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ON ALMOST FINSLER STRUCTURES
BY
YOSHIHIRO ICHI]YO

In the present paper we define a notion of an almost Finsler struc-
ture, and show that, for some Lie group G, the tangent bundle over a mani-
fold admits the G-structure under some condition, if and only if the mani-
fold is Finsterian. In this casc, an almost symplectic structure defined on
the tangent bundle actually plays an important role. The G-connections
relative to the almest Finsler structure arc also investigated.

1. Almost Finsler Structures. Let A7 be an n-dimensional C=-mani-
fold and T(M) be its tangent bundle. As is well-known, T(M) admits the
standard tangent structure (F,. Let Q be its structure tensor. The set T(n)=
={(4%))A =GL(n, R}, Begln, K)j is a well-known Lic group. The struc-
ture (F, is an integrable T (n)-structure on I'(M). Let = be the na-
{ural projection T(M)—M. Any coordinate neighbourhood {U, x*} in M
“nduces a coordinate neighbourhood {m™({7), {(x, ¥} in T(M), which we
call 2 canonical coordinate neighbourhood. For any = (U) and ="*{U),
if 2p-frames {Z,} in = (U) and {Z,) in = i({7) are both adapted to the
T (#)-structure, they satisfy 7 ,=PRZ (P f-—‘T(n)) in = }{UYN="(U). Of

‘ a . _
course, the components «j and W of (P§)= b‘j .| are functions of % and
a.
; . A A
y*. Now, wec may consider the case where aj are positively homogeneous of
degree 0 with respect to y'and b} are positively homogenecous of degree
1 with respect to y'. If we treat only the structure (#, under the restriction

of the above homogeneity condition, we call it the homogencous standard
tangent structure and denote it by Fo.

Now, let G be a Lie subgroup of T(s). 1f T(M) admits the fr-structure
D and if any frame adapted to the structure P is always adapted to (Z,, the
structure 2 is called a G-structure depending on (F ,. Moreover, if the G-struc-
ture P satisfies the above mentioned homogeneity condition, the structure
D is called a homogeneous G-structure de ending onFyand is denoted by D

Now let us consider the set F(n) = {(5 )| A €0(n), S =Sym(n)}.
It is apparent that I'(n) is a Lic subgroup of 7'(n). Hercafter the Lie group
F(n) is called a I'tasler group, an F{n)-structure depending on F, is called
an almost Fiusler structure and is denoted by F,. Similarly, a homogencous
I'(#)-structure depending on (Fais called a honiogencous almast Finsler struc-
fure and is denoted by (7%, Concerning these structures, we can show,
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Theorem 1. N r
1. If a tangent bundle T(M) admits an almost Finsler struc

ture, T(M) also admits -
i) Snlits oo At aimost symplectc siruciure. And TN, ()=

Let Q=0 dxt A da® b
o apd /\ x¥ be the 2-form associated wi >

?afﬁgtl;: ﬁtruc?re?§cxt, we sh'all define a pseudo in:‘:étt"h ):'};& o pnost syme
cach n'l{UT It i I By < i L7 >=0, <I7.Z;>= 0] <7'-UC}’ ;—>O o
cach = {00 1 ‘il::;lls(:}0’;07§‘(e{:r)tlulltbt1}c above pscudo i11nér prc')du::t c:n llJn
rded - of T(A) globally. Thus we ai iemznn
metric G' of rank # on T{A). In each =(U), if t"zbggltna:;g}zsﬁtegdonI}iEmann
we see (B2) =T (%) and we | J & L e o o

) we have Gup= =dldx?, ¢JoxP>= T PYp%. O
& Pabs n put-

ting ¥ p9pf= R -
g L pipr=g and X (gfaf— B1Ef) =« we obtain

Gon)= (5 0) = [=e ‘
o of (@) 0 )’ Qeaydyt A Ydx!—2gydxt N dy'.

8
Let - i i
i e V be a G-connection relative to the structure GF,. Using the fact
at the Lie algebra f(n) of the Lie group I'(n} is given by fin)= {[a 0)
b a

€.(n), b=Sym(n) |, we can show

as

Theorem 2. Let T(M) b
e . ) be a tangent bundle admitli 5
st ;i:fo%z::' Si’ 1; C(;;cjﬁr &hai}aﬁ linear connection V on T(?ﬁ t;?; :lgi—(i:s;nfczzsiiﬁ
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S with (F, 1s closed i f and only if gy is a Finsler mgt; 7 ectt;‘:/form
1 . e{(;grj:x;l_ ?g}m) holds. In this case, Q=d(2y™g,dx’) holdzzi‘ o e
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. Generalized Metrics and Non-linear Connections Inefc‘li?stzgctio
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\ow let us consider the case where T(M) admits a homogeneous D(O(%))-
structurc depending on (Fs, which we denote by (Fi Let Z4 =vy5ds be

a 2n-framc adapted to (75 and put (rs =(Y 0) =T and K= 0 2_) Then,
g Y e

F=DPKI't becomes 2 globally defined (1,1)-tensor fictd on T(M) and
gives T(M) an almost product structure. Moreover N = — oy gives
Af a non-linear connection. Let us put X,=8—N0"0n and Xi=Y.= %
X ) is a 2n-frame, but is not adapted to (Fz. BY virtue of the fact D(O(m))
 O(2n), T(M) admits a Riemann metricG. The components of G with respect
to the frame {X .} are written as <X, X;>=8in <X, Y;>=0 and
Y, Y,>=gy The functions gy are positively homogeneous of degree
0 with respect to y* and they give M a so-called generalized metric. Con-
cerning these, we can verify

Theorem 6. A necessary and sufficient condition for a tangent bundle
T(M) to admit a structure (F5 is that the mani fold M admils a gemeralized me-
tric and a non-linear connection.

Theorem 7. If a tangent bundle T(M) admits _a structure F» T(M)
admits an almost symplectic form Q:-—{(girNj—-—g,,N;) dxt pdx? +2gadxt A
dy’y. Moreover Q is closed if and only tf €u is a Finsler metric and 1s the
symplectic form Q% associated with the Finsler metric.

§4. G-Connections Relative to the Structure (F;. First, we assume that
a tangent bundle T(M) admits a structure (F., that is, a D(O(n))-structure
depending on (Fo and {Z.} is the 2n-frame adapted to Fa Now we shall
treat G-connections relative to the structure (7. IetV be such a connection.
‘Then V is a linear connection on T(M) and satisfies

() Vo Z=15cUZ g [2.U¢ ed(o(n) for any U=U°Ze.

It is easy to see that vG =0 holds. Hence a G-connection relative to
(Fals @ metrical connection for the Riemann metric derived from (F,. And
the condition (*) leads us to
(%) 9 Z=T8Zm V2 Zi =Tz Vi Z =Y Lm Vo Zs=T525
Conversely, if the above conditions (¥*) and VG=0 are all satisfied, the
condition (¥} is fulfilled. Thus we obtain

Theorem 8. In order that a linear commection V on a tangent bundle
admiiling a structure (F s be a G-comnection relative L0 (F o i1 18 necessary and
sufficient that the conditions (**) and VG=0 are satisfied where G 15 the Rie-

mann metric derived from (Fa.
Now, we add the homogeneity condition to the structure (Faz that

is, we consider the structure (73 Then, there exist a non-linear connection
N and a generalized metric g on the manifold M. On this case, we can show

Theorem 9. On a tangent bundle admitling a struciure (Fa @ linear
conmection V is a G-connection relative to GFy 1f and only 1 fV is a linear con-
nection of Finsler type and the Finsler connection derived from V¥ and N s
a metric connection of the generalized metric.
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inear connection V on T(M) mithing a striuclure (F,.

A pmear, ‘ is a linear commection of Finsler type i
Y if VQ =0 and VE=0 hold good. Morcover the lz'neo{r co:;ﬁitt:%ﬁgvlf ;md
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ON FINSLER SPACES SATISFYING THE CONDITION L:C*=f(x)

BY
College of General Education
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M. MatsumotoandC. Shibata[6]and G. 5. AsanoV and
E. G. Kirnasov [2] have treated non-Riemannian Finsler spaces
with the vanishing T-tensor, which are said to satisfy the T-condition.

In the above paper [6], it has been shown that if a Finsler space M" satis-
fies the T-condition, then the function L3C? of M" is reduced to a function of
the position only (i.e- L2C*=f(x)), where L is the fundamental function and
C1is the square of length of the torsion vector C, : For example, if the funda-
mental tensor g¢; has such a special form as guy=Qu(x)e I, as in [2], then
the function L*C? becomes zero (i.e. L*C3=f(x)=0), because in this case,
the T[-condition is satisfied automatically and C=0. Therefore, we have
been taking interest in the problem whether the condition L¥Ci=f(#) is
equivalent to the T-condition or not and have been considering on the pro-
perties of those Finsler spaces.

In the present paper, in §1, we shall study the T-tensor of such a Finsler
space with the condition L3C?=f(x) and get some corollaries. In §2, we shall
obtain the condition for such a Finsler space to be a Lam dsberg or
Berwald space and then show that a Landsberg (resp. Berwald) space
satisfying the condition LC?= f{x) reduces to a Berwald (resp. locally
Minkowski) space.

The terminology and notations are refered to the Matsumoto’s
monograph [4].

§1. The Condition L*C*=f(x). Let I, by and C 5 denote the unit vector
(ie. li=yL), the angular metric tensor and the (k)hv-torsion tensor (the
Cartan torsion tensor), respectively. The T-tensor Ty is defined by T yu=
'—LCugh+C|;gl1+C1,kli+Cf;klj+CfHEg and the torsion vector Ci is given
by Ci=g"Cup where the symbol |, denotes the v-tovariant differentiation
and g** is the reciprocal tensor of gpn

Assume that the function 1C3 is a non-zero function of the position
only, i.e. L:C?*=f(x). The differentiation of this equation by »* yields

(n L3Ce +2C0y=0,
where the symbol ., denotes the differentiation by y'. Since Cr=g"C\C,

and T;,(zg“T‘m)=LC‘],+C¢E,+LC,, the equation (1) is rewritten as
I3C, = T, C'—2C*y;, Which gives T;,C'=0. On the contrary, if the condi-




