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A Finsler manifold F*=(A/", L) is a manifold M* equipped with a
fundamental function L(x, ¥) dcfined on a tangent bundle T(M™ where
(x, y) denotes canonical coordinates. Let g; be a fundamental tensor
derived from L. We denote Finsler connection on F by its connection coeffi-
cientsas CTF{y, N, C&). Prof. Matsumo t o showed in [8] that Cartan
connection on a Finsler manifold F* is uniqucly determincd by the following

conditions :

€1 guu=0, gul=0 -

(CZ) Ti}k . =Fi’k—Fk’«=0s Sijl: : =C,’,—Ck"10,

(C3) D =y'FH—NyW=0, (equivalent to y’x=0).

In this paper we generalize these conditions and get a socalled gene-
ralized Cartan connection (with vanishing torsion) C' T' and apply it to

some problems. Terminologies and notations are refered to Matsumoto
(110,

§1. Generalized Cartan Connections C™I'. p denotes a real constant
number (p#1). We put

(1.1) DYy =17 gy (p—2)dy).
We abbreviate ®® as @ if it gives no confusion, for instance,
Oy = 0% and assume (@) to be regular [4], and put

( 1 2) C(m(’h L= ( 1 .'lz)q) oD L= Ci’k“*" O'm)i’k,

where (®") denotes the inverse of (@) and

(1.3) o*v"!k;-.,fi%(a{zk+sizi+ Bl - z‘z,,u).

p—1

Definition. Gencralized Cartan connection C'PI' 15 a commection deter-
mined by coef ficicuts Fiy, N, CPy where Fje and Ny arcthe same coef ficients
ofC DiFd, Ny, Cix}.

Proposition 1.1. C'[' s determined wniquely by following conditions
where symbols | and || denote he and v-covariant differentiations wilh  res-

pect to CPL,
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(GC1) (1) ®Pyi=0 for p£0 and if p=0 this mirst be
replaced by gipip==0,
(3) D=0,
(GCZ) '1':1»‘.;‘ - & F“”," .__F(D!kl‘:__:o’ S"”,"}, . ='Cm:jk ~-C"”k’|=0,
(GC3) Drpuk: =y£17:p:‘1k_‘,\.fwbk=0.
Proposition 1.2. Torsion and curvatuie lensors of COT can be expres-
sed in terms of corresponding tensors of CLN

(1_4) ijk;= Rjkh ;.)(p).imz 1)1“,
(L.5) R(mijk1= Ve R,
( 1 ,6) p:mi!“= P._J“ -+ c(v)‘fs s
—2)* .
(1.7) Sy =Sty — H o).

§2. Applications of C'®'I". The T-tensor of F* was first introduced in
(10] and studied in [2], [3], [7] especially Watanabe [16] proved
that if T;;;=0, F* must be riecmannian under an assumption that all indi-
catrices are closed. When closedness is not assumed, a problem to determine

a fundamental function is not completely solved. (Asanov and Kir-
nasov [2])

Proposition 2.1.
(1) Cli=0 iff F* is ricmannian,
(2) CO%lli=0 iff T =0

Thus examples of spaces which satisfly T-condition, given in [2] as
(3.8) and (3.9) are all casily verified to satisfy T- condition, because we can
treat the object as a sum of riemannian terms. Another more interesting
application of C™I" is 2 study of S3-like Finsler spaces.

Definition. A Finsler space F* is called S3-like if v-curvature tensor
Si has a form

(2.1) L3S =S (hyhy—n by} where S depends on (x) only.

Referenced papers [13, [43, [5], [9], [13], [14] are mainly concerned with
a problem to investigate S3-like Finsler spaces. We want to determine a
fundamental function L of a S3-like F* with constant S, {for more general
cases, the problem was studied in a tangent Minkowskian space of F* in
(4] and {14]). Under an assumption of algebraic decomposition at a point
(xe, ¥s) we have following results.

Theorem 2.1. Let S be a constant number such that, Sz0 or S<—1,
Iff F* has curvature tensors of a form

(2.2) R"”——'-O, P;’uzo and Lnsl{u=S(hikh"r—‘k“h’k)

L 1is of a special character such that

3
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(2.3) LP=2,% ()7,

4 ; L. oy o 2 4(?"— }) :-S.
Z | is a real constant satisfying (p—2)% B
(%};er-g" (m)'-_-prfi) p-honiogeneous independent functions and satis Sy

(2.4) et () =0, (s — e, =M’
(2 -5) "'Jbil F— "iTJ"?ks 'ﬂbm = T.‘bj 14— ‘fjfm"e‘f)bk;-

Theorem 2.2. Iff F* has curvature tensors of a form
(2 6) R"},;=O, P‘jklzo and L'&S‘J'IH = - (klkk!”_hlh,k)
L has a form )
@7 L= ()t o (1) (Zed=1).

N.B. Conditions {3.56) and (3.57) in [5] are weaker and they should

ted as above. )
v Co'r[fgs: theorems were proved by constructing a (plzz-homogeneous

complete family f%(x, 3} {a=1,2,..,m) with respect to C®I, Consider a
system of equations
(28) fﬂzzos f"i'—fi’ fi;ij_'os f‘"}:'o
The complete integrability condition of this sistem 1s
Rmf_,”; 1’[”3;,;—'5‘””;‘,:0,
(2'9) R':mijmf P“’)"}“T_ Stm‘im =0,

4. fa
and iff these vanishing conditions hold we have f*(x, ¥) such that £ fe=adf
and f&:= 8.8, f¢ satisfy :

(1) equations (2.8) hold '
(2) rank (f%)=n, Lc. {f%) has the inverse (/%)
2.10)  (3) f4y'=(pl2)f +e(p),  elp)=0 il p#0 and p(0)=1
@.11) @ far—fffw=15 w—S"w f*o [0 '
\WVith these functions, the above theorems was proved in [5].

3. Distorted Conformal Change of Cartan Connection. \\{f tt:onsider
a gener:;lized metric which depends on a function r(x) such tha

bl x, ¥) =gyt{e*— 1},

and define a connection C(M)I' by following conditions :

(A1) Ge=0, '{u“k=0’ ~ ) _
(AZ) E ijxi _"_Cijk‘“' iji:'O: Tajk1=1‘ ejk—l*k’i=0,
(A3) D=y F iy — N9 =0.

ure lo that

2k . 1 has a very similer feat .
As Uyy'y!=e?L, the connection Y e uniquely

‘ R
defined in Hashiguchi [3], and conneetion coetfivienis .
determined as in [3].

1 — Matermnaoticd 203
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i __ s i e ]
Foh=Fi—Ul, Ch=Clit=i

(3.1) Ude =Ml — 2Dl — 2V — (Cyet Gy, —Cuyhy+
+ L s(ckrcl:{i + Circrjk"" erckr‘)
where = 3,-). Y =g“).¢ Cif == g"C,‘fﬁ\
i 823\__ 1
B ¥ ngl kn-lj.

Torsion and curvat ; ; : .
given in [3). ure tensors are obtained in the relation of CI' ag
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ON ALMOST FINSLER STRUCTURES
BY
YOSHIHIRO ICHIJYO

In the present paper we define a notion of an almost Finsler struc-
ture, and show that, for some Lie group (;, the {angent bundle over a mani-
fold admits the G-structure under some condition, if and only if the mani-
fold is Finslerian. In this case, an almost symplectic structure defined on
the tangent bundle actually plays an important role. The G-connections
relative to the almost Finsler structure are also investigated. )

1. Almost Finsler Structures. Let Af be an n-dimensional C=-mani-
fold and T(M) be its tangent bundle. As is well-known, T(M) admits the
standard tangent structure (F,. Lect Q be its structure tensor. The sct T{n)=
—{(£%)|4 =GL(», R), B egl(n, R)} is a well-known Lic group. The struc-
ture (F, is an integrable T (n)-structure on T(M). Let = be the na-
tural projection T(M)—3. Any coordinate neighbourhood {U,x} in M
induces a coordinate neighbourhood fe(U), {24 20} in T (M), which we
call 2 canonical coordinate neighbourhood. For any =~ Y(U) and = U},
if 2n-frames {Z,} in = (U) and {Z in z~{U) are both adapted to the
I (n)-structure, they satisfy 7 =PEZ (P E‘T(n)) in =y (U)N=(U). Of

course, the components dj and W of (PH= :: a are functions of x* and
2

yi Now, we may consider the case where aj arje positively homogeneous of
degree 0 with respect to yiand bj are positively homogeneous of Qeg?ee
1 with respect to y*. 1f we treat only the structure (F, under the restriction
of the above homogeneity condition, we call it the homogeneous standard
tangent structure and denote it by (Fo- ) ‘

Now, let G be a Lie subgroup of T(»). 1f T(M) admits the fr-structure
D and if any frame adapted to the structure @ is always adapted to (7o, the
structure 2 is called a G-structure depending on (F ,. Moreover, if the G-struc-
ture @ satisfies the above mentioned homogeneity condition, the structure
P is called a homogeneous G-structure depending on Fe and is denoted by D,

Now let us consider the set F(n) = {34 %) | A = 0(n), S = Sym{n)}.
It is apparent that I'(n) is a Lic subgroup of T(n). Hercafter the Lie group
F(n) is called a I'tusler group, an F(n)-structure depending on (F,is called
an almost Finsler structure and is denoted by 7. Similarly, a homogencous
¥ (#)-structure depending on (Fs is called a howogencons almost Finsler struc-
ture and is denoted by @ Concerning these structures, wc can show,



