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(2.19) F;k—F.;k toudi —g o'+ E(C;..Af: e Gl A5 — ir(CrpAp

— G, A —QU(CF, 45— C1, A7)
Chi=Cl+ o8 —guo'
If N=N (( =Ty}, we obtain
I=0& {:_0=>'{---0 & '12'—0, or

(2.20)

Theorem (2.5). If FI" w5 a semi-symamclric Iiusler conneclions then the
set of all semi-symmetric metrical Finsler connections 1s given by (2.15) (2.16)
and (2.17). '

Theorem (2.6). IfF s a semi-synunetric metric Fansler connections, then
the set of all semi-symmctric metrical Finsler connections is given by (2.18})
(2.19) and (2.20)

a) If N=N ({t="7Ty) from (2.18) (2.19) and (2.20) we oblain Miron's
result [3].

b) If The=Th, S=5k since I=1; I—=1, from (2.15)—(2.17) we obtain
p=0, w=0, We have R

Theorem (2.7). 1) If Thow T and Sh=Si, then the set of all metrical
Finsler connections FT is given by (2.15) (2.16) (2.17) with =0, @ =0 2) If
FP is a fixed melrical Finsler comnection, and TH=T}, Si=>5}k, then t<
G@C,(-C-},,=C},) 3) For 2), 1f N=N then

{: FI>FT,

is an uffine transformation (N=N, F=F, C=C).
) From 3) it result that there exists only one metrical Finsler connec-
tions FI(N) with the torsion tensor fields T3}, and S or 1},=0, 5j,=0

cc

(In this case, this connection is (N, F, C) [2] [3], or the Cartan connection
<

if N=N [2] [3].
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CONVEXITY OF FINSLER ENERGIES
BY
CONSTANTIN UDRISTE

This paper has as a starting point the following conjecture of M a t-
sumoto (7): the absolute length L{x, X) of a nonzero vector X in a
Finsler space (M, L), with fundamental function I which satisfies desirable
assumptions, is equal to or Jess than relative length X |l ==V g (v, NX* X!

§i. Riemannian manifold (7,M—{0}, g). Let (3. L) be an n-dimen-
sional Finsler space and

ARTLIY H ; £
Li(x, y)= gulx, ¥) ¥y ff xeM, yeT, M- {0}
0 1f X E .n/[, _}'=0_

The partial function y—>L%(x, ) is called the absolule Finsler energy
on T.M and does not possess critical points on T,M—{0}. The partial
functions y->gy(x, y) are the components of a Riemannian metric g on
7. M—{O}.

1.1. Theorem. Evcry element of 1,M—{0} is irrotational with respect
to the Ricmannian connection delermined by g.

§2. Convexity of the absolute enmergy on I M —{0}. The definition
of a Finsler space implics that the energy L? is a strongly convex function
on (T.M—{0}, go={34]).

2.1. Theorem. The changing of metric go—~>g on T, M—{0} keeps the
Hessian of the absolute energy L*.

2.2. Corollary. The energy L® is a strongly convex function on the Rie-
mannian manifold (T .M—{0}, g).

2.3. Corollary. The Riemawnian manifold (1 .M—{0}. g) contains no
closed geodesics.

§3. Indicatrix in (7,M {0}, g). First we formulatec the following
Corollaries pf Theorem 2.1

3.1. Corollaries. 1} T'he sublevel set N.: L¥(x, y)<c® confains the geo-
destc segments in 1, M —{0}, ¢) whose ends are tn N Particularly N, 1s conex,

2) The indicatrix 1, : L¥x, y)=1is a totally wmbilical stricily convex
hypersurface in (T M— {0}, g).

3.2. Theorem. The orbits of grad L* are geodesics in (T.M— {0}, g)
reparametrized by s=a tbe?', L =R, ab—consi.

§4. Critical points of the relative energy on 1,4/ —{0}. Define the
Riemannian manifold {7,M—{0}, g). Let L*(¥, X)=g(x, X}N'X7 be the
ubsolute Finsler energy of a nonzero vector X tangent to A at a point x.
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The relative Finsler energy of the same vector is the positively homogencous
function of degrece zero,

[T M— {0}k, f(x)=||X|E=go(x, ) XN,

4.1, Theorem. Critical points of the relative cnergy f are degencrate.
4.2. Theorem. N'& T, A-{0} is « critical point of the relative cnergy f
al which Hess f vanishes identically, Henee HX)=L2x, X} is a critical value

of f.

4.3. Conclusion. In order to decide if the critical point X is or not an
extremum point of the relative energy f we must resort either to {partial)
covariant derivatives of the order three at least at X, or 1o the direct study
of function variation round X, or to the study of £ convexity over the whole
domain.

4.4. Theorem. Lot the Riemannian wmanifold (T,M— {0}, 8). 1f the
tensor Coum X 7X ™ 0s positive semide finile, ihen the relative energy [ atlached
to veclor X 1s a convex funclion.

4.5. Corollaries. /f on the Riemannian manifold (LM — {0}, 8) the
Lensor Copn X"X™ is positive semidefintle, then

1) the set of critical points (global minimum points) of the relative energy
S atlached to X contains the geodesic segments in (1,M— {0}, &) for which the
ends are critical poinis of f;

2) (critical value} absolute energy f(X)==L*(x, X) of the vector X is «
global minimum of the relative energy.

4.7. Theorem. Critical points of the restriction of relative emergy [ fo
N : L¥(x, y)<c? coincide with critical points o S fon T.M—{0} which belong
o V.

§5. Complete Riemannian manifold (7,M, 7). In casc that the abso-
lute energy is not differentiable for y=0 we are led to the Riemannian
manifold (7,M— {0}, g) which cannot be complete. In order to eliminate
this disadvantage, we start as indicated by R. M iron (9). Let g be a Finsler
tensor field of type (0, 2) which is symmetric and positive definite and ha-
ving local components g,,(x, ¥) on = (/). The tensor field g is called metrical
Finsler structurc on the manifold A7. To this structure onc associates the
absolute Finsler cnergy L2: TM->R, L¥{(x, y)=g,(x, v)y'y.

Let the Riemannian manifold (7,31, g). Having in mind the Riemanni-
an model, we suppose that the restriction £.2: 7, M —[0, «) C ¥R is an exhaus-
tion function, i.e., YA =R, the subset {(£.8)71(—00, 2)] of T,M is compact.
The Riemannian manifold (7,0, g} is not necessarily complete, but the
presence of the exhaustion function L allows for a change of the metric g
so that the new Riemannian manifold is completc.

5.1. Theorem. Let § be the Riemannian melric of the components §y=
==gy+L%. L% on T, M. If L* is an exhaustion function, then the Riemannian
mani fold (T .M, T} is complete.

5.2. Theorem. The change of the Riemannian metric g, ST =g
FLIEIE om T, M implies ¢ soTeeTy

Hess;L?= ————— Hesgs,L®,
L--llgrad 2|

e
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Theorem 5.2 shows that L* is convex (strictly convex) with respect
to the metric g ilf it is convex (strictly convex) with respect to the metric g.

5.3. Corollaries. Swuppose that L*: T, M—R is an exhaustion function
and striciby conves will respect to g,

1) The complete Riemannian manifold (I3, §) does not possess closed
geodesiis,

2) The complete Ricmannian manifold (LM, 3) 7s diffesmorphic to
an Euclidean space.

3) The sublevel set N.: L*(x, y)<c® (compact set) is totally convex both
i (1T,M, g) and in (T,.M, ).

4) The hypersurface &N .. L3(x, y)=c* is stricily convex both in (T,M, g)
and in (T,M, g).

§6. Distribution L. In order to climinate the disadvantage that
sometimes we arc led to the Riemannian manifold (7,3 — {0}, &) which
is not complete we can go on in the following way. We replace the restric-
tion of L2 to 7, M by the distribution L2 defined so

(L% ) ={r aLl¥{x, ¥V)o())dv,, 9 € K,

where the integration is actually effected on a compact such that the test
functions ¢ vanishe identically in outside. The properties of function y—
-+~1L*x, ¥) are transferred into propertics of the distribution 72,

For details, see Proceedings of the National Seminar on Finsler Spaces,
Brasov, February, 1984.
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GENERALIZED FINSLER SPACES CONFORMAL TO A RIEMANNIAN
SPACE AND THE CARTAN-LIKE CONNECTIONS

BY
SHOJ1 WATANABE

Let us consider an #-dimensional manifold A" on which a symmetric and
nondegenerate Finsler tensor field g,(x, ¥) of type (0, 2) is defined. We shall
call (M", g.;) a generalized Finsler space. Many authors studied generalized
Finsler spaces.

A Cartan-like conmnection *CI'=(F},, N%, C;%) on(M*, g ) is a Finsler
connection satisfying the following axioms [5}, {7]:

(C1) gupa=8g4s/8xF —g Fir—g . F /=0,
(C2} gule=0gisf 0y* —gr,Cir—g0,Clr=0,
(C3) Tfi=F},—F¥,=0,

(C‘l) 5;‘:=CJ'3“Ck‘:-"=0,

(C5) y'ly=—NY+F)=0,

where 3/3x*=a/dx*—N%2[/dy" and the suffix 0 means the contraction by
the supporting element y. Supposing some conditions, the Cartan-like con-
nection (Ff, N%, Cf) can be uniquely determined by the system of the
above axioms [7]. In his paper [4], Mo dr obtained the coefficients Ff.
And we can easily see

Cle=1/2 g'"(2g)0] 25"+ 0g2s] 3¥'— g | 33").

In the present paper, we shall deal with generalized Finsler spaces
(M*, g.y) with

&u(x, y)=e?l=ry (1),

and the Cartan-like connections on the generalized Finsler spaces, where
Yef(*) is a Riemannian metric tensor and o{x, ) is a function of » and ¥
but is not necessarily positively homogeneous of degree 0 with respect to y.

The terminologies and notations are referred to Matsumoto's
book [2].

1. A generalized Finsler space (M", g,,) with g,,=¢*y,, and the Cartan-
like connection. In a generalized Finsler space (M", g,) with giy=e"y,
Theorem 6 in the previous paper {8] {or Theorem lin Numata's paper
[3]) is generalized as follows :



