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Theorem 10. .

A linear consection Iv"d r(if}f) be a tangent bundle admitling a struciure (7}

anly if VO =0 and on T(M) is a linear connection of Finsler ty Ure (f 5.

=0 and VF=0 hold good. Morcover the lincar er type if and

G-conncction relaty et :
ve Lo the strue 7 i 4 comnection Vo4s
Ve =0 Aold good. wcbwre (Fy if and omly if VQ=0, (gF=0 ma;
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ON FINSLER SPACES SATISFYING THE CONDITION L:Cr=f{x)
BY
FUMIO 1KEDA

M. Matsumoto and C. Shibata [6]and G. S. AsanoV and
E. G. Kirnasov ([2] have treated non-Riemannian Finsler spaces
with the vanishing T-tensof, which are said to satisfy the T-condition.

In the above paper [6], it has been shown that if a Finsler space M” satis-
fies the T-condition, then the function L*C® of M" is reduced to a function of
the position only (i.e- L3C3= f(x)), where L 1s the fundamental function and
C? is the square of length of the {orsion vector C, : For example, if the funda-
mental tensor g¢; has such a special form as gq= Qi{aMe &5 as in [2], then
the function L®*C* becomes zcro (i.e. L*Ci=f(%) —0), because in this case,
the T-condition is satisfied automatically and C;=0. Therefore, we have
been taking interest in the problem whether the condition LC*=f(%) is
equivalent to the T-condition or not and have been considering on the pro-
perties of those Finsler spaces.

In the present paper, in §1, we shall study the T-tensor of such a Finsler
space with the condition L3C2=f(x) and get some corollaries. In §2, we shall
obtain the condition for such a Finsler space to be a Lan dsberg or
Berwald space and then show that a Landsberg (resp. Berwald) space
satisfying the condition L3C*=f(x) reduces to a Berwald (resp. locally
Minkowski) space.

The terminology and notations are refered to the Matsumoto's
monograph [4].

§1. The Condition L*C3=f(x). Let 1,, his and Cqy denote the unit vector
(i.e. li=yL), the angular metric tensor and the (k)hv-torsion tensor {the
Cartan torsion tensor), respectively. The T-tensor Ty is defined by Tym=
zLCug];—i—CUkl;-}-C,,J;-{—Cuklr}‘cmh and the torsion vector C( is given
by Ci=g"*Cum where the symbol |, denotes the v-covariant differentiation
and g’ is the reciprocal tensor of gn

Assume that the function 13C3 is a non-zero function of the position
only, i.e. L*C?=f(x). The differentiation of this equation by 3t yields

(1) L’C‘;¢+2C’y‘=0,
where the symbol . denotes the differentiation by y‘. Since Cr=g"CiC,

and T,,(=g“T¢,.,)=LC,[,+C,,I,+1;C,, the equation (1} 1is rewritten as
LC =T C'—2C%, which gives T(C'=0. On the contrary, if the condi-
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tion T;;C’=0 is assumed, the function L3C* becomes a fun;:tion it
i » - of ti E
only (i.e. L*C*= f(x)). Consequently, we have. 1@ posttion
‘ Theorem 1. For an n-dimensional Finsler space M", the function L:Cs
1s a function of the position only, i1f and only if T C'=0 holds good.
Corollary 1. For a two-dimensional Finsler space, the condition L*Ci=
=f(x) ts equivalent to the T-condilion.

P )quollary % 1:'07 a ]:Izree-dimmsimml Finsler space, the condition L*C3=
=f(x) 1s equivaient to the comdition T, =Tumnpmn, wh ] '
veclor é;j the Moor frame (I, m, n). o R

orollary 3. For an wn-dimensional C*like Finsler space (i.e. C, =
=C,C,C,[C?), the condition L3C?= [(x) is equivalent to the T—coudia‘r('on. -

" go_r:}llalg 4.h /8 é)r an n-dimenstonal C-reducible Finsler space (i.e. C =
=\ . (4 1)), the conditi et 3 e t
T—co:gd‘;f,ioni,k ¢+ heCy) (1)), the condition L3C*=f(x) s equivalent to the

Corollary 5. For an wn-dimensional semi-C-reducible Finsler

. _ - space

}Z:dggk;%gk”‘(;(k—i)-hﬁg};h,;-zC,)..'(f..:. lg)' | qufC,C «fC%), the condition tlaagp the
= f(x) and the characteristic scalar p= ] va-

lent to the T-condition. AR G
§2. Landsberg, Berwald and Locally Minkowski Spaces Satisfying th

g e
:th-‘mdlt:orcli'tii;’C”-E 3j'c(‘ilc).fI(-Ir;rez?lﬁftter, assume that a Finsler space AM* }s:at?sfies

e condition =f(x). From the equation (1)}, the important ;
which will be used later are given by ! & portant fensors

(2) guy=—LC;,2C* 41,
(3) Copp=—L3C ;1 f4C 4 2( Aol F had i B, — 30 1)L,
(4) Cinli=—LC 1,40 [4C*—C?* | (Copp—2( it hypd +
+ bl s— 3L L) [C,
Pip=—LC% . ;.01o/4C —C3 | (C n—2{hisli+

A fgd it hdy— 384,00 [ LY Ce,
Tim=—L3C? 4,5 i[4C* 4 5C it - Crpidi + C i+ C o+
(6) F2(h b+ hgpho -+ byihgy— 5(hild - By d F Bed 0+

byl d s+ halde+ Ry ld i — 3000 L,

where P, is the (v)Av-torsion tensor, the symbol |, denotes the & i
- - - ’ : FC
differentiation and the index 0 means the contractlilon by 4 ovenent
- Tge( abovc;quat(;)on_ (1) (r(.zsp.1 (3)) gives the result that the condition
=0 (resp. =0} 1s cquivalent to C%,.;.,.,=0 LG ae=
SO e have i1k q gkl (resp. C*.i 0 0).
o Theorem 2. If an n-dimensional Finsler space M* satisfics the condition
L*C*=f(x), then the necessary and sufficient condition for M" to be a Berwald
space 1s that C?.; 5.4, =0 holds good. In this case, the function L*C* is constant.
. Theorem 3. If an n-dimensional Finsler space M™ satis fics the condition
L3C=f(x), then the necessary and sufficient condition for M™ to be a Land-
sberg space 1s that C* ;. ;..o=0 holds good.

)
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Assume that a Landsberg space satisflics the 7-condition and that
L2C? is constant, then the equation (6) yields CF iy aly0=0. The Ricei identity:
Coiyuali—C2upelin= C.iuwirCh and the above result C*pjpulio=0
give C*y =0, Therefore, by Theorem 3, we have

Theorem 4. If an n-dimensional Lawdsberg space M* satisfies the T-
condition and the condition 1L*Ci=constant, then M" becomes a Berwald
space.
é Consider a locally Minkowski space (i.c. gi;.=0 for some coordinate
system (1f)), where the symbol ; denotes the diffcrentiation by «*. If the
Berwald space satisfics the condition L*C*==f(x}, then the above condition
5,0=0 is equivalent to the equation C2;,=0 by Theorem 3. So, we have
' Theorem 5. { f an n-dimensional Berwald spacc M satisf1es the condition
L2C?=f(x), then the necessary and suf[icient condition for M™ to be a locally
Minkowski space is that C*3;=0 holds good for some coordinate system (x').

REFERENCES
1. Asanowr. G.S — Neaw exampies of S3-like Finsler spaces, Rep. on Math. Phys. 16 (1979)

329—333

3. Asanov, G.S. and Kirnasov, E. G.— On Finsler spaces satis/ying the T-condition,
Acqu. Math. Univ. of Waterloo 24 (1982) 66—73

1. Tkeda, F. — Uxn the tensor Ty of Finstor spaces, Tensor N.S. 33 {1979) 203209

£ AMatsumota, M. — Foundation of Finsler geometry and special Finsler spaces, (1377)
(unpublished)

5. Matsumoto, M. and Numata, 8 — On semi-C-reducible Finsler spaces with canstant
coefficients and C2-likc Finsler spaces, Tensor N.S. 34 (1980} 218—222

6. Matsumotoe, M. and Shibata, C. —On sems-C-reducibilily, T-tensor=0 and
S4-tikeness of Finsler spaces, ). Math. Kyoto Univ. 19 (1979) a01—314

1. Szalia, Z. 1. — Positive definite Finsler spaces satisfying the T-coudition are Riemannian,
Tensor N.5. 35 {1981} 247248

& Watanabe, S.and Tkeda, F. — On some propertics of Finsler spaces based on the in-
dicatrices, Publ, Math. Debrecen 28 (1981} 129136,

Department of Mathematics
Faculty of Science
Science Universily of Tokyo
Shinjuku-ku, Tokyo, Japan



