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AN ALGEBRAIC APPROACH TO CONCURRENCY BY MUTUAL
EXCLUSION
BY

GABRIEI CTOBANU

The paper represents a first attem pt to introduce an algebraic formatism
lfor expressing concurrent computation by means of the mechanism of mutual
exclusion. It proposes the structure of latlice-ordered semigronps as a domain
of mathematical (denolational) semautics of programming languages with
concurrent computation lacilities.

The basic notions are introduced ; then the usefulness of algebraic latti
ces in denotational semanlics of programining languages for the representation
of nondeterminism is proved. X hinary  concurrent operation is  then
defined on an algebraic laltice and we assume thal the struclure of a lattice-
orderved semigroup is ohtained. The imtroduction ol such an operalion is jus-
tified by the cstablished propertics and rutes. The paper is concerned with
these properlies : it emphasizes the expressive power ol lallice-ordered semi-
groups in the approach lo coucurrent properties. The resulls prove thal the
proposed structure can be uselul. offering a model for actual practice and is
leading to a good understanding of the complex inslances thal are harder
1o master by people directiy invelved in experimenlal work, The results
prove also thal the monitors constilule the mosl elaborate real mechanisin
of mutual exelusion.

1. Intreduction. Denotativnal semantics of programing  languages
has heen given strong theoretical Toundalions by the work of 1), Scott.
The basic idea was Lo represent the dala types as partially ordered sels called
domajns. and computations on such data as conlinuous funelions on domains.
Initially. Scott considered the continuous laltices as domauins. but aflerwards
il was  proved that the algebraic lattices conld be considered as well [11].
The domains must be closed under sum - . product -, the funetion space
construct — ele. lo be able Lo describe the usual programming constructs and
it also has to allow for selutions of domain equalions f3~ FE(0). where £ is an
expression built up from . .. — el

Let (. <) be a partially ordered set (posel). D#EG . asD is a lower
(upper} bound of Nc 1) and write a< N(N<a) if asr{rsa) for every re X,
Let X be the set of the lawer bounds of N and X Lhe sel ol the upper
bounds of X. For any X< 1), the leasl upper bound of X. when it exists. is
denoted by v X or sup X, and the grealest fower hound of X is denoted by
AN orint N6 exists), Particularly. O =sup & is the least clement of I} and
finf @ is the greatest element of D, il they exist. If we have a partially
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1 i ] i alwavs exists, {on
il is called o semilattice i sup ja. b always exis :
ardered set (1), =) il is called w semil aly .
'l.i{l‘lll"r SIJEI‘ In a semilaltice. zero is an clement O satisfving 00 aa :-m.
l\"F- r. An i(l;"nl of & semilattice I is o nonvoeid subset T of 1) ‘ill'l‘h that. mr
(\!1“; ;J.E‘“ a  belirand only il o bedo Lot H be any n}:!n\nlul_ :suhso: (;I
v ( g ‘ : teles aini 1. I tay we sha
qole The smallest ideal conlaming 11 _
y and let (If] denote the sma sl | e
i.-.-ilv (a] and (lu} is called the principal ideal generated I::\ it. l: l(s“(h:t) tiq !
(a] Lrirgal. This implies that il («] (1“ lhltl’n uh:.“. \ptl':i[iﬂ‘ ”; B

tee it g inl o B oexist for all oo =1), h L&) I
attice if sup Ja. b} and ol juo b : . : , ot ety
:ittilv(l ('umpllr'i(' 1) rlup I and wl [ exist To u‘l\}) ;juhi,lcl ”|i_1!|)-; :-lji(;lcqh:-n‘:\
: I o L] 1] L] A

i acl | : for cach XN 1 Lhen Nisls @
=) s ealled compact iF a<sup .\_ T R LR, T :
”m-li ll;fll <. i.v.l if ¢ is contained in an llllll't]il'.‘]m].l. it s dlrmdt\ Iu(p}l}tdln:t(ll
?n 1 I'ini(l(- i:;in The sel of all compact elements ol T is cle'nm('(i l}i\ \.( |);1?i“

i ; ; : 0 1 o alvebraie i ey
] ideals ) is de » I, N domain s an algebrs

4 of all ideals 1m0 is denoted Dy _ _ il I ‘

::’1)0 o l) (; ¢, the complete lattice (1. €) for which every clement o can he
iten as ¢ sup ireli) v<al. e e o
Pk I'rnpoeitiunl 1. Let (1} =) be o semuilallice with zero. H_wf: (l’g)). I)rr.s”lr:

domain and the mapping d—(d| preserves order id frnri’a; join. Mareover.
{ gy
principal ideals are precisely (he compact elements of (T(IN. =)

‘oof can be found in [6] - i _ -
i Ul(:If()plNitiml 2. Lel (1. =)y be a domain. Then there exists a semntlallice
(1), =y with zero such thal 1) s r'\-nn_mrphir !r-rl(!)n).

We indicale only the steps of the proob .

B Let D, KD (KN =) s a semilatbice with zero.

iy Let [, =jlvekK(rsal. L= “M,”})'[

i) I s D then 1, [ _

iy If wsth then fo#0, 00 e b ‘ ; 2 . , e

i\'; Let [CI(’I\‘[I.J)G): then there exisls an «=1) such that [—I, —in
act, g ye=ll. ' o ®
= ”\') Illki .{'urrol.-»pun(]vu:'v iou—1, sels up an isomorphism between D

g ' ailed proef can be found iv [6]. :
and I(RKeDy). A detailed proof can . g ! .
iy Sl‘l\l('m;c«'. to these results. every domain can be represe me'd asrz;](lmln::!:"(;z
ideals on some semilattice (1) =) with zevo. ordered h_\lmt'll'nlsrmnl. [:1212:1115 n‘f
n he, ident ifi 1 » principal weals on D Intuilively. e (

) ean be identified with the prineipa MRUA LN ‘

‘[)Tlgl represenl evolulions of some {perhaps ||1_[||1|!(? (()!nputa}l(_)nsi] ':cl:lllie
Pllelm‘nls of 1) are Ihe partial resulls. obtainable in finite time. of suc

it ations. : . TP . SCIIN-
i 2, Nondeterminism. Scott’s theory is quite  satislactory g descri]

Livn of sequential. delermmistic (‘()lllplll&{lnllh.. l'.ll‘llt is |.|1111.(]I‘:_:;|5ud]:]c“t|:: (Izl*:p;;slz
nondeterminisin, parallelisin and concurrency. The P‘I-Of’n.] i lian(luced
lirection is  connected  wih o the  nolion of  powerdomamn . oS
W i O and Sy Uh (12} Wilth the help of this notton ca
¥ i S ‘mini satures of programming languages. The
he desceribed some nondetermimistic fea ures ! g s SLLRS
present aim is Lo show that a power _(lmnum can be (.t‘ mci( );.(', ){:rlicsh[?i]-
lattice and that this approach provides mee I.Ilillh(‘ll\ldi It‘:ll] mt\\- .

If o nondeterministic  computabion s _vnn:a‘lc (:I(l( ! “. anat
sbtainable in (inite lime s finite sulisel .ul L-I;)nullljhz :mmr:;] i s
S() he the set of all nonempty finte 5.111}591'5 znf ‘_. AR '-‘[;e\':,r.g A
on S(IM is the FgliMilner p:‘(‘m‘tl.orm'g Ny '];xrin;r 3 it
&vpeEY s N sy This pl'vm'(lcl‘nllg m(lu('v.sI :}n-:;l-(i' ! g < H([m S(D)-
sel (1) of all equivalence classes defined by the relabio e
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N Ve N <y ) &) <euN. Inoarder 1o define o povwerdomain of an alge-
braic lattice in sueh o wax thal it as again an algebraic lattice. il is used the
notion of ideat due 1o Frink ISE Let (B =) be any poset, D2 asel,
= 1) is an Frink ideal il for every tmite o and every pe ), pe | implies
v The set Fiby of all Frink ideals of 1. ordered by mclusion. is an alge-
braic lallice.

Now let (h. <) he an algebraic tattice : we constder its powerdomain
PN the set of all Frink adeals of the poset (PUND)). = ). ie. P(D) -

FLPUCU)). O tously. (L4, =) is again an algebraic lattice. Fur hermore.,
P s a functor in ihe calegory ol algebraic lattices and preserves sierjectivity
of morphisms and  projective lmits. As a result. the solutions {o domain
ecquations invelving 7 and . . ete. enist {5, S|

3. Concurrency, A present not cnough is known abont concurrent
systems and processes. especially from o practical standpoint. This can be
the main reason thal there isn’( as vel a tivm formal approach of nonseqluen-
tial processes. Therefore al this slages one can merely speculate aboul the
properties that a .meaningful”™ concyrrent compulation should have.

A concurrent program consists of w colleelion ol processes and shared
objects. 1ach process is defined hy a sequantial program ; (he shared ohjects
allow these programs to cooperate i accomplishing sowme tasks. The proces-
ses van be implemented by inultiprogramming. by multiprocvessing. or by
some combination of these approaches. The shared abjects can he implemented
i shared memory or can he g computer  communications network. The
dala (variables) are accessible 1o {he provesses according to the rules of dis-
tointness and mutual exelusion. The rule of disjoininess is due to {foare
[7] and states thal cach component process makes its contribution to the
common task. withoul interfering with other componenl processes. However,
the interesting problewms require some form of interaction between the com-
povent processes. One of the reasons why parallel processes have to interact
with each other is hecause they need 1o share some  limited  resource.
We niight view the aclion of cach parallel process thus : for a part of the time
it operates freely in parallel with all the other processes. bl from time to time
it enters a so-called eritical region and has exchusive use of some resonree,
The effect of a critical region is to restrict imterteavings of processes. thus
preventing undesirable interleavings. This is the murtual exclusion mecha-
nism. ‘Fhe erilical region can he considered (he unii of action and il is defined
by the programmer. In order 1o he possible Lo make meaningful statemen(s
about the effect of concurrent computation. the mutuat exclusion of opera-
Lions on shared data (variables) must hold.

Beeause the  denolational approach of program semantics is mple-
mentation-independent. and one of the abjectives Tor o theary of parallel
programining is  conceplual simplicity, the details of scheduling resonrees
ameng comp eling processes. the forms of syuehronization and other imple-
mentation-relaled  considerations  are ignored, Thus the concurrency ean
be specified by p, p. .. oo where pooop are sequential processes.
The meaning of such a specification is the yestricted (hxy the mutual exclusion)

interleaving of the alomic aclions of The processes. Now, we ean associale data
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of concurrenl processes with operations (aclions) defined on them. Therefore
a process evolution can be overtaken by the adequate datay alues sequences.

It (1. =) is considered the set ol values yectors of processes data. where
Lhe ennmeralion within the veclor may possibly he established by the memor
tocation of Uhe values representalion. a process evolution can be fonnd to be a
principal ideal of the domain (£, =31 Thus, because we associate Lhe data
with (he actions defined on thenn a process evolution up to the moment
when a (partial) result o I3 apprears. is the principal ideal generaled hy o
In this way. alt the legal moedalities of obtaining the (partialy vesult a are con-
sidered. The order relation on Doas induced by the carresponding order rela-
fions on every involved data domain 1o be more or less defined. (1. <) is an
algebraic laltice : Tor every . he . afh represents the common dala valwes
of 1he vectors a and foand @'/ b is the vectors of all data values which appear
in o« oand b

Lel he (1. =) and lef us try o define a concurrent operalor over it. The
maodularily of denotational semantics melhod requires that for every cons
truction operator which forms a new olement | b from Lwo smaller elements
a. b there exists a semanlic operator § which relates the meanings of « and
b o thal of « | b, Denoting by m{a) the meaning ol ¢ we need a commutation
male mfa | by—&{mla). mib). In order lo appoint a meaningiul semanlic
operalor. we musl consider the processes with resulls ¢ aud b separalely. since
their actions ave executed conseenlivelv. while for a b their aclions are
interleaved lherchy ereating new effects. X solution 1s 1o consider mid) the
principal ideal (] which refleets Uhe process evolutions, the exceeulion sequences
with the result o, Then mia Iy — M(mta)., m(h)). where A ois a resiricted
merging operator, This means that the result «  b=1) is generaled by the
interleavings of the actions reflected by («] and (b]. interleay ings restricted
by mutual exclusion of aclions on commoen data. In order 1o assure a fair
merge hetween processes. the operator M introduced above could be con-
sidered discontinuous. We note thal, in accordance with proposition 1. the
semantic range is also an algebraic lattice.

‘Therefore. Tl be |+ 1w B—=D and we postulate that (F3. )s a seml-
group with the unit 0. Following the definilion. « b b a. Moreover. for
every o, b, cee ) we assume that o (hy yms(a || YNV G |0) and «  (bf o)

(a0 WALa ). These assumplions could be inferred. especially for linite
processes. hul we prefer to postulate them. The adoption of these assumplions
allows a considerable algebraic power W hich could not be obtained otherwise.
Brieflv. (D, €. | ) is & lallice-ordered semigroup j 1. Using s structure.
significant properties of the concurrenl phenemenan coukd he pointed oul.

Femark 1. The distributivity of - can be extended Tor finite sels. Thus,
for every finite index sel i

al {0 by=V(u | M) and « {0 b)Y
el el (EI rE
A lattice-ordered semigronp (1. €. ) b complete 11 (1) =) 15 a complete
lattice and « (. 8) (a0 | by for every set [ From now on ) will mean
il 1E1

a conupulalive complete Lal Lice-ordered  semigroup.
Proposition 3. If «. D ceD) wul agh. then a vgh | o
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The proof is obvieus.
Remarde 2. T'he slric i
o) strict relation ¢ b implics
o i nplies onl "5 :
l}':"lm-":l)"ll okt be o he= 1) Then (It I “"u.\ (;") (.(rh* th.
i . b ‘ ( al .
o -”,’:]'{, ;2 the on ]_l.nnd. i accordanee wilh |n:apu;itim] 5 !
s A b ey by Do following a b v by I/ e
nothe other hand., (¢ by (a b . : : ol i TR

;.lgilill. (a 0V wgh | u—=a_b 'n::; ("JJ f[f :”,- o _-\I)I)I_\ill,'.: TR
(b (a y<a b This me ‘ hi e syl o n il L
ok rot e w. : -‘.llli\ thul l!u- concurrent operation beiween o
S ) o J. (.;lllf]ll operalion between« hand ¢/ b Bul Lhis
Pt b i inon l|)(Iilll .(_" tl}v data “ and boand implicitly the opera-
S m”Hlji”“‘l,llzl:rll:“lmn‘:l_\ll\]-nn_-,: I;.ul the basie Brineh | lansen
sents these essential pt'npvl?li('q mw-TIv()I- l‘:n”.I:;:i;:'[:*’ugtl-lfl.l e L

e slructured mulli-

an associali i are i
s ..I.ll.:oll. ol shared data with operations defined on them ;
1;1 exclusion of these operations i time ; a
svnchroaizing peimitis i i ,
_ A ! es whie S8 v e i
iuling g s which permit the control of process sche-
Owr approg
a ach meels these requireme ]
Ty 0 Pl Ly quirements and therefore the results show
e L()Il(llllllllll operation by mulual exclusion is equi -ll-[“.‘s e
urrend operalion using  monilors Ll B
[N HH o y o
.Impusllmn S bet be w b= D
T i) Iff'u_ bO then o« b —w b diy a bza b
e proof is This re i ;
i [ ol tous. This result shows that parallelism can be consi
a specific case of concurrenev, LTt U
(;urnlla.r:\ oHa b=a then bga.
Proposition 6. Let be a. b, c= D
Rl ﬁ . hLe and a b =0, then «  be=o
Wy ffa bh—=a b w i
: ul e=h then o b5 ]
Proof. Ohvious. el
. v -
' Proposition 7. Let be w=D. The sel s(a)—'he
ideal and « subseniigronp of 1V if « a- H” I(“_. Ei
o R : a then sty —(a].
. alliee ideal can bhe ¢l i
o ; I q w characlerized by i b r=4
JeEsta) an =y : £ . T ;
a ""'“i"(lll)i(l(“l\i'l be=s(en) and e then e=sia). 11 is easy Lo show “11]‘[}; ““}‘
4 . ‘, -3 3 3 [ — - . N ¥y . ‘ \. l
thus « ‘ ai/ !:‘\1 l‘: I_" b h(f_!)j c=0 and c<h By corollary | ;H' (“') IT
Y ., -Bu Lo By proposilion G b)) woal b (« ()-\\ll-. | --"] o
: 1. e . . icn N
b, ‘-r,]t-:|’1|i ut r; cza. which Torees o' ¢ o, hence cEsa). Sir 1ic?:‘l"“ﬁ
i H ) S5 ] i e S -
Lt ,1--(::111? Sgl[”“ Lhal s(¢Y is a subsemigronp of 1. Clearly s'((T)I—(m
: g wn o | r={a'V ) {a s )=l r)e=( i “l.
(¢ | ¥)—« and thus resia). . S TR

n —hul I. J i £ i
[l“tl\\ L lh(' ot ff i i
l W idll()ll ]-..ﬂ'f‘... ) \\[“ mean i

i

T :
ay is oa lultice

[ | N |7 P T
Propaositi 4 he i
position 8. f.ef he a, =D I<isn, Then
13 H M 1
) T aa=00 ayondpa,) (0 ; \
; ;
1 . A i} (‘ lu,...u,...u,,) { Iu,).
iy Ifoa. a.=u; 0 a for every I<i. j=n. then 1 i i 7
. i ’ it
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. ol A stion. For =2 the
Procof. D We will prove Lhe Tirsl equality l'.} lmlu:‘llnli‘;:'l'u'\ fixed n=XN.
resull !ml(l; by proposition [ Suppose it trae Sl =

We have

1 £ b
£l jwal
n o1 ¥ "| )
. 1 u
: then (0 widd <) i
= e ) L YN ) and o iy
1
: i . a, o))
U dyeatipentty) | (dy 1 . L
1
H ' (I)
{ ,lul. it Vo (et {4k
. i A
" | ‘
S ety S ) s (i | dg g
i i [

t 1

ove i ‘tion.
The second equality can also be proved by inducti

i)y By inductlion. ] | b
- = sis pe  have a i=
Proposition 8. For everyy . h=h, 1£isn 1 o
—a b D) : |
R : TN I B SO Y
Proc £, oaf flap.bp=4d 0 el R R b
1 : L
tom ]
ES 13
hmmap | by

or 2 i PIl
{ “d‘[.‘\]' 2. 0f a by=D and if a b, 0 for every i. i<ign. the
orollary 2, . by

M

It [J ”.

=1 Vs oa lallice
..1l'ropu-‘~iiiun t. Lot he ash. The sel play =D b il is w latlics

; oy athsentigrony of 1) - . A N, SR

i m:d p .\i;b'“('m":’»llul?\ 2. pla) is @ subsennigronp 0f _H. Lol be b : : {wmi‘

I r"’;f- )}< TRy ¢}~ by corollary 2 again. showing l:\\z;l p(u}<1.”.. .h o

. i 3 3 3 . : . ) : .
}l:l(ll:(:: (gljl .Ihv\ulh('r hand. il hepla). el and c<h then O<a

henee o= pla).

ati 08-
i S concurrent compulation, re
investigale cevolubion of concurte
In order to investigate The e

be a. b= it s called vesidual ol a by b

duals of 1} could be dvlmv(l.l I{l‘l‘lo1 ent G existsy which holds b r<a. A
g "y ne . S « e
: i« written o b the greatest ; - e exisl residuals Tor
Hucht e o .“.m‘,u]-(:.p is eabled residuated if there existore B
k =

Lab Lice-ordered

all pairs of ils elements. allivegre

hecause b ao Lhe residual L b doe: Sidgnos
al b e, then b= Lhus, il b ood them a: b 3 2 L

“m'll '1l’u.:' I; exists for all a. b= 11 wilh b<a, hevause b <

residug { Nishs : .

wover. o 10 =a for all as D
ordered semigroup is eomplete Maoreover, o 1 W =u

i is esidualed.
Our latlice-ordered seomgrotp 18 nol IG_.‘tl(]lld‘l] "
exist. Tndeed. i there Is ezl 8
exist. Thowever, the
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Proposition 11, 0y If . b, c= 1} and a<h. then aie<h

iy M oao booe=1 und h< . then acegac b

Wiy ff a. bty and w ¢ b ¢ implies w10 for
i={ag by

|

erery e 1) fhen

Proof. 1) The prool Tollows diveetly from the definition,

i Because ¢ (u:eyea and b<e. then b fweyge (a:eiga

. there-
lore o e b,

i) We have a<qe b for every a. b0 By hypothesis and pro-
pesition 3. vl bgy b implies r< . By definilion, [oq fyeh) h<a b Then
fa b)) ch=aand thus a—(q by b

I a. b=h. then b G by=v Tlowever, i1 Lhere exists e=4) s {hal
b ocou thew b (w: by —a

Proposition 120 et be w. b e=D. azv. Then (e sy b wvists i and
anfy if acic by crists ij they epist then ta: e)viobis=a s (e | bys=a (b )
={a: hyor

Peaof, Ll hed Nolpsm 0 rgu:e! and Y e e

. W&y,
b wga:e mplies ¢ (b Ay e b rgas henee N2 Y Bal (e T E-
implies b 'y<e:r. Thus N Y,

Proposition 13, 0} Lot be a. b c=D. a. bz Then (u B r=iu i)

Alh )

WY Let be o booe=00 azb, ¢, Then u th ey a0y (e
A more general resull can be Tound in ]

Other results can also be obtained. which are more or less significan
for the coneurrent computation |33, []. But the Tact that this formalisim allows
for expressing easily the properlics of concurreney is important. AN {hese
results increase the interest in the demronstration of (he laltice-ordered semi
group as a domain of the semantics of programming languages with conenerent
features. In order to support this alternative. il remains o prove thal the
proposed structure ullows for solulions of  domain equations

volving
and L and —, . — ple.
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L. Intreduction.  I'he ideas presented o {his paper evolved from practi
cal problems related 1o nateral language comprehention in well hounded pni
verses ol discourse,

Rather frequently. in nataral language sentenees appear groups of

words whose meanings are different than those done by the sums of their com
ponents. Tlhis is the case with idiematic expressions or {echnieat Jargon. Such
expressions must e considered without trving 1o breake Uheir meanings inlo
clementary building bricks. et us refer Lo these linguistical phenomena as
sitttagnrae. In Tacl what is to be done. belore any other process ol interpretalion,
is to translate them direetly to svmbols Uhat, conventiaily or nol. incorporate
their whole meanings. Moreover there isoffen the ease that o sintagma has
maore than a single meaning. even i a perfectly honnded universe of discounrse,
Nevertheless a human listener can easily decide between o sense or another,
He uses the content Lo desambiguale among more inferpretalions. What
precisely s meant by Lcontext™ is certainly hard to establish. M o first
glanee it is something like a neighbourhood around (he ambhiguons sintagnia.
How large this neighbourhood must he considercd is again an open ques
tiom and we prefer Lo pay no sdenlion to Lhis queslion ere. X pore attentive
insighl reveals thal not evervthing in this neighbonrhood is  important in
eslablishing the correct meaning and hal usually there is-there inelnded a
string of words that onfy matters, This vemark modifies a it Lie our definition or
sittagima. When we insisl on meaning ralher {hen sintax, a stutagma could
he seen as o paie o strings of words which, appearing in text al a cerlain
distance one of the other. precisely determine a sense Lo one of hem. Fa ery
ane ol the two sirings of words will he denoted by ranfex!.
: The paper proposes two mathematical fools for sintagmae transformation.
The Tiest of them. calied n-contevival sistetns, is a genevalization of rewriting
svstems on strings 2] The second. catied n-comlertual fransdieers, is a com-
bination belween the first and the generalized sequential machine [5, 1.
Fhe formal definitions ol the two meehanisms and some properties of them
are presended.

2. Prefiminaries. In Uhe rest of the paper Vowill denole a numerable
sel of svibals. The free monoid generaled by Vowill b denoled with V0 oand
the emply string of Vo owith o, A silfagma is a luple



