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ON FM-CONNECTIONS OF v FINSLER SPACE AND
THE INDUCED I'M-CONNECTIONS ON ITS HYPERSURFACES
BY

HIROSHI YASUDA

T M-connections on a Finsler space are discussed axiomatically and
the induced 7" M-connections on its hypersurface are considered.

§1. TM-Connections. Lct M, be an #n-dimensional Finsler space
with a fundamental function L{x, v} and be endowed with a 7 M-connection
TMI'=(I'}y, T"%. C4%). This connection is defined as follows :

Firstlv the w-connection is given by

(1.1) Civ=8"Comi. Coe=1gn/éy",
where gup=$a6L2/&y'¢v* Secondly the non-linear connection is
(1 .2) Ff]f=VV’FJ€k=Gi5+ T‘j L]

where Y 1s the non-linear connection of Cartan (or Berwald) and (a) T%
is a positively homogeneous tensor of degree 1in y'such that y¥*T% =y, T%=0.
Thir:ly the /-connection is given by

(13) 11,‘;‘ ?Pik't‘,_}'j | Q}k—Gjik+' T,'ik‘{‘Qj‘k »

where G is the A-conncection of Berwald, T/ = aT4/dy’ and (b) Q)% isa po-

sitively homogeneous tensor of degree 0 in y' such that y,Q0/%=1'0/%=0.
Theorem 1. A TM-connection I' is characterized bv the following

six axioms (TM1)—(TMo)

(TM1) The T’ is metrical, 1.c., Ly=0dL[éx*—1%aL[6y'=0.

(TM2) The deflection femsor vanishes, namely D —I%=0.

(TM3) The T' s v-metrical, i.e., gili=08i;/0V*—Ciiges—Ci%ge,=0.

(TM4) The v-torsion tensor vanishes, namely Cf—Cil;=0.

(TMS) The absolute differential of vi(=g,y') is Dvi=g, Dy’

or

(TMS5}' The absolute differemtial of g is tndicalric, i.e., y'Dgy=0.

(TM6) The paths with respect to the I' are always geodesics of M.
Corollary 1.1. Given fensors T and Qg satisfying (a) and (b) respec-

tivelv, a T M-connection is uniquely determined by (TM1)—(TM6).
We shall call a T'M-connection I' an RT M -connection if the T' is r-

metrical, that is, the following equation holds for the I', (Dg,,=0) :

{1.4) Lot Ty Qi s+ Qi +2(Crgy T+ Pige) =0,
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where Tip=g,, 1 and Oyu=g¢;, Q% .

Theorem 2. /An NTil-connection ¥ is characlciized by the following
Sive axioms (RTAL1)— (RTMS3) :

(RTM1) The I' is hemetrical. te., giy =10

(RTMi}—=(TMi) (=2, 3, 4) (RTM3)=(1M6}.

If we put 7 —=0: Q. then the following  condition holds :
(d} Zixisapositively homogencous tensor of degree 0 in visuch that Zy, v =
=Zip¥ =0 and 7,7 ;=0.

(1.5) Dh=Dh—CA Ty 4™ Zin+ T~ T i)

where I''j, is the h-conncction of Cartan.
Corollary 2.1. Given tensors 1} and 7.y satisfying {a) and (d) respec

tvely, an RITM-conncction ts wuniquely defermined by (RTMI1)— (RTMS). 1
In this cuse, the h-connection 1s given by (1.5).
(1.6) =T+ 00— (T4-045).  wje—=gurvs -

(1.7} D=3 " (tper bttt + 89 Cote e T — CA T G4 TY

Corollary 2.2, Given the h-torsion tensor =% satisfving « =0, an
¥ 3 2 0k

RT M-conncction is uniquely defermined by (RTMI1)— (RTMS3). In this case,
the h-conmection is given by (1.7).

We shall call a T -connection P=(I'jy, I'%, 0) a TA(0)-connection.

Theorem 3. A T M{(0)-connection is characterized by the following
Sfrve axioms (T1)—(T5) : (Ti)==(TMi) (i=1, 2}, (T3)=(TM53), (T4)=(TM6)
(T3) The v-conmection parameters vanish, ie., Cfh=0. '

Given tensors 7% and Q% satisfying (a) and (b) respectively, a
T M({0)-conncction is uniquely determined by (T1)—(T5). i

We shall call a 7W\0)-connection an STA{{0)-connection if the k-
torsion tensor =i vanishes.

Theorem 4. An STM(0)-connection is characierized by the following
Sfive axioms : (T1), (T2), (T3), (T5) and

(STM6) The h-torsion tensor vanishes, i.c., tj%=0.

(1.8) Dh=GY%+TE, Th=10d, TS5%=0 -

(1.9) Ph=GleA- 4054045 +1(Q4 oils+ Qi) |
(1.10) Qi —Qiolls) = 0.

(L.11} Dl =G s+ 30xbn+0s% .

Corollary 4.1. An STM(0)-connection is uniquely delermined by (T1)
{(T2), (T3) and (STMG6) if there is given a tensor Qfy such that (i) Qs satisfies
(b) or (ii) Qfy satisfies (b) and (1.10). In this case, the h-comnection 1s given
by (1.9) or (1.11} respectively. :

§2. The induced TM-connections on its hipersurface. Let A, ;, be
a hypersurface of M, represented paramctrically by the cquation

(2.1 vle=xtu®) (i=1,2,.,8; a=1,2,.,5n—1),
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where we supposc that the variables #* form a coordinate system of Af

In the following, latin indices run from | to i, while greek indices fr';)-r:‘l'
Iton—1. We put B, == ax"du® and assume that the matrix (B%,) is of rank
#—1. Tf we denote the components of a vector v tangent to a curve € con-
tained in A, , by 1* in terms of u*-system, we have

{2.2) yi=Byr, gy'evi=1

The fundamental function 7.(1:“‘, ¥ on M,y induced from L(y, 34

of M, is L{(u% y)=L{x'(x*), B',3*). Then the r-metric tensor o a(z® v&)—
=}arL3/ay*2y® is expressible in Lap (5, )

(2.3) ganl(t®, y*)=giy(x', V)BY | Bh=DBYBY

With respect to gi;, we can choose a unit normal vector N(u®, 4%
at each point («*) of 3, _, such that g, ,NB, =0 and gyNINI =1,
Let (B%, N,) be the inverse matrix of (B, NY. Then we have
(2.4) {LGQ::CUkIg;’E.N'k, i‘La.:=CUkB‘aI\”—'\m; [.L:=C,-;k1\"".*\"".'\'*,
eB% 2y = Bjg=2p%N ), ph=gu,.

When X‘'=DB' X% we define the absolute differentials as follows :

. 0
{2.5) Dy*=B*Dy', DX*=B*DX', DX*==B%DX",
Then on M, _, we can define connections P=(T.# %, G )and r.=

B @y
=(I'g",, I, 0) by means of (2.5). In this casc, these are as follows :

(2.6) Coy=CiuBiy, Bi=B%B4B",

@.7) Do, = BB+ T4 B¥ ), By = (9B (2183,
(2.8) Ta®, = BB, + 1% B+ Cfe NV HL), Cofy=Ch B,
2.9) II,= Ny Bo, +- T B),

(2.10) ) Hoy=N (B¢, + ’,‘,,fjf;’;—;-cg‘,‘N"HY),

(2.11) U= B%(Be'y+ 1 B). Hp, =NdBg,+ T/ B

) 0
H, is the normal curvature vector, while g (or Hg,) is the second

fundgxnentell tensor. We shall call I' and T, the induced T M-connection and
the tnduced T A(0)-councction respectively.

If we denote the Christoffel symbols of the second kind formed with
&x3 DY v."s. then we have
(2.12) 267 =y, 3 4R BV (BB 426G,

Put

!

(2.1 3) Im‘.' =B (Boiy +(;ik Bk‘v) : Ta*r =T B:I;—: QBuY '_ Q:"k B?é‘t
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Differentiating {(2.12) and making use of (2.4) and (2.9), we have
b
Gt =G, =pyH o+ 1%, Ho=H " =Ni(B\+207).
From (2.4), (2.7), (2.8), (2.9), (2.13), and (2.14), we have
(2.15) T =% G%= — p% H o T,
(2.16) Gs, =Tt —Top=— B, +0%

Theorem 5. The induced TM-connection is the M -counection on
M, ., determined by tensors T“T and Qg, in (2.15) and (2.16).

We shall call the connection on M, , induced from an K7 M-connection
on M, the induced RTM-connection. Then we have

(2.14)

(217) Sapiy ’d:gUIkBgé‘y:O’ g«337=gr1|x32é"7 = (),
(2.18) Zaﬂv=éuﬁv"—éﬁa-(:Qqu_QﬁdT=Z'J’-'B¥é‘v’
(2' 19) Pﬂu'r= Pé:“_(:gt T‘?"{'—'égu(fﬁw_l_ Tﬁs‘r ) TEB"{)’

where I'g® is the intrinsic Cartan Connection formed with L{n®, v%)

Theorem 6. The induced RTM-comnection is the RT M-connection on
M, _, determined by tensors 'T$ and Z,g, in (2.13) and (2.18). In this case, the
h-conmection is cxpressible in (2.19).

Note. If the h-torsion tensor ¢, satisfying 7,% =0 is given, then the
induced RTM-connection is determined by ;B“T alone according to
Corollary 2.2.

From (2.7), (2.9), (2.11) and (2.14), we have

T%=p% _—H°+ %, Qg'y=—2p%H,+0e%,
=B, Pl =3 H, 0.
Theorem 7. The induced TM(0)-connection is the T M(0)-conncction
on M, _, determined by tensors T2, and Qg in (2.20), and the h-and hv-torsion
tensors ;B"Y and 15-9“? are given by (2.21).
We shall call the connection on M, , induced from an STM(0)-
connection on M, the induced STM(0)-connection.

(2.22) 30,5 = —p2 Ho 30,5 =—p% H+ T =T,

(2.20)
(2.21)

0 - = = -
Lt =G’ + Q6%+ Q%)+ HO iz + Qd'otlx)s  Ga'y =G%iis -
Theorem 8. The indiced ST M(0)-connection isthe ST M(0)-connection

on M, _, deterinined by the fensor -Qa“Y in (2.20) und the h-connection is expres-
sible in (2.23).

(2.28)
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