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CONTENTUAL SYSTEMS AND CONTENTUAL TRANSDUCERS
Ty

PHOREIL LD CAND oo FhA N R ISTIOY

L. Introduction.  The ideas presented in {his paper evolved Trom praeti
cal problems related Lo natieral langunge comprehention in well bounded uni-
verses ol discourse.,

Ratlier frequently, in natural language seatences appear sroups of
words whose meanings are ditferenl than those done Dy the sums of their com-
ponents. This is the case with idiematic expressions or technienl Jargan, Such
expresstons must e considered without trving to breake their meanings inlo
clementary building bricks. Lel us refer (o {hese linguistical phenomena as
siitfagnrae, In Facl what is to e done. helore any other process of interpretalion,
is Lo translate them directly 1o svmbols that, conventially ar nol. incorporate
their whole meanings. Moreover there isoften the case thal a sintagma has
more than a single meaning, even in g perfectly hounded universe ol discounrse.
Nevertheless a human listener can casily decide belween a sense or another,
He wses the context (o desamiguale among more inlerpretations. What
precisely is meant by Leontext™ s cerlainly hoard to establisl. M a first
glaree it is something like a neighbourhood aronnd the amhbiguous sinlagma.
How Targe this neighbourhood must he considered s again an open (ues-
tiom and we prefer Lo pay no alention to Lhis question heres X more altenlive
insighl reveals that not evervthing in this neighbourhood is  important in
eslablishing the correct meaning and thal usuadly there is there included a
string of words that only matters. This vemark modifies a lillle our definition for
sintagma. When we insist on weaning ralher then sintax, a sintagma could
be seen as o pair of strings of words which, appearing in lext al o cerlain
distinee one of the other. precisely determine a sense (o one of [hem. Faery
ane o the two strings of words will be denoled by confexl.

The paper proposes two mathematical 1ools for sint agmae translormatinn.

The Tirst ol them. called n-conterival systemns, is a generalization of rewriting

systems on steings |2, The second, catled n-confevtual (ransducers. is a con-
binalion between Uie first and lhe generalized sequential machine |5, .
e formal definitions of the iwo mechanisms and some rroperlies of themn
are presenied.

2. Preliminaries. In the rest of the paper v will denole a numerable
selob symbols. The free monoid generated by V' will be denoled with V' and
the empty string of V¥ with v\ sinfagme is a tuple

e s (gmr,
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3. Contextual systems. 3.1

finite sei of rules of the form

is a

o eV, i=1 .., %

SChe ey O =Gy ey P P eV i=1

i i dies :
that salisfy the following prope! .

(i)r!herf* erisls 1 such thal ¢, #¢

(i) ¢;=e implies ¢;i=c¢. ’

i) =i s CL 20 e O o'y -

( (i ' i) is @ permulation of the set l1.,.... l:, e Ve say fhat

29 l)‘(-‘ii;nliﬁ(;n. Let § e an n ('nn!m_'!tml .x-yls!‘q:;!. tr'» LS e
s tii,;;‘th} rewriften (derived) in v according fo S if there exist:

) = = Che ey € = sUeR Thut
n = -

=S mwhere

| KPR ' =1t ca i : atle
u '“1( [ ““("“n 1 ﬂnd n l-tl (Y] "
. { et 2] g 3 lf"otﬂ b f} -3 ihe
Lt ¢ 1r l!f H— lr i IS d“ [ “Iy rem l”(!l n \‘ [ {
i THHY ff'.lf fl”.’\l”f Of —r.
ot
——y (H!d b U =% 1 e “ an l 1K “”d refl e

isziliontclos et n-vonlexfual  systems.

Volations. n-CS denotes the sel of
CS=1J) n-CS.
TR Y

Sk

S(u)={reVju—p} for uE Vv and S=CS.

finiti =S . n= V"
1.3, Definition. Lel S=CS and u. 1€ ‘
l(.i; ylis irreducible with respeet to S if if does nol exist

we VY sueh that p—an
N#

S jjcd“(fblf-
T8 101 rm uIf u—n ﬂnd DS

Sx . "

Notations, uerv if u—v ol el
= ¢ is the lranzifive closure of <.

IRSRI(‘SS) denoles the set of irreductible 1

3.4, Definition. Lef 'SF(,S.

(i) S is confluent if for any ”'*_ .
S S B :

pords with respecl lo S.

U—s 1. s imply pesz. W2 e lere. crists
3 if for any .opow
(ity S is locally mnﬂuﬁen! rfﬂ[ A ¥

ap imply p—z, 10—
- V* such thal w—sp. t—i inply

i) S is Noetherian if for anyt
(i) S is Naelher!

U Uy L= e

3.5. Proposition. et t

i Liff u=
Then v is « normal forn of t iff

S be a confluent n-confextual system, i,
L « v and v is irreducible.

o, weV* there exisls »a& V" such that

i infinile sequence
L= VT it does not exists an infinile sequ

peV
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Proof 1T v is a normal Torm of u ther a = ~ by Lhe deflinition of = i
Hocipr'ncu!l)u i u=cr w—»and v is irreducible then there exist to, ..., ;}"
such that

Sa r
Ul vy My =l gy, =t — D,

We will show that u—p using the induction on n. For n—1 we have

Ut =0 For =1 heeanse S is confluent il follows that there exjstg

S

att o But u s drreducible ang hence

o=V such thal u, sy’ 1M
Hy y=U, =0 Now we have

H=1ly ..., Uy 4= U, =D

and by the inductive hypothesis it Tollows (hal w—p *

A6, Theorem [2]. Let S=C8. If S is Noetheriun and confluent
for anyg u s V" the sof (uj=1{ve V0= v} has an unigue normal form.

Theorem 3.6 shows that the processes of translalion that yse Noelherian
and confluent n-contexiual systems are nonambiguous. When na(yral lan-
guage anaivsis is approached with conmtextual parsing. the property of non-
ambiguily of the conlextual svslem emploved must nol e thought of as
also characlerizing the computer .understanding™ of the lext. Some inerent
ambiguity of an wtterance could not bhe resolved by a set of nonambiguous
rules. Vis-2-vis of the natural language parsing using contextual svstems Lwo
needs conld be expressed : (i) — one would like Lhal one senience Lhat has a
unigue meaning o have only one normal form (1his is obiained when Noethe-
rian and conflueut n-contextual systems are used); (ii) - one would like
that two senlences that have (he same meaning lo be (ranslated o the same
normal form or lo equivalent normal forms. This second need molivates the
following,

3.7, Detinition, Consider S8 and ~ an rquinalence relation on V',

(1) S has the Chureh- Rosser property awith respect to ~ if for any u. ps V*

ALY Rt

then

there exists we V" such fhat u~p implies w—w. p—p.
(1) S is ~-preserving if for any u. w'. pe=\* there exists v’ e V* sueh
that u—u’ and u~p imply w'~ v and v—y',
3.8, Theorem [1], Let S be a Noctherian n-confextual system. Then S is
confluent iff it has the Chureh- Rosser properly with respect io = .
3.4, Delinition. Consider S. S'< (.S,
() S=S" if for any ueV*. Sun S'(n.
(i) 5> S if IRR(S) = IRR(SY.
3.10. Delinition, Lol K and K' be two subsels of (8.
() K< K" if for any SeK. there exists S €K' sucl that
S= 8.
() KK if KR and furthermaore (here exists 8'€K’. such that
S=S" for none Se i,
(iil) WK< K" if for any S K there exists S'eK’ such thal 5~ ',
(V) K| K' if K<, K" and furthermore there exists 8'&K', such
that S~ 8 for none Se kv
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5.11. Proposition, = and ~ are equivalence relations on (5 and <.
are preorders on the family of subsels of €S,

312 Theorem. Forn=#. n-CS=(n-|-NH-{.5.

P'rouf. The relation n-CS= (- 1)-CS Tollows hy replacing any rule
Ty e Oy <L e €, by new FUle S0 e e P = O e
¢, e>. In order to show Lhat the equality does nol hold, we consider the

{n--1)-contextual system
S =y e (g = e i

where @y, ... @i = V0 Wy e, (V=14 .. @y, ). Assume Lhat there is
Sen-'S such that $=§'. Because Vs infinite and & is finite there exists
re=v such that v does notl belong to any context of a rule of 8. For u=a,v ...
A, Tte) We have

S'(u)y="{njv Sy X U Kl Y
If a rule of S can be applied Lo u then il musl have the form
- r N - =3l lU f‘.'l_
Yoo veen == lpe e Pa=e Yo e UpiU gty -

Bul this implies S(w)# [} for w12 ... Ys Xl Becanse S= S" il ‘follox\".et
that S'(w)#{w} and this is a contradiclion. Therefore it does not exisl S en-CS

such that S=58° and hence n-CS=(n+ D-CS# B )

In the prool of the theorem 3.12 v and m are irreducible with respeel
to § and e following Lheorem holds true.

313, Theorem. Forn =8, n-CS = (-5,

The theorems 3.12 and 5.13 establish thal the sels n-C8. i =0, Term
an infinile hierarchy in €S with respect to hoth preorders.

314, Proposition. Consider S. N'SCS and ~ an equivalenee redalion on
VeI 8= 8 then

(SIS

(i) S is confluent iff S" is confluenl,

(iily S has the Church-Rosser properly with respect lo~iff S has
Church-Rosser property with respect [0~

(iv} S is ~-preserving iff S" is ~-preserping.

A proposition like 3.14 for = is not possible. Indeed, the svstems
S={<a>—o<e>} S={<eb>—> <aab>, <a>—<c 4 salisfy S= 8" he-
cause IRR(S)=IRR(S")={u/a is not a subword of u}.

It is easy to see also that S(ub)# S'(ab) and hence the {wao preorders are distinel.

3.13. Definition. Consider We 'V, K. K’ (S,

(iy for S, S'=CS we have 5=y S if S(un Wr=S'@n W* for any
(TE= ka8

(i) K<k’ if for any SEK there exisls §'e K' such that 5= S

(i) K<pK' if K<y K and furthermore there exists §'e i’ such that
S=,8' for nime SE K.

(iv) K=K if K<™ and Rl

the
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SA6. Proposition. Consider K. K'cCS. K=, K iff K<k’
S 17, Theorem. et W V e sueh | R s infing -
T e suchthad VW s infinite.  Then 2L085=,,.
Proof. The relation 2-CS<,, n-C85 T i i
0 rel: 2-Cagy n-0C8 Tollows immedialely
show n-€.8<¢ | 2-0.8 we cousider moatens In
rule

o o on® 3 l i
S en-CS0 Initially we sel 5 to o. Ul:nuanli)

Cle vome Cyg =ity L O aE s

we o consider Ut 1 1 } E |’ T
n Kb A VL € VW They are not fimnli i
. . . - o v i 5 1 ':. !
the definitions of the vutes of SUS", and we add Lo S the set of x'ukl:]:lL tod i

(]) '1-1 0 Oy - -1.. B ('...

Let N be the sel of all new svimbols a ’

e o 8 CW sy s added. We show 1hal S(ionev )

Stogn (Vv Ny eV XYL Inorder Lo show that Snn (v '-.\')"‘(-—.‘;(a-r\){%(\'
Xy we nse Lhe induction on L the len -

[ _ : ) oo the length of v — 0, v=§' R Nk

For E=0 il follows immedintely, For k- Uhihvrc exist u'. and a (lfil)lnc(\ A9

Sl T i I U L

S . 13 f i :’l;
such thal 0 —wcpu,c 0,0, it Uty o te s and @ — g

By the deliniti isls i

3 ion ol S there exists in & a set ol ¢

3 > exisly S u set : :

e i set ol rules of the form (1)
= 5
U=l UpCatipe) =+ ...

= by e, = L

e LR T Ut | S

Because us=( Vv

.\) it 1 1 .
IS d n I ¢ (l(l“llll() 1 Ul Y 1 10 mn { s\Vin b
\ I are Ine l 1 p“(gli d SA hﬂi.

Follows Ihz:t t{'*-—(\' NY. By inductive hvpothesis o< S(u')n

:-. \ -\' ;] ry 5 7 L} - .
{ )oand hence u—a'—=e, ie. pe S, In oorder to show the inverse

;ll(':ll.'i.lul_l we use the mduction on ko the lenglh of u~:> noes(V-N). lor
A Tellows fmmediately, Consider & 0, The Tacl w. pe(d implics

{hat lhere exisis o' AV I

s L S slurh thal n 1.~.“|'v_\\'ritlm.| m a’ by the application of a sel
J DY ornt (1). By the definition of S tere is a rale in S* that defines
. N )

t—u" and by inductive hy it : 5 11
A ¢ hypothesis il {ollows #'—» and hence y—rp. Now, the
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conclusion of the theorem is a consequence of the fact that We (Vo Xy
518, Theovem. If W ois an infiite subsel of V" then [ CS e 2205
‘The proof is similar to that of theorem B2 we consiler.

N by >ty He T

where ¢, =W a =W - Ja, ag)

A consequence of theorems 3.17 and 5,98 is The following

3,19, Theorem. If Wis aninfinile subsel of \ such that W oix infinite
then 1-CS < 2-€8 and 2-CS=y n-08 for any n =2

1. Contextual transducers. A disadvanlage of conlextual systems is
that they do nol permit lo replace a sintagma a limited number of times.
However Lhis need can be  satislied Dby introducing a mechanism able to
check the application of rules, Contextual systems equiped with this mechanisin
hecome sutomala,

1.1. Definition. An n-conlextual transducer s a Iriple T =(Q. q.. ")
where () is a finite sel of stales, g, €Q is the initial state and P is a [inite sel of
rules of the form

(g <€re e ey KO 0,27)

and furthermore every rule salisfies the fellowing condifions
(iy there exists i such thal e;#¢.
(i) ¢;=e implies ¢, =c,
(i) (g <€iy e )=y =Cpoen € =) E T where
(i1, ... iy ts « permulation of the sel {1, ... g g =0,
.2, Definition. Consider T ant n-contexiual transducer and u. pe V"
We sy thal w is directly rewritten i o acenrding to T if there cxisls a rule
(i, <€ o G =Y (ff's =l s € ) such that
U= U0 e Ul yegs ol €y 0L 4y
for sonie ty, ... Ups &V
T : T T
We denolte this fact by (q. w)—(¢'. v), the ranzitive closurc of — by — and lhe
I I

tranzitive and reflexive closure of — by —.

Te
Notalions. T(g. )y =ipe Vg, my—{g'. v 4 S0,
T — (g N).
n-C1 = the sel of the n-confexlual transducers,
CxT! = UﬁnvCT

[.3. Definition. fef T en-CT. . ve Ve, Wesay thal v is ¢ normal from

I
for w if ve T{u)y and Ty, v)- fo} for any q with the property (4o, )= (. v).
Nolation. NF(T)~{o/there is u such that v is the normal form for u}
1.4. Definition. Consider T, T'& T,
) T=T"if Tw)y="T"() for any w=\",
(i) T=T1" if NF(T=NF(T)
4.5. Definition. Consider K, K'cCT.
(i) K K' if for any T=K there exisls T =K' such thal T=T',

~¥

CONTENTUAL SYSTEMS AND CONTEXTUAL TRANSDUCERS Thi

Oy W=K' if K<K' wnd jarthermore there exists T'e K’

R for s T / crmore lhere exists 1" K7 such thal
((I-Il; fl\{‘ ! :\’ if for any T =K there exists 1= K sueh that T~ T
VY K K" if K<, K and furthermore there cxists T e K -

R e : i ermore {here exists T'= K" suech thal
The next 1wo examples show that the relations = i
i f i g s relations = and >~ ar ar
Frample 1. Consider P

= ¢ ) go Moo <a=4={g <b=) (g <b>)o(g. <c)
(o, el = Y=o, < b a =],

T s3(idqe i e} o Hipw SaS)= (g <) (. = )={qe =b =)
e <ty e )= {fo, <€, €=1]).

Let a= VO I w is not a subword of o then Fw) =Ty =u!l . Otherwise
denote by ny the number of ocenrrences of a in w. by 1, the number of occurren-
ces of fin a and by n, the number of oceurrences of einu, i ne T(u) then v
(‘(}lll:!lll.‘-& iy — 1 occurrences of «. ne-—1 occurrences of b and n, oceurrences
of ¢ or n, 1 ocenrrences of a. 1. oceurrences of b and 1.+ 1 u('('ill‘rv:w(*s of ¢
!n every one of these Lwo cases we have = 1'(n). The inclusion T7(ay= T(u)
follows by svmeley, Hence T(u) - Puy. I 0= NF(T) then r conlains
, l_ ceeurrences ol @, n. occurrences of & and n. | occurrences of ¢ and if
wseNF(T) then w contains n, — 1 oeenrrences of «. n,+ 1 occarences of b
and 1, oceurrences of c. This tmplics NF(T)#£NEF( T').-

Evaniple 2. Let Te=({qa), qo. {10 <a, b =)= (ge. 0. x=),
(7. <l C2) (e, e =})
an:'[ Ifr)-(gr]r}- for Ho <t b=)lto. €. 4=). (o =d. €=)— (g

. b

\'\'he_rg: L i and a. b and ¢ are not subwords of x or ¥. Let us show {hal
f"- . M we NF(T) then there is ¢ such that me T(zf) and . is rewritten
from u by replacing m times the pair (e. b) with x and n times the pair (¢
¢) with y. 1.et also v’ he the word oblained irom u by the simultanecus t‘e-,
placement of all b with ¢ and of all ¢ with b. This makes we T'(u"y and of
course w is also irreducible with respect to 77, so w=s NF(1"). By simmetry
we can also conclude NF(T)SNF(T) and hence NF(T)=NF(T". But
we cannot state that 7= 71" because for m. n= N and a4 —¢”"+"h"¢" we have
Fuy=1x"g*t == Ig"a" =T"'(u).

4.6, Theorem. For any n -0 we have

(i) n-CT=(n-+D-07,

(i) n-CFr= (n+1)-07.
I'he proof is similar to that of theorem 3.12, if we consider

T=({f}- o (o <ty ooos sy =)= (0. <llyy ooy gty )],
where ey @i SV g v Uy E(V =Ly e @Y
I.._f. !)ol‘iniliun. Consider W= v\, K, R'e T
() if T, T"€CT then T=, 71" if T(@)nW*— 7"(w)n W
- for any ue W',
(iiy Kswh' if for any T &K there exists T' =K' such thal T=,T',
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(i) N=y K" if K<y N and K, K,

FFor n-conlestpal [ransducers the theorem 317 s slightiv madilied,

LS. Theorem. Lot W be a finite subsel of Vo Then 1CT= on-€0T for
atty o

Proof. The velation 1-CT<  n-C T follows immediatelyv. In order 1o
show that n-CTs< 1-CT we consider 77 =—(Q'. ¢ Pyen-CT. We initialh

sel Q= P=g@. lor any ruke
{4f. Cho veve 0 =g TR = A

we add to O 2n 2 new slates gty gy e g, oand Lo 2 e [illwing
sel ool rules ;

(4. e A UID A ).

“{n 1+ L )"(’[.. 1 Er I:

{y, el U e el

(. <L)y < =)
where 4, . aee new svibols that do nol belong 1o W oand  Lhat are

nob implicated in the definition ol 1. The fact that T Q. g = T s
proved in the sine manner as in 3,17 3

Since we can consider noconlextual svstems as heing n-conlestpal
transducers with a single slate Lhe following theorem holds true,

LY. Theorem, 507,
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ABOUT RECURSIVE DOVIAIN FQUATIONS
BY

ANDRBLET BARANGA

: !nlrmhu-[mu. Fhe paper presents some Tuets aboul solving  recuesive
domam-cqualions. which lead us. sometimes. to abiain ina simpler was
solutions of such cquations. .

hie the Fiest sectton we assume thal there is a solulion in a given cale-
Sory and we ey to find o soludion in a full suhealegory of il.

_ln the second. e prool of Uhe main theorem of [Hin a wmore generalv
case s given, Fhe paper also conlains examples ol using Lhe facls deseribed
above, '

_l. On Nolving Eguations in Subcategories. We slart by
recarsive domain equation problem : -
l.et 4 vy . o o ¥ 3 R I
R \[ : he a calegory and 1ol F: (ot e a tuncltors We try to Tind an

b 5 ol the ealegory ¢ sieh Phat FINY is isomorphic 1o N,

[ : » . AT M N 3 1 I
‘ N assiine thal there is an ohject N of the calegory © which is a solu-
toit of the prablem. et (o

recalling the

Sl a full subcategory of €. Can we Tind anolher
snlulm_n m- ol the problem, hy tsing Lhe solution jn ¢ 2
. Nottion, H £ js an objeet ol The category €. we define o functon
Op U=y il we sel e

Doty = Homg (12, 1), fw any object ol the category €.

2V pf ) =fu. for any morphi = =1

i . any phism felHoma A, 1) (= [t s dbd

and v stom . ). I s (R 2t g
= - Befinition. .in (J:"{jr'('f P of O s said o hape o reflection in O if the funefor
e ds representable Geee there iy oo funetorial tsomorphismn belween 4, aid
Up for some object P of (), -

th('l!l't‘lll. Niabfect P oof O has o refleclion in O if and only if there is an
ehject P oof O und o morplism 1p 0 Pl in O sueh that for any object A of (
aned an gy mm;u’_ri.\.'n fo P Uin O there is o uttique mmorphism / P such
that the following dicgrant is commutatioe -

\\_L- say thal the pair (5. i (or brieftly Py reflects 2 in 0.
We outline the main ideas of the proof :



