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Let us consider an #-dimensional manifold M® on which a syminetric and
nondegenerate Finsler tensor field g,,(x, ¥) of type (0, 2) is defined. We shall
call (M", g.;) a generalized Finsler space. Many authors studied generalized

. Finsler spaces.

A Cartan-like comnection *CT=(F};, N4, C/,) on(M", g ) is a Finsler

connection satisfying the following axioms [5], [7):

i (C1) guia=3gy/8x*—g F{r—g( F /=0,
(C2) gule=20gisf 05* —gr,Cir—g0,Clr=0,
(C3) Tle=F/—Fd=0,

(C4) Sfh=Ch—Ciy=0,

(C5) ¥'[;=—NY+Fy=0,

where 3/3x*=d/dx*—N"2[/3y" and the suffix 0 means the contraction by
the supporting element y. Supposing some conditions, the Cartan-like con-
nection (Ff, N%, Cfi) can be uniquely determined by the system of the
above axioms [7]. In his paper [4], Mo 61 obtained the coefficients Fj,.
And we can easily see

Cle==1/2 g'"(2g)] 25"+ 0ger] 0¥ — g | 0y").

In the present paper, we shall deal with generalized Finsler spaces
(M*, g,4) with

Zus( %, y)=e®inty (1),

and the Cartan-like connections on the generalized Finsler spaces, where
Yes(%) is a Riemannian metric tensor and o(x, y) is a function of x and ¥
but is not necessarily positively homogeneous of degree 0 with respect to y.
ook Tgle terminologies and notations are referred to Matsumoto's
' 00 1.

1. A generalized Finsler space (M", g,,) with g,,<¢*y,, and the Cartan-
like connection. In a generalized Finsler space (M", g} with g,=e"y,,
Theorem 6 in the previous paper (8] (or Theorem 1in Numata's paper
[5]} is generalized as follows :
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Theorem 1. Let (M”, g;;), where gy=c"~yy, be a geuncralized Finsler
space. If the function o satisfies 1--6.,70, where o= tafdv', then the Cartan-
like conmection *CP=(Ffy, N%, Ci) on (M, gyy) ts un fgiely determined. The
conneclion co:fficients Fiy, N and Cfy are given by

i ] i i ]
Fjlk= {;'1.—} + 3}01k+ Skcu—‘{m ol 1P

(1) . . ‘
Ny= l‘;‘k}”, ChHh= o1x Sy 81:— Gllig:k-

where
ay={ou— ooty (1 4-ow) =gyt

o= daf dx'— {§i}or,.

ae={0;0+ L) /(1 + 2010+ 0 L.
0':=':}-:1'O'il|r=OD:ro.le'g”’ G‘!’ ek e ‘."
6,=0,— o0}, Li=g J."'f."j

and {43 1s the Christoffel symbol formed with respect to vy

Remark. (i) In the proof of the above theorem. the samc method that
Numata treates in his paper [3] is used. -

(i) Under the assumption 1400520, we have 42040 l2#0
Because, if we assume that t-26 +afl*=0, then we have /;-Leo,=
—=yifL+4Lo,;=0 from 14-2a)+0Li= 90+ Loyl +1Lay,)=0, and then
we have g'{l,+ Loy )ly=149),=0. :

(i) In the case o is a function of position only, we have o;= gofax’',
Thus the equation (1) gives the familiar equation for the conforinal change
of Riemannian metrics.

Under the same notations in Theorem 1, {{}i}, {¢x}, Ci's)} is a Finsler
connection on {M*, g.;) but is not necessarily a Cartan-like connection. Then,
we have easily

Theorem 2. Under the same nolations in Theorem 1, a necessary and
sufficient condition for the Finsler comnection ({43, {&) Ci) on(M?*, gy) to
be the Cartan-like connection is that the h-covariant dif ferentiation of o with
respect to the Finsler connsction ({f}, {ox}. Cii) vanish identicall v,

From Theorem 1 and Theorem 2, we have

Corollary 3. There exists a wunigue Carian-like conncetion on (A",
Y with o=Yvya"y*. The comnection is ¢iven by ({5 it Ci).

2. (v} hv-torsion tensor I’j; and hv-curvature tensor Pyly. In this
section, we use the following theorem in the previous paper {91

Theorem. 3. A necessary and sifficient condition for Fivof the Cartan-
lthe connection (Fy', N4, C) an o generalized Finsler space to be functions
of position only is that the following equations be salisfied

A8,
L

(2} Piy=0NYy/ayF —1=0,  Copiyd-Carey=0,

where P, 1s the (v) hu-torsion tensor of the space and Cui=2,,Cxi
Remark. The above cquation (2) is equivalent to Cp,,;==0. This fact
was pointed out by Hashiguchi
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. In the subscquent considerations, we shall deal with the generalized
Finsler space in Corollary 3 and denote iy M* it. And we shall consider the
Cartan-like connection on 7™

From the above theorem and Corollary 3, we have

Theorem 4. In A", we have o

Moo 24 afdi Yo '
Ij,,v(), T’h;k—o-{;.',}.a_\*k Ch‘;-;—i-C»‘rIJr,'k:O.

3. ('y) ‘h—torsi_on tensor R';; and h-curvature tensor K,Y,. The torsion
tensor ', is rewritien as follows ;

(3) Ciy= Hol(a 8+ v 8t T 1eB1) °
From (3), we have
(4) Co‘k—ﬂaz.

From the definitions of Rj and Ry, using (3) and (4), we have the
following equations in A7*:
. irl .
(5) K==Wy {345} (%) = Ryl = Rémicr 1 ons
. , o _ iy ()
Rt =W B 335 - HA O R = B 08 R ey,

w_herc Ay means the interchange of the indices 7, k in the terms enclosed
with the parentheses {} and subtraction, and

irl
i Gl -y r i i
R u—zm(;x;){(f{hti}/ﬂ'-tﬁ*f‘{h;}{rx}}; '.-’h‘rs=(':’hs8:+‘x‘r15§-—th3:)f°A
Thus, from (3), we have

- : . {r]
Theorem 5. In M7", two conditions R)ij=0 and Ryii=0 are equivalent.
4. v-curvature tensor S, Let us introduce a tensor defined by

k,‘ i l,[ 5
Then we have R '

(6) fyt=0.
From the definition of S%;, and (3), in M” we have
Snin=giSh =81 Uun{ dC 65"+ Cpt ,C %} =
=146 e (hpshiy— bpshin).

In the case of two dimensions, from (6) and (7), we h
, : , ave
Theorem 6. /n M3, we have Sy, =0, &

(7)
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ON TMAOONYNECTIONS OF A FINSLER SPACE AND
THE INDUCED Ti/-CONNECTIONS ON ITS HYPERSURFACES
BY

HIROSHI YASUDA

TAf-connections on a Finsler space arce discussed axiomatically and
the induced 7 M-connections on its hypersurface are considered.

§1. TM-Connections. Lct 1, be an n-dimensional Finsler space
with a fundamental function L{x, v} and be endowed with a TM-connection
TMI'=(I/, I, C%). This connection is defined as follows :

Firstlv the v-connection is given by

(1.1) Civ=8"C iy Cpx=1%égney*,
where gp==%46°L3/¢'éa*. Secondly the non-linear connection is
(12) F_"k=_}'j].-‘fk=(;ij+ Tij B

where GY is the non-linear connection of Cartan (or Berwald) and (a) T%
is a positively homogeneous tensor of degree 1 in ysuch that y*T% =y, T%=0.
Thiruly the h-connection is given by

(1.3) = ED O Q=G A T+ 0%

where G is the A-connection of Berwald, T/=aT4/éy’ and (b) Q% isa po-

sitively homogeneous tensor of degree 0 in y' such that v,Q/%=30f%=0.
Theorem 1. A TM-counection I' is characterized by the following

six axioms (TM1)-(TM6)

(TM1) The T' is metrical, i.c., Ly=2aL[ax*—T%éL[6y'=0.

(TM2) The deflection tensor vanishes, namely y'Tf,—T%=0.

(TM3) The I is v-metrical, 1.e., giyly=208/0¥*—Cligri—Ci8i,=0.

(TM4) The v-torsion tensor vanmishes, namely Cfh—Cy;=0.

(TM5) The absolute differential of vi(=gi»’) is Dyi=g Dy,

or

(TM5)' The absolute differential of gy 15 indicatric, i.e., y'Dgy=0.

(TM6) The paths with respect to the I' arc always geodesics of M.
Corollary 1.1. Given temsors TY and Q% satisfying (a) and (b) respec-

tvelv. a T M-conncction is uniquely determined by (TM1)—({TM6).
We shall call a 7' W-connection I’ an RT M-connection if the I' is 7-

metrical, that is, the following equation holds for the I, (Dg;=0) :

(]~4) Iiu---'r T}i:.-+os'ﬂ:-|-Qm+2(Cifr I+P‘,;)=0,



