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We - i
call k-path a horizontal curve which satisfies the equations ;

[
(28) 2y’ & —o, Ox' G da? det
dt it ar g =0

with respect to the induced

. F‘ ) ! ' i
S e insler connection FTT A vertical curve is

(29) diyt o dv? dyt

== FCh{xe, (1)) = DX

diz » () i

n .t
Let ¢* be a A-path and X:t-ii Si= a BfE, its tangent
field. It results “ . o
(30) D% R=frg, 4 & pap
a dr

Theorem 1. The 14

self if and only if ngent vector field along a h-path is parailel to kim-

(31) s, dxt dxl
dt dt
Let ¢* be a v-path and X dy? dy
= - Se=—— B{E, its t
field. Tt results dt di @ angent vector
(32) FIG 3, Ayl dy
Dc"X_‘L.fak"?i_t‘ :i—t‘D:Ea'

Theorem 2. The ¢
i and only H e langent vector
(53) 1,2 &
dt dt
We say that the manifold i
M is h- ' i i
h-paralle] (resp. v-parallel) with res;ecfatrg”}il[l(fesp. B
Theorem 3. A7 s h-parallel ( ‘
(resp.TLi‘,=O).
he manifold M is called 7o ]
) ally k-
if every h-autoparallel (resp. v-autopzralf‘;";;dZﬁva

is an autoparallel curve with respect to FTT

Th . .
corem 4. M is ifotaily h-geodesic (resp. tolally v-geodesic) if and

only if I?:‘,-}-ﬁ,‘::ﬂ (resp. i?,+f.},=0).

field along a v-path is parallel to himsel i

resp. v-parallel) if and only if Fe—g

(resp. totally v-geodesic)
e with respect to FJI'
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ON MIRON'S THEQORY OF SUBSPACES IN FINSLER SPACES
BY
MIHAI ANASTASIE!

In this paper an invariant description of Miron’s non-standard theory
of subspaces in Finsler spaces is given. For the content of this theory we
referto R. Miron [5]and R. Miron and A. Bejancu [6]. After
some notations and preliminarics (see [2] for details) and a study of the
pairs of nonlinear connections with the H-property, the induced and
intrinsic metrical Finsler connections are treated. Equations of Gauss and
Codazzi will be included in a forthcoming paper in which detalied proofs
ol the present results will be given.

1. Notations and preliminaries. Let M be a smooth paracompact
manifold and let be = : 7'M —A[ its tangent bundle. Let us denote by V the
{otal space of the vertical subbundle of TTM—TM. A Riemannian metric
¢ in the vertical subbundle is called a metrical Finsler structure on M. The
pair (M, g) will be called a Finsler manifold. We suppose g satisfies the
Miron’s regularity conditions (Miron [4]). It follows that therc exists a
canonical nonlinear connection on A determined only by g i.e. there exists
1 subbundle of T M- 1M whose total space will be denoted by H, such
that TTM=H@®V (Whitncy’sum). Equivalently, there exists a tensor
field P of type (1,1) on 7'M having the properties JP=J and PJ=-],
where J is the natural almest tangent structure on TM. We recall that
J*=0 and ker J=im J=V. Let (T M) be the module of vector fields on
TM. The properties of P imply that # is an almost product structure on
TM such that P(X)=-—X uf X is vertical and conversely. Let v
and % the vertical and horizontal projectors, respectively. Someti-
mes we shall put AX=X* and vX=X° so X=X"4X" for Xe

e (TM). The restriction of J to horizontals is an isomorphism which
will be denoted by J, too. Its reciprocal will be denoted by Q. We define
Q : B(TM)—>H(TM) by Q(X)=0Q(X*)+J(X*), It follows Q*=I and FQ+
—!—@P_O. It is casy to see that #=PQ is an almost complex structure on 7M.

In a joint paper with I. Popovici {7] we have proved that the
triad (P, J, D), where D is a linear connection on T°M such that DP=0
and D@=0, defines a Finsler connection in the classical mecaning (sec M a t-
sumoto [3]) and conversely. By using a neniincar conncction, g can be
prolonged to a Riemannian metric G on 7'M given by (X, Y) =g(X* Y74

+-g(JX*, JY". The Finsler connection (P, J, D) will be called metrical
iff DG=0.
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Theorem 1.1. L
linear connection de et (M, g} be a Iinsle ;
on del . PSee¥ maiit J Towhe R
3 (Ij ejgrgmgd only by g. There cxi sj;(; ci ’;m io;ele,d with the non-
ET(hX, hY)=0 i ) determined by g only such unique metrical Fip-
2 Finsler’ wberg T denotes the to?fs{onyof ii)l that T(vX, vY)=0 and
dimensional diffeS;:_\ Stp_aces and.mmlinear connecti(;n
differentiable manifnll(;lblc manifold of class C= and s}ig}ct M® be an #-
M"—M* We call i(()M ;?f class C= imbedded in M* witl .an m-dimensional
nifold M™. If the manif)]zcli submanifold of 3/* and idenz'}mb("dd-mg map % :
bourhoods (U, x*) and G T Is covered by a system LA DR
(U’, u*), then the imbedd'S covered by a system of coordi Oord_mate neigh-
ing ¢ can be represented locarﬁ'l;el?ejghbourho()d
Ad

2.1)

Here and i wi=al(um) with rank (ox'/ou)=m

Greek indige;thSEQUeI the indices 7, 7,... run over th

over the range f::-f;/er the range 1, 2,..,m andrtheC _I"Ztir}ge 1,2,..,#n the

by b: TM»TM* “:_ﬁ”g-Z s.-» %8. The differential of I?h ices a,b,..., run
1l be represented locally by ¢ map ¢ denoted

dxt

du®

Here v= is the

. supportin

of b Pp g element on M™ .

with respect to the natural baslils Iig ;;SI;I;?IOI?atrlx of the differential
VS :

2.2
( ) x¢=xi(ua)’ y(_l: -

(2.3) 5 [B; 0
= y { dxt ]

Bl‘m B::] where By= .3; » B‘im_____ i‘—'B:; v*,
171

Let C(C’) be the ¢ i
a ] .
tangent structure on Tlldn"?(r’?‘CMalﬂ)ﬁeleeog TM™(TM*") and J(J') the almost
. ave 0s

A

Lemma 2.1. BC=C

' B tEe '_C', Bri=7]' o) e

C' and J' to b(TM™). J=J' B where C' and J' are the restriction of

) This Lemma impli " ’

jectors. Also, it i ipiies Bu=u'B, where v a >’ ]

BU is a vertical l‘ﬂgif: fiterllgto if bI(JTl;J a vertical r\lzc;ct:t’o1rall;?eltcli1 Zr‘lfe}tlll(ﬁ'l hen

are endow i S "). L then
wed with the nonlinear Connect)ionSEtpuz ggp}}ggsiethat t{b[m and M*

» respectively.

Definition 2.1. Th .
A 1. e patr (P, P} &
where P' is the restriction of P’ to b)(m{?m)mg H-property if BP=P'B,

Theorem 2.1. Let !
et h and ' be the horizomtal projectors of the
non-

linear com .

g nections P ' .

equivalent ; and P', respectively. The following asserti
sseriions are

{1) The pair (P, P’
i , P') has the H- ii A
g:l\:)) f‘,{; ]\(rjf 1?\7%3?20%&11 thew BU gzoigﬁ%;mt(l; el
th alVi— Ny Byt By =0, where (NB Ni
v nogiz;:;c:; ;ﬂ?n%{twm e (by“)Pm:f; d(NI{J)' are the local components of
1. The relation (iv) from the ﬁ‘ﬁiﬁiﬁveéyi is the I
. e local

transcription of BP
that of R. Miron [5]. B. It shows the equivalence of our definition with
i
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nonlincar connection

to the whole M». This prolongatio

connection on
is a Finsler mani
Finsler structure g on M™in an 0

on TM™ which will be denoted by G.

g can be prolonged to

decomposition

(3.1)
where L denotes ortho
arc mutual orthogonal wit

p=n—mn. By using the

Theorem 2.2. Given @ nonlinear conmection P on M™ there exists a
P o i(M™) such that the pair (P, P') has the H-property.
cation of P’ given by the Theorem 2.2

here exists a prolong
n will be denoted by D', too.

trical Finsler connections. Let us suppose
M™ and P’ is a fixed nonlinear

Hypothesis. T

3. Induced and intrinsic me

that P> 1s a fixed nonlincar connection on
P, I') has the H-property. If (M, ¢")

M® such that the pair (
fold, the metrical Finsler structure g' induces 2 metrical

bvicus manner. By using P, the metric
a metric
Lemma 3.1. The Riemannian metric G 18 induced by G'.
Let us put L'{)=g'{(w}(C’, C’)y and L{w)=g{#)(C, C)-

Lemma 3.2 L(u)=L’(b(u)) for every we TM™.

The cxistence of the pair (P, P') with the H-property assures the

TD(H,TM"=B(Hu)eB(Vu)@H%(u,eavéw

complements. The subspaces of this

h respect to G'.
Remark 3.1. The dimension of Té(,,,TMm=H,}(,.)®V§(,,, is 2p, where
Gramm-Schmidt method we can find an orthonor-
mal basis (71 5.0s Py V1se00r v, of Tblm,'fﬂf["‘ such that %, ,..., #p a1€ horizontal
vectors and vy,...s Vp AT€ vertical vectors. So, at jeast locally we have 2p
vector fields normal to b{(TM™), mutual orthogonal and of length 1, the
d the last p being vertical.
ction having P’

first p being horizontal an

Let (P, ], D) be the unique metrical Finsler connc
as nonlinear connection and satisfying T'(v'X’, »'Y")==0 and rTHR X,
Y )=0.

Theorem 3.1. Let BX and BY be two vector fields tangent Lo b(TM™).
Then Dx» Y |b(TM™), where X' and Y' are extension of BX and BY, respec-
tively, does #ot depend on the extension. Denoting this by DyxBY we get
{3.2) D3xBY = BDyY +H*(X, Y5+ KX, Y)Var
where D m and H® and K® are 2p lensor fields

of type (0,2) on TM™.

Lemma 3.3. Let X and ¥ be two vector fields om TA™ and X' and Y’
s xtension of BX and BY, respectively. Then [X', Y Yozu™ is independent
of the exfemsion and denoting it by [BX, BY] we get [BX, BY]=B[X,Y].
Theorem 3.2. The triad (P, J, D), where D is given by (3.2), s a me-

tyical Finsler connection satisfying T(vX, 2Y)=0 and RT(hX, BY)=0.
The metrical Finsler connection (P, Js D} will be called the induced
Theorem 1.1. there exists on

metrical Finsler conmection. According to the
tisfying T(vX, 2Y)=0 and

(Mm™, g) an unique metrical Finsler connection sa
nirinsic metrical F insler conmection

RT(RX, hY)=0 wihch will be called the 2
Corollary 3.1. The intrinsic metrical F insler commection coincide 1o

the induced meirical Finsler connection.
Lemma 3.4. The following properties of H*®

decomposition

is a linear conmection on T X

and K°® hold :
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(1) HY(X, PY)=H(X,Y),
(i) H(X, QY)= (g sk (X, v),
(v) HYX, v¥)=0,
(Vi) HO(hX, hY) =H(hY, hX),
whore X, ¥ <H(TM™ and (n,)=ghv,
Definition 3.1. The Finsler lensor ficlds je X, Yi=H fRX, LYY ang
RUX, Y)=K(X, vY) will be called the J-gnd v-sccond fundamental Sform,
respectively, of the tmbedding 1.
We remark that 4o and %% are symmetrical Finsler tensor fields.
Theorem 3.3 7er BX j. & veclor field tangent fo B(TM™ and n q yee.
tor field normal to B(TM™. Let X' and n' be extensions o [ BX and u, respece
twely. Then D, %' lsram does not depend on the extonsion and denoling thys

n

by Dpxn we get
(3.3)

(i) KX, py)- K4X, Y),
(Iv) KX, QY)—garro( X Y).
(vi) KX, hY)—0,

(vill) KX, oY) =Koy, v.X).

Dixn=—B(4 (X)) - Vyxn,

Where A, is a tensor Jield of type (L.1) on TA™ and v is & covariant deripg.
tive in the normal bundle. A oreover, we have -

G(A ,,(X),Y)——H"(X, Y)G'(n,, n)+K“(X, V)G'{v,, 1), X, Ve
SH(T M)
and ¢ defines a Finsler connection in the normal bundle.

Summarizing up, we have obtained the following formulae of Gauss-
Weingarten type :

(3.4)

(3.5) {D},,BXBY:-B(D,,XY) FHYhX, Y Y+ K*(hX, YY)y,
Dypeit= B(A,;(hX))-[—V,,.mn

(3.6) {D;.,,.XBY-—B(D,XY)—I- HYvX, IzY)»;z,,‘—j-K“(UX, vY)v,
Dypzn=— B(4.(0X) + Vgt

By virtuc of Lemma 3.4 the normal components from the first rows of these
formulas depend only by %% and i@, respectively,
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] SYMPLECTIQUE
SQUE HORS
FINSLER PRE
STRUCTURES
PAR
GHEORGHE ATANASIU

ue horsymplec-

iétés différentiables douées de strufid PELER° /F a1y,

Lenit e1é détinics ot approfondics par C. M oto

taues (:r:: e[ze] Gh. Atana ? li:: la[tt}:’rmin(‘)logie de M. N{ it‘iqsulé nzléter-
DR oré i emplo mpile »

P La note presente,1:31;11(1‘(-’e 15 structure PresQuftglzﬁictEre Finsler et le

1 S . ce
de le cas Fins bles avec
3 all:gr connexions Finsler compatl
mine B

nnexions.
g enfre ces €O ;
de transformations horsymplectique app

RromP] Finsler presque cHiane P
- Stmit‘gfnsler dégénerees [2]—1—{ [S]Mei e Pt

de151 Str‘;cgierecours aux méthodes de R.

celles-ci,

. 5 ille
rtient a la fami

? tre étudiée comme

Hashi guc hi,

se par la note [6].
9], {10], etc. étude est prouvee p ique sur une
(91 La portet: 3;:3:et%}’e‘51°r presque hor;g;nmsiljlicgg type (0, 2( )
1. Une str de tenseurs . strique  [ag{%, ¥)=
M est donnée par un Chamol:' t au point x), antisyme éeqmaniéfe quie
étant 1'élément de supp o-vecteurs Finsler (%, )

C=-variété
) ay( %, y)

/ (x, v}1 et s champs dec a
_ajl s Y72 2 dét 0 -_7“ ?&O,
(1.1) rang |l aylx, ¥) || =dim M—s=2p, s
. im M),
i - =1,2,...,d1m . |
R . i O =" || sdmet une inverse,
il ré la matrice || |
De (1.1.) il résulte que -
0o Ef
8
notamment 8 ot
8
" 1 e selon a).
" P-’-‘—';;E‘, m==5;‘-7115‘ (on somm
(1.2) 3 :

On constate que

‘
Lok, i+ H=3},
k=¥ Bmk=0, il =0, mymy==my, Mi5=
344 ’



