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FINSLER HYPERCONNECTIONS
BY
1. D. ALBU and D. OPR1$

The theory of the hypertangent bundle and linear hyperconnections
was considered in [2], for their application in the so-called unified field
theory of gravitation and electromagnetism. In this paper, we define and
study the principal propertics of the Finsler hypertangent bundle and the
Finsler hyperconnections.

§1. Finsler hypertangent bundle. Let M be an s-dimensional diffe-
rentiable manifold and T=(7'3, =z, M} the tangent bundle of M (with
fibre type R"). Let J={(JM,n,;, M) be an N-dimensional differentiable
vector bundle over M with fibre type R¥(N >n). We supposc that therc
exists in J a subbundle T'=(T'M, =p, M) which is differentiably equi-
valent to 7. Since T isimbeddedin j asa subbundle, there exists a subbundle
T=(TM, =z, M) with fibre type R¥-"_which is complementary to T in
J. The vector bundle J is callod an N-dimensional hypertanger t bundle over
M and the subbundle 7 is called a werfical vector bundle.

Let J be an hypertangent bundle over M. We call the Finsler hyper-
tangent bundle, the Finsler bundle associated to the pair of vector bundle
(T, ), {1], i.e., the vector bundle FJ= (x5 JM, np, TM}). 1f 7 isimbedded
in J, then the Finsler tangent bundle of M, FT=(x%TM, w¢r, TM), is im-~
bedded in FJ and there exists a subbundte FT of FJ which is complemen-
tary to FT. FT is the Finsler bundle associated to (T, T), namely, F1=
=(mpT M, 7r7) with fitre type R™ m=N—n. FT is called a Finsler vertical
bundle.

Let (U, @) be a structural chart of FJ, x=(x', y%), i=1,n, the local
coordinates of TM in U and (#% % 2%, a=1, N, the local coordinates of
EJ in =3(U). Let sdx)=97(x, &), i=1, #, % =U ben linearly independent
cross-sections of FT, where {¢;} is the canonical base of R™ and s,(x)=
=cp“(;¢, €q)s a=n--1, N, N=n-+m, m linearly independent cross-sections
of T, where {e,} is a complementary base of {e)} in RY. We put E.(3)=
=p73(%, ¢,), a=1, N, Vx €U, where {e,} is the base {g, ¢q} of RY¥. We obtain
N linearly independent cross-sections of FJ on U. If (U’, ¢') is another
structural chart of FJ with UnU'# @, then we have the following
transformation rules:
x=xY (2.2, Y= (3x"jax‘)y',z“'=Mg'z“,Ea(:"c)=M§’(E)Eu,(x), where M:
Un U'-Gl(n, R). We have:



LoD ALY and D, orRpIis

2

(]) Si(-:"-) ]g“(:l-)F (T) N ({) Dzz(x)r ~ £ . .
4 I b TENT /2 Pal > o ‘a :\": Ei" = .:. kd @ -~
Yy & (]_ wh ere I‘f[)g 0. D:; Dg _ 82 ’ ])}? ]5(‘ i[)al}(&:’)— S?qu(:;);_lj(‘\ ) J; Du(-\. )Su(l ).

¢ o 5, Bubi==0,

For X&Scct (FT), Y =Sect (17, 7= Sect (FJ), we have -
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while the components of I'T, N3(%), satisfy the rule
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It results that a bi ' N _
Ty, o), a bmsler_h} perconnection 15 determined by the triad (V4 N,

§3. Induced Finste i NaiD o R W T
§1, we have sierconnection. For s, = Sect (F7), i=T. #.  defined in

(7 D’;{ | $y=I%s,+ His,, Dfé sy=Clsyt-Los. =
where : a'

: 3B? . 3
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i .ropops‘ltlon .1. It"he Sunctions (N}, Fl, Ch) define a Finsler connection
tnw FT, which is called the induced Finsler connection
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Remark. The induced Finsler connection FTT is determined by the
given Finsler hyperconnection F/I" and the choice of the Finsler vertical

bundle FT.
Let X =Sect (FT). We have
i

(9) D7 X=(BiXh+DiIgX)E., D¥) X =(Bsx| + DaLy A E,,

5x¢ é'j".]
where
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m
L and | denote the mixed covariant derivations with wespect to the Fin-

sler connections FJI' and I*‘Tf‘, [17.
Let s,,ESect(FT), a=n-+1, n+4+m, be the cross-sections defined in

§1. We have

(11) D su=Hlys,+ Fhusi, D7) su=Lliusnt-Clast,
by 3y
where \ .
L SDG - = SDG
Hi‘d:BE(S’U‘ -{-—1"?‘1):) ' ba=Dg (E‘;i— +F?4Dz) s
(12) ‘B ,
=B (Zf +CD ), C=D} (f};’ +euoi).

Proposition 2. The functions (N, IE?D, .‘,'b) define a Finsler connection
FIT in F T, which is called the vertical Finsler conmnection.

Remark. The vertical Finsler connection FTT' is determined by the
given Finsler hyperconnection FJI' and the choice of the Finsler vertical

bundle FT.
If Y eSect(FT), we obtain :
(13)  DF] YV=(BfHLY*+DsY*)E, . D"} ¥ =( BeLL Vot DY {)E,,
8xt 51_

where
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7 and | denote the mixed covariant derivations with respect to FJTand FTT
Remark, 1f Z = Sect(F]), then ’
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., BI’roposition 3. Let FT be a Jixed Finsler vertical bundle in FJ, (NS
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Y4. Paths and autoparallel curves. ILet ¢=c(?) bc a differentiable

curve on TM, which, in U, is gi N P oA
we have, along c, s given by x'=a'(2), y'= (). For Z = Sect(F])

B dze . 2 dat A dnt
(18) D;Z= (—~ R YN Y Lo JE..
dt dt 2
If ¢ is a horizontal curve with respect to I'?, then
t o
(19) ¥,
dt dt
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(21)

, izt 3
For a horizontal curve d, .f:"(z‘)=2 —— AT
dt 3xt
e dze . Aadxt
(20 DiZ= "2 ]'“ZB_)Ea.
I-u ) < d[ + iB dt

A verlical curve ¢ in 7'M has the form x'=af, y'==»*(¢) and then
S5 (A% a dy
DYZ=" +Cp2® 2\ E, .
¢ ( dt * dt

Let ¢* =¢*{¢) be a horizontal curve in TM and Ze Sect(FJ) such that,
along ¢*,
Z dx{ @& a - 3
EZZ) L= ('_ B;—I—'U Da)Ea-
dat
The curve ¢* is called h-awtoparallel curve if there is a cross-section

Z given by (22), such that

(23) DFZ=A(2.
It follows that the equations of the A-autoparallel curves are given by :
Dy o,
| o R T L
-d—(;); +ﬁfbvb% +I:I?f% %'—A() :

Let c*=c*(t) be a vertical curve in T'M and 2=Sect(F]) such that

s fdyt
(25) b (2 Brwms) £,
dt
along ¢°. ¢’ is called v-autoparallel curve if there is a cross-section Z given

by (25), such that
DF7=B(e")Z

(26)
1t follows that the equations of the v-autoparallel curves are given by :

diyt  eody dyt x o dy dy
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We call k-path a horizontal curve

hich satisfies .
28 dyt At W satisfies the cquafinme .
( ) = +N;ii = (___l”x‘ }«:i da? dak tquations :
dt ’ d‘tz k== — =
dt dt ’

with respect to the induc

called v-pati; if it satis{iesed Finsler connection T

P A vertical curve jg

(29) X e
= i 7 Iy dy*
Let ¢* be a h-path and X— ! ¢ @xf Bt i
field. It results o e et e
(30) £8: :
DY R gz, 42 2!
L) di dt D:Eu-

Theorem 1. 74
self if and only if

€ tangent vector freld along a h

~path is parallel to him.

(31) fpo 4%* dx!
= — =
Lot dt  di
et ¢* be _ A d i
‘ a v-path and X = &Y. Ssz—J—JfB“E it
field. It results it ag e fangent  vector
32 &8 F
(32) DYR<}2, % W pap
_ Theorem 2. T, tangent d‘; A
if and only if §ent vector field along q v-path is parailel to hi
O nimsel
(33) . @y dy* ef
- =0,
We sa dt  dt

y that the manifold !
M
Tesp. v-parallel) with relssptiz
Tloleorem 3. M is h-parallel (resp
(YESP.Tsz:O). |
he manifold A is
' cail
if every k-autoparalle] (res?).e
is an autoparalle] curve wi
with
Theorem 4, M 5 tota;ly

only of Hy+Hg—=0 (resp. L2

h-paralle]l (

i1 L5=0).
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ON MIRON’S THEORY OF SUBSPACES IN FINSLER SPACES
BY
MIHAI ANASTASIEI

In this paper an invariant description of Miron's non-standard theory
of subspaces in Finsler spaces is given. For the content of this theory we
refer to R. Miron [3Jand R, Miron and A B ejancu [6]. After
some notations and preliminarics (see (2] for details) and a study of the
pairs of nonlinear connections with the H-property. the induced and
intrinsic metrical Finsler connections are treated. Equations of Gauss and
Codazzi will be included in a forthcoming paper in which detalied proofs
of the present results will be given.

1. Notations and preliminaries. Let M be a smooth paracompact
manifold and let be = : 7 M—>A[ its tangent bundle. Let us denote by V the
fotal space of the vertical subbundle of TTM—TM. A Riemannian metric
¢ in the vertical subbundle is called & metrical Finsler structure on M. The
pair (M, g) will be called a Finsler manifold. We suppose g salisfies the
Miron’s regularity conditions (Miron [4]). It follows that there exists a
canonical nonlinear connection on M determined only by g i.e. there exists
4 subbundle of T7M->TAl whose total space will be denoted by H, such
that TTM=H@V (Whitney'sum). FEquivalently, there exists a tensor
field P of type (1,1) on 7'M having the properties JP=] and PJ=—],
where J is the natural almost tangent structurc on TM. We recall that
J3==0 and ker J=im J=V. Let (T M) be the module of vector fields on
TM. The properties of P imply that P is an almost product structure on
TM such that P(X)=—X iff X is vertical and conversely. Let v
and & the vertical and horizontal projectors, respectively. Someti-
mes we shall put AX= X' and »X=X' so X=X*4X° for Xe
e®(TM). The restriction of J to horizontals is an isomorphism which
will be denoted by J, too. Its reciprocal will be denoted by . We define

B+ B(TM)— (1) by OLX)=Q(X)+J(X?), Tt follows Qr==T and FO+

+@P—O. 1t is casy to sec that £=PQ isan almost complex structure on TA.
In a joint paper with 1. Popov ici [7] we have proved that the
triad (P, J, D), wherc D 1s a linear connection on 1M such that DP=0

and D@=O, defines a Finsler connection in the classical incaning (see Mat-
sumo to [3]) and converscly. By using a nonlincar connection, g can be
prolonged to a Riemannian rotric G on TAM given by G(X, Y)=g(X*, Y)+
+g(JX*, JY"). The Finsler connection (P, J, D) will be called mectrical
iff DG=0.



