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1. Introduction. Lel (V. E) be a linite graph or multigraph without
loops. If #is a vertex of 6. then o 40} is the degree of #in €, and A(G) is the
maximum degree of ta vertex of) G 1f A< 1L then [V ]q denotes the subgraph
spanned by 1 in 6,

Definition 1. Let G (V. ¥y and A<l The degree of A in G denoted
by B8,04). is

oty — X e dafe
£}

Pt us remark that 8.0.13 1s. in [act. the suin of the degrees of the ex-
lremilies of each edge of L

A malching of & is a set M<K osuch thal A M |1 Tet A, be Lhe
set of all matehings of G 17 M= #, then E(M) (the set of exposed vurtices
with respect to M) and SCM) {(he set of saturated vertices with respect 1o M)
are

BMy=jo: vV, dy,, (n=0].
SMy=lr: rs V. doy (=11

Definition 2. v marimum-degree malehing of G (Jor short. m. & m.}
is o malching M™ of €: such that,

B MY =max [8.(M); Me ).

Clearly. a maximum-degree matcehing of ¢ is a matching which maxi-
mizes the sum ol the degrees of its salurated vertices, On the other hand,
by the above remark a m. d. m. of & is & maximumn-weighted  malching
of € with respect to the weight Tunction miey=38.i¢). for cach e= .

Therefure any  maximum-weighted malehing  algorithm [3]. [3] can
be used to oblain in polyvoomial time a m. d. m. of a graph. Hoewever,
as we shall see in the next seclion. it is possible to use lhe intimate relation
between this particular weight function and the structure of ¢ in order to
obtain o nore  efficient  algorithm.

2. Some properties of a m. d.m. We give in this section a charac-
terizalion of a m. d. m. similar to Berge's churacterization [1] of a maximum
cardinality matching. from which some interesting properlies can be dedu-
ced
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Definition 3. "‘“f’ M be a malching of . | degree-alieenating  chain
{for shm!.'d. . o) with respect to M in €. is an allernating path P with respect
to Uls{a; ting from en exposed verlex v, wiih respect o M. ound ending in o verle v
e WHch s .
1 cither cxposed with respeet fo M.
rlnl) of saturdled with respect (v M and el 0) =el (0, ).
ll ;n % . N N N . - '--- i » P v
i ”".[{‘l("‘! LA malching M oof 0 is a m. d. m. Hoand oniy iof it admits
Praofi 160 3 0s w o5 d. "ml and £ fafi d. 2 oot
. A8 aomdome Sade ws eowilh respeel Lo VL the
M =M s My s 4 malching o 6 with I l S

Bl M) =8 M)+ do 0o} dote)) = B0 M)

if P satisties condition i) in delinition 3. o
Set MY Su(M)2-d i (n,) - i) =8,

if condition i) is fulfilled, hcases s chaiee of j
o ) is [ulfilled. In both cases, the choice of M s therefore vontra-
N Con\'m‘sul_\\. Ici_ Me gl sueh that Mo oadmils no oo e and et
'-U sluch lhu-l (M) - 3N, The connecled compouents of [MAM'], gre
ls_olatcd \ulmu, ]Jﬂl!ls or even eveles. IT K is an even evele colponent, hen
SN VIK) = S(M)0 V(I = V(K). Therelore,  siuce Sel M) =25 40310), there
v}t:%ls a path component £ of LMAM'),. such that SAMT PY 8,400 D)
\\?uch implies t]ml. P has either botl extremities exposed with r("spw‘l (ETRRY
l).l. one exposed with respect to 3 and with the other one saluraled, I)ul‘
with o smaller degree, In hoth cases £ is o d. 4. ¢, with respect to Vi thos
contradicting the hypothesis. I
Corollary. ff M* is « m. d. m. of (i, then 1/

Lo i e malehing of mayimo
cardinality. / .

or 1 st . b
& m ¢ mnler ¢ l[]._’(’ pi UpL]i \ Uj LI d in 15 0ve El\
: __L‘ lhl. i()]l““]“‘”

Theovem 2. If M* is a m. d. m. of G, then

min omax di(m = max o).
Mgt '/,c P E LM CEFIMe

Proaf. Lel M°e #,. such that min max d{ey—muax o (m

MEH. velrn CEN A
lel us suppese 1thal there exists 2, = E(MT) sueh thal dedeyyis grealer th

poouand

il ( ' : an p.
By the (:l_macc ol 30 there exisls ¢, =wp, & Mo since 1/ isam. doomoof ;i
there existy ¢ mey= 0 and o, ez d (v, p. totherwise Pei . 8y or

Poo € iy vas 0y 18 2 d. w. . wilh respect {o MY,
- By the choice of 3¢ there exists e cmp =M sinee M s aom, d. m
of G, there exists ¢, vab, = M and d(,(n,\?d.;(‘u.ﬂ 2 ‘p., By rc[;uatii\«: th: 'll.H)\'l:
arguinent, we shall construet an infinite path 2 in (we can nnihrvlurr; to a
verlex on the patl just construeted. becanse Mo ynd 3/* are matcehings and ::
15 exposed with respect to M), eontradiction which finishes the pror?i'. ‘ !
Corollary. If M* is « m. d. m. of €, then

AG=MY=min MGy Me= a1,

E&E
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The Tirsl corollary ob This seelion gives an idea Tor an algorithm Tor
ehitaining o m. oo determine fisstly a maxnmnn eardinality malehing
ol . and again destroy the even do oo ool anyv. s an open problem i
is possible to wse some greedy adeas in oorder to oblain @ Tast alearithm for
determining o m. oo and  bence o maxiimon cardinality . matching.

The second eorollary gives o simphe wethod of testing 6 o given graph
huas o matching saturaking all vertices of maximum degree @ choose a m. d. m,
W7 of 67 and the answer Lo The guestion s ves if and only if 3" has the desired
propely. We shall apply this idea in the nest seclion

500% generalization of o result on hipartite graphs. A well-known re
sudt 2] states that any bipartite fmultijgraph hos a waiching saturating
all vertices of maximum degree. Ils usual prools needs a trick in o order in
apply 1all’s theorem or can be deduced From KAnie (hearem on the chromatie
index of a biparlite tmultigraph.

Using the property ol the mo doom, woowe can give o diveet prood 4o
a more general theorem,

Theovem 3. 1 the vevlices of mavimum degree of Goinducee in (oa Gipartile
sub fndti pgraph. then 0 has o matching saturatinng all Hese verfices.

Proof. Let M be a me do mn of G and et us suppose that Hhere exisls
po= Iy such that o (e A6y Lel 7 and & be the sels of verlices acce-
sthle from o, on an odd. or even alternatiog paths respeetively. wilh respect
lo M, Nole that »,= 4 and 7 -1
Sinee py, is exposed with respect Lo W7 and M98 o me do me of 6,8t follows
that any vertex of ¢ has aomaximum degree. The seb N () of the vertices
adjacent in G with the vertices of & satislics N (=0,

Indeed. it v N () then #is aceesible from o, oo an odd abernating
path with respect Lo M obtained from the even ablernpting palh {rom o,
to the neighhour wed ol p the edge ¢ and the vertes n,

We have Ond - @

Indeed. if =Ly then it P and P ave the alternating paths fvoin o, Lo n,
one even and the other one odd. then 221 s an odd cireait whose all verti-
ees belong to & and henee have amaximum degree, contradicting the hyvpothe-
sis lhat the vertices of maximum degree induce a bipotite submelioraph.
In particular. ¢ is a stable set,

Let Iie and I the sels of edges incidenls with vertices fram &, and

from . respectively, From Ihe zhove cousiderations, we have LSk and
e =" At Therefore

oA - He = e £ 00 A leenee

() 1 G |00

@ contradiclion whiclhh proves the Leorem.

Let us remark that this theorem can not be deduced (as the resull for
hBipartite multigraphs) from o result in cdge-colourings. because ihere are
graphs with a hipartite structure of  the maximum degree verlices and with
chromatic mdex greater than M6 (fur exsanple, the graph obluined from
K, . bv inserling & new vertes intn one of it eidues),
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1. Degree-eritical yraphs. In this seclion we shall consider ony graphs
{without mulliple cdges). i .

Definition 4. A eonnected graph G is called deqree-critical if At

=A(G) for any Me H . bul for cach e= [ Hrrrr"]rri\'.f.\- Me 5//—,\.( :'m-l-a”:hrf{
AG—(My e)) —A(G) 1. ' :

We are interested in the structure of the  degrec-critical graphs for
reasons which will appear in section 5. We have the follywing HTmrcm. I

Theerem 4. If (; is a degree-crilical graph. then € has an odd mamber of
verlices. I

Prosf. Let. G be degree-critical and let "M be o m. d. . ol

Lel v, € E(M") with d(n)=A(G). If o is any vertex adjacent with o, (hen
there exists o, such thal pp,=M* and d(v.) Agn, Let M0 1; o, ,
Wi} Clearly M s a matching of ¢"=6G  Jow,! . l"urllwrmm'L "\II'J is
a m, d. m. of G'. Indeed, since | M* | =] M' , there is no odd d..a ¢
with respect to AI' in 6. Let. P an even «. a. ¢. with respect to M’ in
with initial extremity x and final extremity y.

We have Lwo posibilities o

i) aze.. If P does nol use the edge por, then Pis o d. a. ¢, in 6 will

respect to M*, contradicting the choice of M”,
Ilfznce P uses the edge v,v,. I v, is hefore ppon the path 2. then the
initial parlt of P relating = and », is an odd d. a. c. with respect to M
mn G, conlradicling the choice of 3M*. On the other hand. if t is before o -nn
the path P, (hen the final part of P relating vy and y is an ceven . I.. ¢
with respect to M* in G, since dg(v,) =A(G)> da(‘r).'--r}t,(y). and  hence ('.on:
tradicting the choice of 1", Tn all cases we have obtained contradiclions which
show that the first possibility can not oceur.

i) x=v,. Il P does not nse the edge ey, then vy, b, ve.. P is an
even d. a. ¢. wilth respeet to M* in G (beecause d(v,)) =d (v = d.- {o) 1
=dg(g)+1=de(y)) ;5 contradiction. Hence P uses the (-(Ig-e nor. oo, is
before v, un the path . then as above Lhe fina part of P is an cwln d. a c
with respeet to M* in 7, contradiction. It v, is hefore », on the palh 2, then
m#Y (since do{va) ~de{r))) and then the path from o, Lo oo on 7> the
edge v,y and the final part of P relating v, to g gives a d. a. ¢. with res.
p_el(}:t to M* in (i, contradiction. Hence the second .])nsqibilil}' can not oceur,
eil her,

We have therefore proved that M’ is & m. d. m. of ¢ and fromn the
definition of a degree-critical graph and the corollary of Lheorem 2. we obtain
that v, is the only exposed vertex with respect to M* in ¢ which has the
degree A(G). .

‘ Now, we show that E(MY={v,} . Lel we LMY {e,]. We have, the-
1'1(:‘101‘0. de(10) <A(G). Let w,, w, such that ww, = E. Wy, = .
bnix(-.e G is degree-crilical and v, is exposed with respect to M7 it tollows thal
Mijsnot am. d. m. of G- ww,. Hence there exists a d. a. ¢. 7 with
respect to M" in G'. Clearly P starls from », and can finish in ) or .. In
both cases we obtain a d. a. ¢ wilh respeel to M” in 6, (-nnlradiclinq- lhe
choice of M*

The theorem results from the ohvious relation

V(G) | =21 M — E(M*)

— k.

!

o

4
-llql-—
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2 Applications (o edge-colourings of graphs. An  edge-colouring  of
(V. Eyisapartiion of I such that cach class of this partition is a mat'vhing
al 7. The chromalic index of s the minimum number of matchings which
partioned . and is denoted by 7'(G).

Let us device the following greedy-colour algorithm for the colouring

ol (.
Step 0. h: =0, G, . —G.
Step 1L K(Gy . =& STOP : greedy-colour nuber : = ki
Ao My is a greedy edge-colouring of 6.

Otherwise go to step 2.
Step 2.0 Delermine a m. . m. M5 of G,

Pul vy s salip= 2 i ke =k41

Go to step 1.

From theorem 3 we obtain that il the greedyv-colour algorithm is applied
to a bipartite mulligraph then the greedyv-colour number determined is A(G).
therefore we obtam Kinig's theorem | 1]

If the greedv-colour algorithm is applied to an achitrary multigraph,
then we can apply theorem 3 in order to oblain that any three consceulive
iterations of step 2 decrease the maxinnnn degree of (he current  mwultigraph
wilth at least two. hence the greedve-colour number s al most 3 Ai6)2 and
therefore we obrtain the well-known result of Shannon {6i]

The above greedyv-colour algorithm does not can he used in order to
oblain Vizing's theorem [7].
tHlowever. using the theorem of Vizing and the corollary of our theorem 2,
we obtain the following interesting property of a m. d. m.:

I 7 is a graph and M a m. d. m. of G. then

AG - My =7 (G=M)s M)~ 2(GY— 1.

I'heorem 4 and Lhe above property of a m. d. m. give a progress in
the crtitical graph conjecture due to Jacobsen :

If G is a (edge-colour) eritical graph without a matching saturating
all the maximum degree vertices. then & has an odd number of vertices.
In this direction we give the following conjecture (which implies that of
Jacobsen) :

If 7 is a (edge-colour) critical graph which has a matching salurating
all the maximum degree vertices. then G has a matching M such that G--3
s critical.
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