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BY

ALEXANDRU MATEESCU

I. Definitions and notations. As usually. %% is the free monoid gene-
rated by Lhe alphabet £ and I7(X*) is the sel of all subsels of I% ie. the set
of all languages over X. The null element of £* is 7. If L= X" then the relation
~p(p~) (el {2}, [4]. [3]. [8] ete) is: U~ o, ~v) il and only if for every
rEX, nrslevrel{rielsrvsl). The relation ¥, 05 defined u= o if
and only if for every @, yeX* ruysleroysl.

~pli~) (see [1]. [2]. [37. [R]) is Lhe greatest cquivalence relations on
27, right (left) invariant, such that L is closed with respect Lo ~ p(,~), Moreover,
& is the greatest congruence on £* such that L is closed with respect to it.

The My hill-Nerode theorem (1957 —1958) says thal a language
L is regular if and onlyv if x>, is of finile index, respectively, if and only if
~1 {;~) is of finite index.

Nolalions. If L. L,=X* then, left quotient of L by L, is L\ L and

right quotient of L by L, is I, # L. where : _
LiL={v 3ysl, yeel}, L /Li={z| Iyel, ry<l}.
and let # be such that #4 X the quotient of L by I, is:
= = {r#y el riyel}.
1 .

Remark. P(X%) will be considered as a monoid with respect to the
product of languages and the null clement h}

2. Main results. Definition 1. [f LSX* s a fizved language, then we
define the relations ~ ;. ,~, ~ in P(E):

for Ly LeS¥% L~ LiesL,\ L==L;\ L.
fU!‘ l‘l.' IAEEE..o 1’_41 L: L:‘@'IJ /I‘l —"-L/ L-_-‘

forg By LG X5 LI::L,@{'-'— —];.
~ L, L.

. Definition 2. 4 Iahgua_qe L X" is weak closed with respect to the equiva-
lenice relation ~ on P(E%) if and only if for any [,. L.c¥*

L nLA0 and L ~L. then L,nL#0 is true:
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Proposition 3. For any language L2 the [ollowing huld’.: ‘

(iy =~ is lhe greafest equivalence relafion on P(E%) right invariend, such
thet I is weak cluosed with respeclt lo il i _ '

{it) ;> is fthe grealest equivalence relation on P(X). lefi invariani. such
that 1. is wealk closed with respect to il. y .

(iii) = is the greatest congrauence on  P(Z%) such that L is weak closed

with respeet to 1. : - e vl ‘ ‘

Proof. (i) Obvicusly =, 15 an equivalence relation. This relation is
right invariant. hecause if A< (X7 and if L,:,_I_,., then f., - L I f. and
therefore (L, ) L = (L. Lo dees L= Lot s weak closed with res[wrt
to ~,. For that. let L. L, (2% be such that [~ L, and L0 L# . Con-
:;i(](‘l‘l.r‘i'“],-ﬂ I. and hecause rel., and r<=/. it resulls that rwel., L :m.(l
therefore rel.™ 1. There exists y&l, such that yrel. ie yea, We
conclude that y=/.n L, and therefore Lnl.# @. . ) ' .

We prove now that >, is the greatesl equivalence relation, right inva-
riant. such that . is weak closed with respect Lo it. Let ~ be another equiva-
lence relation on P(E%). right invariant. such that L is weak closed with res-
pect to it and consider L. L, (X% such thal L,~ L,. We prove that L,>, L,.
e, ~g~g, ‘

Tt .;, L, andjor [, L are empiyv. i=1.2 then obviously L,=, L.

Assume that L, L. L, L~ L aud L, . [ are nonempty sels, L~ 1.
and let @ he in L, L. 1t follows that there exists /el suc‘!l thz‘al, trs L.
Because L,~L. and ~ is a right invariant equivalence relation. il results
that f,e~L,x. Bul L,anL# @ and [ is weak closed with respect to ~. so
L.xn L# @ and therefore LN L Ly L. '

Analogously L. Ll L and, it results that L,~,L.; le~zcx~,.

i) The proof is symmetrical.

iif) The proofl is similar with . . .

In the next theorem there are found some equivalent properties with
respect 1o the property of a language lo he regular. _ .

Theorem 4. Lel L be o language orer . The following are equivalent .

Yy L is reqular

2: There r‘i‘:‘sls a congruence R of finife index, on P(X™). such thal L is
weak closed wilh respecl to il ; :

3) The congruence = is of finile index.

1} The equivalence relation =, is of [inile indc.l"; . )

3) There exisls an equivalence relation ~ on P(X7). right mvariant. such
that 1. is weak closed with respeet o il . =

Proof. 1)=2). ¥rom 1 regular. it results that there exists a finite
deterministic automaton of =(X. . 8, x,. [)) such that "(.d) -{.. Consider
the finile monoid Al ={P(X)""Y ... Ipa) where f.g=go /.

Let o be the [unction: g¢: PES)—P(X)"V defined such that:
S{A)y (V=) 38z, AN

Itis cia?s;'-to prove that o is a hommnorphisn? of monojtls qnfl thcreipre
the kernel of o, R = Ker 7.is a congruence of finite index (! is a finite monoid).
We prove now that L is weak closed with respect to R. Assume that L,RL,
and LinL#@. Tt resulls that o(L)=o(L.) and therefore (L)) ({r})=
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ol (frdh) es Sae L) —8(r. f2). Bul tlere exists uel,. such that
3re. W)= We conclude that there exists n=/... such that 8(ry, BYEF and
therefore I.nlL#@. .

2y =3) results casy from proposition 3. iii).

3) =1} From proposition 3. i) il results thal ~<=~, and therefore
4) is lrue. : !

1) =3) The relation = ; salisfies the properties of statement, 3) {Pro-
position 3. ). _

2)=1) Define the finite deterministic automaton of =(P(E%/~. X, 5.

A A

re. F) where towi F={K ' K=X* KnlL:#@} The {ransition mapping is:

3L, o) I.TS.H is easv to prove that § is well defined. .
We prove now that Lied) — /L. Let w be in L{c?) and therefore Sx. =l

Le. wif# . There exists KX such thal KnL#@ and {wi~ K. But L is
weak closed with respect to ~ and therefore {wln L# @5, 1t results that we
and L(cf)e L. For the contrary inchusion. let w be in L. {w}n Ls @ and the-

refore S(z. ) e ie. (. wyeF. Result that wefed) and LeL{cf). We
conclude that 1.~ L(c7) and therefore 7. is regular.

Remark. In theorem 1. the statement 4) may he replaced by ) ;~ is
of finite index™.

Remark. 1f ~ s an cquivalence relation on P{X%) then the set PEN~
can be a finite set. a denumerable infinile sel ar a nondenumerable set. We
prove. in next the propesition. thal the property of ~(~,. ;=) 1o he of
denumerable index is nal a property of the class of context free languages.

Proposition 5. (i) There exisls « context free lanquage. 2-bounded. surh
that =, is of nondenumerable indey.

(it} There exists a eonlext free language, -bounded. such thai ~y ix of
denumerable infinite inder.

Proaf. (i) Consider the context free 2bounded language L.={a"d" n>
=1} Let [A], be the set {B Bzf{a b} B~,.\} and define = : Pla’)—
= P(la. 0}Y= . o) =[4d],. If A A,=P(a). A%, then there exists
a* such thal «" €., and w'¢.4, Therefore .1, L#£.1.% L. beeanse b* s AN L
ane b'ddo wo Tt vesults that [, ], #].4.], and we conclude thal o is an
injective mapping.

But P(«) is a nondenumerable set and therefore P({a. b}, is a
nondenumerable  set,

(i) An easy : prool withou! theoretical difficullies shows that ~, is of
de: umerable infinite index.

Final remarks. The question which is the class of langrages L with
= p=) of nondenumerable index or of denumerable infinite index,

remains open.

REFERENCES
Cazanesca V.E. — Infroduccre in leoria limbajelor formale, T.d, Academici R.S.0%.
Bucuresli, 1983,
d lrinshurg S The Malhematicad Theory ef Condexl Free Languages, Mce Graw Hill,

New York, 1966



348

ALEXANDRU MATEESCU 4

3. Ginzburg A. -
4. Hoperott J.E, Ullman J. D

Algebrate Theory of Aulomala, Academic Press, New York, 1968
Introduction to  Awlwnala Theory. Langtages

and Compufation, Addisen-Weslev, Reeding Mass. 1979

a Livovschi L.

Popovici C, Georgescu H., Tanddreanu N. Bezele

Informalict!, Fd. Did. si Ped., 1981.

6 Marcus S.
7. Mateescu A.

Gramaliel s anfomnate finile. Kd. Academiei, Bucuresli. 1964.

@ generalizare a leoremei Myhill-Nerode, Lucrdrvile Sesiunii Stiintifice

a CCUB. Bucuresti, 20-- 21 Februaric _1987. _ o : .
8 Paun G. - Probleme actuale in lenria Hmbajelor formele, Fd., SU si Iinc.. Bucuresti,

1984.
@ Rudecapu S.

Curs de bazcle informaticii. Fac. de Malemalica. U'niv. din  Buc.,

1970~ 1980 (nepublicat).

Reteiped 15, X1.19287

University of Bucharest
Faeulty of Malhematics
Str. Aeademiei 14
i0i09 RBucuresti
Romdnia

ANALELE STIINTIFICE ALE UNIVERS]TATH CALD L CUZAY DIN IASI
Tomul XXXIII, % ] a. Matematicd, 1987, fase. 4

AN ALGEBRAIC APPROACH TO CONCURRENCY BY MUTUAL
EXCLUSION
BY

GABRIEI CIOBANU

‘The paper represents a first altem pt to introduce an algebraic formatism
for expressing concurrent computation hy means of the mechanisin of mutual
exclusion. It proposes the structure of Iattice-ordered semigroups as a domain
of mathematical (denotational) semantics of programming languages wilh
concurrent computalion facililies,

The hasic notions are introduced : then the uselulness of algebraic laiti
ces in denotational semantics of progranuning languages for the representation
of nondeterminism is proved. A\ binary  concurrent  operation is then
defined on an algebraic laltice and we assume that the structatre of a lattice-
ordered semigroup is ohlained. The introduction of such an operation is jus-
Lified by the eslablished properties and vules. The paper is concerned with
these praperties ; it cmphasizes the expressive power of lattice-ordered semi-
groups in the approach lo cancurrent properties. The resulls prove thal the
proposed structure can be aseful, offering a model for actual practice and is
leading o a good understanding of the complex instances (hal are harder
1o master by people directly involved in experimenlal work. The resulis
prove also Lhal the monitors constilule (he mosl claborate real mechanism
of mutual exclusion.

L Introduetion. Denolational semanlics of programming  languages
has heen given strong theorelical foundations by the work of D. Scoit.
The basic idea was to represent the data tvpes as partially ordered sets called
domains, and computations on such dala as continuous functions on domains.
Initially. Scott considered the conlinuous laltices as domains. bui afterwards
il was  proved that the algebraic lattices could he considered as well [11].
The domains must be closed under sum product the funetion space
construet — ele. to be able Lo deseribe the usual programming construcls and
it also has Lo ailow for selulions of domain equations D~ F(D). where 7 is an
expresston built up from -+, . — efe,

Let (D. <) be a partially ordered sel (posel). DEF . a=D is a lower
tupper) bound of N<= 1) and write a< N(N< a) il a= x(r<a) for every reX.
Let' X be the set of the lower bounds of X and X the set of the upper
bounds of X. lor any N= 1% the least upper bound of N. when il exists. is
denoted By v X or sup X, and the grealest fower bound of X is denoted by

AN ordnt NGE exists). Particularly. O =sup @& is the least element of 1) and
foind @ is the greatest element of ), if they exist. IT we have a partiaily



