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Remarque. La ¢ i i
) . La connexion Finsler presque horsy i
i X 1018 ' ’
tient g‘e (3.3) par N0, Ym0, 720, pres ymplectique (2.6) s'ob-
1 on note par FI{N) les ¢ N i i
] par s connexions Finsler qui & &
connexion non-linéaire N, alors on a le B

- Théoréme 5. L'ensemble de toutes les conncxicns Finsler FT(N
patibles avec une structure Finsi que Pl
wsler presque horsvmplectique est donné par

)5 '”‘ v 5 ; :
{3.4) N}=NY FhH—=Fh+ (II);’; e Ch=Ch-F0iZy,
1

Ly A 2. . .r " '- . - .
f(J;t éf)' Fct— g;f’\i : 1:7,#6) est la connexion Finsler presque horsym plectique donnée par
T ;,;,é AN gom‘ des champs de tensenrs Finsler arbitraires.
W Ct.me . {’.f’s tr:ms formatmzzs entre les comnexions Finsler presque
ymplectiques qui possédent une méme connexion non-lindaire N, FI'(N
—FU(N) sont données par Cha

= . = —
(3-5) szl\h’ f”;t=F'}k+ ?);’:Y;h C';‘k—_c}.lfk‘i_ (D;’r'znfk-
1

% A
on Y,i,eSZ’i,, sont:t des glmm%bs de tenseurs Finsler arbitraives
ranstormations (3.5) et Ie produit d'applicati .
ic ’ pplications en tant i
;10& Cr?)TPOSIScCI)p,' forment un groupe abélien &. Ce groupe est isomorr]phqeugvl:é
groupe additif des couples de champs de tenseurs Finsler (ORY],, OiZ7,)
1 i '
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ON GENERAL PATH SI'ACES
BY
MASAKI FUKUI

7 1. Szabo showed that a Finsler space is of scalar curvature
if and only if the Weyl's projcctive curvature tensor Wk, vanishes.
And the present author and T. Yamada found a tensor V', character-
izing a Finsler spacc of constant curvature [3,4]. These tensors can be defi-
ned in a so-called general path space, becausc they are both constructed
by the A-curvature tensor H};, independently of a metric tensor.

The general path spaces were treated by J. Douglas, L. Ber-
wald and so on [I, 2]. In this lecturc we shall be concerned with such
spaces. We shall define special general path spaces by means of the above
mentioned tensors and investigate the relations between those spaces. The
theory of general path spaces scems to be important to the projective theory
of Finsler spaces.

1. General Path Spaces. Let M" be an n-dimensional differentiable
manifold and (% +') be a usual coordinate system of the tangent bundle.

Assuming that for each local coordinate system there exist # functions GHx, ¥)

positively homogencous of degree two in ¥, then M™ is called a general path

space if the functions Gi satisfy the transformation law
= :,i‘ L’J"E‘
L1 23G(E, F) =26"(x, V) —— — —— Y
(1.1) (% 5) SN ey
under a coordinate transformation Tf=0i(x).
Now, differentiating G* partially with respect to 3, we get

(12') G‘j = BG'IIay’, Gijx= 36‘,/3_\!1
that the G, satisfy the transformation law

of the connection cocfficients under a coordinate transformation. We can

define the Berwald connection in a general path space M* by means of the

quantities G% and G'y. For example, the covariant derivatives of a contra-

variant vector X' are given by

It is casily shown from (1.1}

(1.3) Xy aX Y ext G (8X oy + Gl ™, X' y=0X [0y
If a curve x'=1'(?) satisfies a system of differential equations
drxt dx
1.4} e 2G| %, =] =0
(1.4 df3 i ( fh‘)
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it is called a path in the general path s ’ i i
. _  space. The assumption (1.1} is:
:;cg :lsait ;Lge ctqzllahtons (lt;i) arc invariant under any cooprdina(tc t)rau;f(;:fnr::?ii)or:l
vident that a path is nothing but an aute-ps e wi '
b el sl e oy g an auto-parallel curve with respect
In a gencral path space, Ricci formula i i
. : ath space, asand Biranchi identitt
;Lo.ﬁot‘in;: very saimc ?s f)lnes of Berwald connection in a Finsler sp’tccl e]fr:latl?ﬁg
/ing, we denote i r R (e
ot H.."ﬂ.g’and (G ‘;;:.)' ¢ the torsion tensor by R%;, f- and ’lw-curvature tensor
A gencral path space M" is cailed a sp: i i
. al ac g a space with an afiinc i
uhhc;lithcrc exists a coordinate system around any point of M" ixf(:;ll?i?:(iltlg?l
'trhe- ' arc quadratic forms of ¥4, that is, G%;; arc functions of position only
speiiep{v?irt)lertyfistalsi‘(} _represented by G=0. Morc espesially, A" is calledszi
‘ with a flat affine connection when there exists a sordi 3
in wh_llle]ll all th(i (£ va?ish. About such spaces we know ReSR e
eoremn 1. Let M™ be a gencral path s, ‘ 7 i1
e cqumatont carh her g path space. Then the following condilions
(1) M" is a space with a flat affine connection.
(2) G"bjk=0 and H|njk20.
(3) There exists a flat Riemannian melric such "
geodestc with respect to the metric. st it i
Eronll] the above theorem we can say
orollary. I'n a locally Minkowskian I pace ]
G orollary. T4 ¥ owskian T insler space, there exists a flat
- §i2. Projective Mappings. A diffeomorphism of a general path space
{f ™, G} to another general path space {M*, G*} is called a projective mapping
; it maps an arbitrary path of M?" onto a path of A7» A diffeomorphism
s a projective mapping, if there exists a scalar field p(x, y) satisfying

2.1 G'=G '+ pyt.
It is fundamental that the Dougl Y
X ) : glas tensor Dy and the W
W are invariant under any projective mapping‘.JEI‘hey ;fe d?ejffilnzilnsi;);
(2.2) Dyu=Gi—y"C oy af(n+1)—Ciom {81G u} (5 -+ 1),
(2.3) Whe=H Ui (VP Hop .o+ S H 3+ 83 Hy i} (8- 1),

where G, =G™n, Hy=H",, Hi=(nH il i
these tensors i; illuéi’ratedjby == (#Hs-Hun) y"ftn—=1). The importance of
Theorem 2, [7,5] A general path space may be mapped by means of

a projective mapping onto a s, ] i P o] :
e cquations phing pace with a flat affine connection if and only if

(2.4) D}y=0, Wk,=
are satisfied. For O 0
For the later use we notice that

(2.5) Hy—Hu=Hy—Hu—(n+1) (pr:—p;:0,

{2.6) Giy=Gy+(n+1)pu,
where p=p ; and py=p¢,.
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§ 3. General Path Spaces of Scalar or Constant Curvature. In the theory
of Finsler spaces, a Finsler space of scalar curvature is characterized by vani-
shing of the Weyl tensor [7]. And a space of constant curvature is characte-
rized by Viu=004], where
(3.1) V= et U (3T H k.3 (5] 1).

A Finsler space of constant curvature is mapped onto 2 space of constant
curvature under a projective mapping satistving pey—piu= 0. Th> tensor
V2, is invariant under such a mapping.

Returning to the theory of general path spaces, we can give the follo-
wing :

Definition 1. A gencral path space is called a space of scilar curvature,
if the Weyl curvature tensor vanishes.

Definition 2. A general path space is called a spuce of constant curvature
if the tensor Vy defined in (3.1) vanishes.

Without making use of a metric tensor, we can prove the same lemma

as in the metric case.
Lemma. I# order that a general path space o f scalar curvatire turns nio

a space of constant curvature, il is mecessary and su [ficient that
(3.2) I{U—H',.-—'O.

By means of this lemma and (2.5), we have
Theorem 3. A general path space o f constant curvature is mapped onto
a space of constant curvature under a projective mapping salisfying

(3'3) ﬁi:J"?ﬁj:i"Oo
The following theorem has been proved in the metric case [4]:
Theorem 4. A general path space is o f constant curvature i f and only tf

{3.'1) H;h,k—-(H”Sg —H.-kb‘;')l'(n— 1).

As to spaces with affine connections, we have

Theorem 5. (Douglas, Matsumoto) In order that a general path space
might be projectively mapped onto a space with an affine connection, it 15 neces-
sary and sufficient that the space has vanishing Douglas tensor.

Theorem 6. A gemeral pathspace with an wffine comnection 1s mapped
onto a space with an affine conmnection under a projective mapping satisfying

(3.5) puy=0.
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ON SOME GENERALIZED CONNECTIONS AND THEIR
APPLICATIONS

BY

SHUN-ICHI HOJO

A Finsler manifold F*=(M", L) is a manifold M* equipped with a
fundamental function L(x, y) dcfined on a tangent bundle T(M") where
(x, ) denotes canonical coordinates. Let g,; be a fundamental tensor
derived from L. We denote Finsler connection on F* by its connertion coeffi-
cientsas CTMEF},, N%, Ch). Prof. Matsumoto showed in {8] that Cartan
connection on a Finsler manifold F" is uniquely determined by the following
conditions :

(Cl) gu:k=0, gu[k;O,
(C2) T : =F{,—F{=0,
(C3)  Dh:=yFL—Nu=0,
In this paper we generalize these conditions and get a socalled gene-
ralized Cartan connection {with vanishing torsion) C* I' and apply it to
some problems. Terminologies and notations are referedto Matsumoto
(111,

St =C{—Cé =0,
(cquivalent to y’x=0).

§1. Generalized Cartan Connections C™T. p denotes a real constant
number (p#1}). We put
(1.1) P 1= L7 gy (p~2)0d )

We abbreviate ®® as ® if it gives no confusion, for instance,
O,y 0 = 0F and assume (®) to be regular (4], and put
{1.2) Cd: —‘(1,Z)Qiakd’umcijl“‘*‘a‘mijki

where (®*) denotes the inverse of (@) and

—2 1
13 o, = P22 (i1, 34— zi—zzu).
(1.3) TNk ZL(‘H_ i+P"'1 1k iy

Definition. Generalized Cartan commection CP)I ds connection deter-
mined by coef ficicuts Fiy, N5, CV where F v and Ny arcthe same coef ficients
GfCF(Fijk, l\rj,‘-, C.'jk).

Proposition 1.1. C'"\I' is determined uniguely by following condilions
where symbols i and | denote - and v-covariant differentiations with res-
pect to C'PI.



