}; S=Clh—Cly; Si=Sj,.
Let @ bie the subgroup of € defined by the transformations [ =T
which are characierized by

(1.3) Th=I}: =1
1 1 2

The set of all Finler connetions T, we given in [7]:
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§2. The metrical Finsler connection, ", (g} We put

(2.1) 8== 7j— L(5— 1)(A4,— ).
(ne oldains
(2.2) Ni=N - AY; Fh=FhFa8t - 8-k i — U]

ik

- _
oSk —ap8i- Vi,

[y

(2.3) PN

Let g,(x, ¥) be a metrical Finsler structure ([2]) [3]), IP=(N.F.C)

v fixed Finsler connection and ('\ F,C) the Finsler conn Nlon given by
{2.2) and (2.3). If FT=(NFC)} is metrical, iec.
(2.4) gun=0: gl 0,

where ([}) and (||} are the h-and v-covariant Cerivative with respect to FT,
then from (2.2)—(2.4) and
& 3 e

2.5 _ +A. —

( ) Sat Sat 'ayf-'

we obtain

(U:;—{— 1208, Af— 12CE, A2 )ﬂll'Z(S,Sfc—-Z{'l;;S} Lo, Bf—
—g'%¢, ;IJ.—" "ail uAﬁ)

(2.6)

where (}) and (/) are the k-and v-covariant derivative with respect to IFT
Since

(7 7) Q"({j 3,:—2&3’-1-51”'3’ gmguru' gmgarleb);O

where Q,  are Obata’s operators ([33), the system of tensor equations (2.6)
has solutions. The general solutions, of (2.6), are

¥ x @ ia i a
U= '2" {3;5:‘:”—2[31:8;+§1A-@‘— g 8 am—8 Zuslo Al Ecﬁaﬂk‘i-
(2.8) !
1 ‘Z‘Cl‘m 'l Q'aj‘
From gly=0, we obtain
(2.9) QU Ve, = 12(o,Sh— 20,84+ g = g8 ayli)-

The eqnations (2.9) has the general solutions :
1 .
(2.10) Vi = (ph— 2Bl g = "garle)+0

We have
Theorem 2.3. Let IV Le a fixed Finsler connection. Then the set of

all metrical Finsler conmections I'T where t =T, is given by

(2.11) Ni=N{—4j.

3 METRICAL FINSLER CONNECTIONS &Y

: Lo gi | - .
(2.12) Fl=1}+- 72"33'3:.- EH;‘A’ +Ciali '1“—" é.’um-l"" "Gl AR —CEIX T,

: R
(2.13) Ch=Cht S 8i— S St Eg‘"s’a;lk Y 5

wmnfape ol W ; e O ;
wehre AL X Yie wre wirditrary Finsler tensors freld: oy, <, are arbitrary
u. —= /9
@, T2 M).

Theorem 2.2 /ot IV be a fived metrical Finsler connection. T hen the
set "Gle), of oll anetrical Finsler conncctions FU, is given by

(2.t1") Nij==Ni— 4]

(2.12') Fle=Ff-(12)8;8e—(12)g 4 B+ Cla AR— QTN
, o 1

(2.13") Clx= ,‘-L-+£a;3£ Ebﬁ.--"’-' QiYs,.

%, =, X, Y satisfving
3818 — 33,842 (Cladf — Cha A = 2QHX7— QAT
3o 8 — 3 3 =2(QF Y —QiLY?,).
QA3 and QA are given by (2.14) (2.15)

of
. 3 3 " 1
—Q ’Ars_z i —5 B g (el i —&ma) -+ Eg‘“(g,_.,,l,,/ijf -
(2.14) —&u oAl
, e . I -
QH(Ch AR — Chp D) = CP A G AD + 5 ChAj— 5 Chdk.

Analogus we obtain

) S S
(2.147) —Q Y= P oy 3 — Egmv—‘-i—g‘“(gak};—gn!a)-

We have
Theorem (2.3). Let 17" be a fived Finsler connection. Then the set o
all metrical Finsler connections L, where t: FT—=FT, and 1 =°C,, is osiven by

(2.15) Nie=Ni— i
Fl=Fh+a8f—gnp'4 I/Z“i (SreitEon L)+
(2.16) + 128 (g rloAS 2o lodtk—gulod) + 1/2(C5, AR -
L Clp Al — QU Crp el Ck,,At,’)—- i (Co, A4 — 3, AY).
(2.17} Clr=Ciito,3l~ gao'+ lg"(é’ﬂ.-'; & osle— galr).

where ©,=28,, o,=20, and f; is (2.1).
Theorem (2.4.). The st Ti(g) of all metrical Fiusler connecdlions 1Is

grven by

(2.18) . M= N
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g ' AR - .
(2.19) Fh=Fji+-oid}—gno'+ 2 (Cho Ai + Ch A5} —U5(Cp AR

Cio AN — Q{2 AY— C3,AY)
(2.20) Cir=C + o8} g 0
If N=N (¢t=7T,), we obtain
I=0& I=0=T=0& [=0, or
1 1 2

Theorem (2.5). If FI' is a semi-symmetric Finsler connections then the
set of all semi-symomelric metrical Finsler connections is given by (2.15) (2.16)
and (2.17).

Theorem (2. 6) IfF s asemi-symmelric melric Finsler connections, then

the set of all semi-symmetric metrical Finsler connections is given by (2.18)
(2.19) and (2.20)

a) If N=N (t=T,) from (2.18) (2.1
result [37].

b) If Th= T}, Sh=Sk since I=1I; I
1 2 1

p=0, w=0. We have

Theorem (2.7). 1) /f Th="T% and Sh,=Sk then the sct of all metrical
Finsler connections FI' is given by (2.15) (2.16) {2.17) with 9=0, w=02) If
Fi' s a Sfixed metrical Finsler connection, and Th=T}, Sh=Sh, then ts
€ Te(Cip=Cli) 3) For 2), if N=N then

t: FP->FT,

is an uffine transformation (N=N, F=F, C=C).

From 3} it result that there exists only one metrical Finsler connec-
tions FI'(N) with the tersion tensor fields T} and S§; or T3,==0, S},=0

9) and (2.20) we oblain Miron's

=1, from (2.15)—(2.17) we obtain
2

(In this case, this connection is (N, F C) [2] [3]. or the Cartan connection
if N=N 27 [3].
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CONVEXITY OF FINSLER ENERGIES
BY
CONSTANTIN UDRISTE

This paper has as a starting point the following conjecture of M a t-
sumoto (7): the absolute length L(x, X) of a nonzero vector X in a
Finsler space (M, L), with fundamental function L which satisfies desirable
assumptions, is equal to or less than relative length 1X1,=V e (x NXX?.

§1. Riemannian manifold {7 .M —{0}, g). let (M, L) be an s-dimen-
sional Finsler space and

. oy viaf 0 .y _ o
Ti(x, ) — giy{x, V)v'y ?f veM, ve T,M—{0}
0 if xeM, y=0.

The partial function y—1L2%x, 3) is called the absolute Finsler energy
on 1,M and does not possess critical points on T,M—{0}. The partial
func{tions y—=>g(x, ¥) are the components of a Riemannian metric ¢ on
T,M—{0}.

1.1, Theorem. Evcry element of I .M—{0} 15 irrofational with respect
to the Riemannian connection determined by g.

§2, Convexity of the absolute energy on 7,.M —{0}. The definition
of a Finsler space implies that the energy L? is a strongly convex function

(ToM—{0}, go={3,)-

2.1. Theorem. T'he changing of metric go—>g on T, M {0} heeps the
Hesstan of the absolute emergy I3

2.2, Corollary. The energy L® is a strongly convex fumciion on the Rie-
mannian manifold (T, M—{0}, ¢

2.3. Corollary. The Ricmannian manifold (I, M—{0}, g) contains no
closed geodesics.

§3. Indicatrix in (7,M—{0}, g
Corollaries pf Theorem 2.1

3.1. Corollaries. 1) The sublevel set N.: L*(x, v)<c* contains the geo-
desic segments tn 1, M — {0}, g) whose ends are in N,. Particularly N is cenex.

2} The indicatriv [ L“(;r, =1 15 a fotully wmbilical strictlv convex
hypersurface in (T.M—{0}, g).

3.2. Theorem. The orbits of grad L* are geodesics in {1, M—{0}, )
reparametrized by s=a+be*', t =R, a,b=consi.

§4. Critical points of the relative emergy on 1T,.M— {0} Define the
Riesmannian manifold (7,4/—{0}, g). Let L3(x, X)=g{+, Y)X'A7 be the
absolute Finsler energy of a nonzero vecter X Lan%m to A at a point v,

First we formulate the following



