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(i) K=y KN if N oK and K= K,

For n-contextual transducers {he theorem 3,17 s slightlv modilied,

LS. Theovem. Let W he a finite subsel of N0 Then -0 7 wt=CF o
iy on -

Proof. The relation 1-C77<  u-007 Tollows immediately. In arder to
show that n-CT=, 1-CT we consider 1 (. e PYso-CT0 We nilially
set Q=0 P=@. For any rule

{q. Cro v € ) (g il o | ]V

we add to @ 20—2 new slates ¢ ... Guve A1 e g apd Do 12 Uhe Tollawing
set o gf rules .
ty. = ¢ =)=y, L)

L i }—v(r/,_ I P
({7 g i 1 )=elap, I

(= =)y’ = =)

where A 4, are new svinbols thal do nol helong tae Woand  thal are
uol implicated in the definition of 77, The fact thal T W o Py= 1 s
proved in the same manner as in 3,17 2

Since we can consider n-contextual syslems as heing n-conlextual
transducers with a single state [he following theorem holds (rue.

L9, Theorem. S 071,
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ABOUT RECURSIVE DOMAIN FQUNTHONS
BY

ANDRET BARANGA

Iutroduction. The paper presents some facts aboul solving recursive
domain cqualions. which lead us. somelinies. to oblain in a simpler way
solutions of such equations, '

In the Tist seetion we assume that there is a solution in g given cale-
sgory and we iy 1o find a solution in g full subeategory of il

In the secand, g praol of 1he main theorem of [H in o maore generally
case s given. The paper also contains exatnples ol using the facts deseribed
above,

I On Solving Equations in Nubcategories. We start by recalling  the
recursive  domain equation problem ;

Let £ he a category and et /00 he a functor, We try do Tind an
objeet N of the calegory £ sueh that FINy s isomorphic to X,

We assume that there is an ohject X ool the category € which is a solu-
Lon ol the problem. Lel o0 4 [Nl sitheategory of €. Can we find another
solution in € of the problem. by using the solution in ¢ 9

Nottion. P i an object of the calegory &0 we define a Tunclor
Up =iy il we sel -

1) rp.l) Homg (12040, Tor any object L ol the category €.

2) vl =fu. Tor any morphism [ = Hom (4 15 Homo) By
and a=THomo P 1.

Detinition. \n objeet P of s suid fo have o reflection in C if the functor
Loy is representluble (ie. there is funclorial isomorphisue between Aep and
o for some object P uf {2,

Theovem. An object P of U has a reflection in ¢ Hound only if there is an
nbjecd Poof ¢ and o morphism ip 0 P=D in @ sueh that for any object \ of €
and any morphism {0 P Uin O there is o ity morphism 2 P\ sueh
that the following dicgram is conunitlatioe

I
f LN
Fs =T

We say that the pan (P, iy tor bricfily Py reflects 12 tn
We gulline the main ideas of the prool
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Lif" We define a functorial isomorphism ¢ from &, lo Pl we sel:

®e (Y - f=Homg (P, %) tor any f=Tlom (P A

Lonly i Let be a funetorial isomorphisn from g lo . i and / are
defined as follows @

ipe Py (13) and

[=® () (f) Tor any object .4 of € and any morphism [ P—t of €.

Examples. 1) Lel ¢f be lhe category of commulative domains and X
the full subcategory of fields. Then any object .4 of iy reflected in X by
its field of fractions.

9} Let ‘T be the category of metric spaces and of uniformly continous
maps and T be the full subcategory of complete metric spaces. Then., any
metric space .4 is refleeted ju @ by ils completion ..

3) Let ‘@ be the category ol locally compacl topological spaces and
7 the Ml subeategory of compact spaces. Then any object. Lol s rellected
in @ by its Alexandrolf compactification 1.

The simple prool of Uhe next resull is omilted.

Proposition. (i) .\ny tiwo objects of C mhich reflect the same objeel in U
are isomorphic.

(i) ] two objects of C are isomorphic and have o reflectiont in €. then
they are reflected by isomorphic objecls in ¢.

(iit) If two objects of ¢ are isomorphic. then any object of U which reflects
one of them in €, also reflects the second in €.

Definition. A funclor I Q@ is said lo prescrve the reflections. if the
pair (F(P), F(ip)) reflects the object F(I?) of €. for any pair (P. if) which reflects
the object I’ of C. )

Remark. 1f A is an object of & and F preserves the reflections, then
F(A) is an object of €. since the pair (4. 1) rveflects .4 in €.

The proof of the main result of this paragraph is obhvious.

Theorem. If a functor F:G—C preserves the reflections and lhere is
some object X of € which has « reflection in & sieh that F(X) is isumorphic lo
X. then any abject of € which reflects X has the sume property.

Example. Let T he the category of melric spaces whose melric takes
values in [0, 1]. A morphism from .4 lo I in ‘@ is a map [+ A— D such that

dgtflx). f(yn=dite. gy lor any . y<a.
If 4 is any set and P an object of T we define a metric on .\ < P by

setiing :
1. il a#b

1/2 dp(e. gy il a b
It 2 and O arc disjoinl melric spaces, we deline a melric on Py@Q by

P (G P () {

selting :
Pt xsl y=0 orasQ ysh,

doyotd, y)y=3d,{x, y) for any x. y& L,
dotx, y) for any x, ye.
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I.el s an arhitrary ele - )

1 Pf" }i{) “1"1 E”‘l“l'];”.\ §|e||1C111. We define a functor 1) =7 as follows
T |.l{_‘_u- 3 '). where the union is laken disjoint. Then we ghtain

storecursive cquation  domain equation in [2]. ‘

" 5 :Pu;!U(-‘ 3 I))'
We e asilv check al : P |8 i 10N i
an casily check [1] that ; P- :Unl (ipu!) s a solution in 7.

It can bhe checked thal F preserves rellectt
o { preserves the reflections, Henee the oo i
P of Pisasolulion in T. e
I. A\ generatized version of the Sm iin T
A , . smyth-pl e st
by recalling some facts [1). . U TR o
Definition. Let ¢ he a calegor R EE ' '
| X gory and I E—0 o funcler. An F- o s
a Zmr (-4, 2) where A is an object of € and G(FTII()I{ILJ(F(J) 1) ;}{'!ﬂ(’b;d;;
wied (13, B) ure F-algebras the i : 1 i be ant Pl
gy m'.s-”? e [ f;-m then a morphisnt [ = \-—= R is suid lo be unt F-algebras
Lemma. o is an isomorphisnt if the F-wlyebra is initial
Theorem. ay Lel € be cdaleqgo i e ] -
ST o goryy with an inilial object L and F @ (=8
[unflw. xm:h that the functor X (F"(1). F*ap00) :(.;’-—>(' (7.(:.’ t;is HI'(' “_;:f:( u(:
mru.phz.s-.rn. in i frirm J_ {o 13) has aiv inductive limil (s, ) and U-'. wh I( l))[i;-
an mu;m!rrrt' Hmit of FA then (0, @) is an inifial F-alyebra for some = : 19 i.)——> l-
h) Lel B be ant object of O, lel F: =€ be ¢ u By D)
iy ] 4 i ¢ t funclor and lel 7 : D= F(D
?ir;nczlrzmrp?;.m: }n ’( I ;hr funclor A =(FF*(D), F*(m)) : o= has an im_l)uc'giln:
o Ay and (F), F(o) i i
BT | (F(e). F(Y)) is an inductive limit of IFA, then F(A) is isontorp-
We shall prove a generalized version of this theorem.
I A=(4,. fe=e:o—C is a functor L
el [,.-.)..:_-_.-' P mctor let A1 g—@ he th_e functor
. i l(l;cl?:':'u:t. ;,,L;f : ng;_: ;;rlcgory, lel Aq be an initial object of €, and let
FE— G be clor. ere is «a funclor A=, iy : e ic
salisfies the following conditions I e e uisas i
1) There is a funclorial isomorphism @ ; FAS A
2y lim A —=(u. 1), I's o

3) lim FA = (Fa), F(1),

then (. 2) is an initial F-alycbra for some .

Proof. We deduce from 1) that for ' i

- BLE any ne=w there is an s i

bt FQYL )= A4, such that the following diagram is (-ommutativ??morphlsm
. £Ufa)
l‘(.\,,)—-———fl‘v(.\u,,)

Tu i !
B l-.-]

P

i _HmchiuqucIgf‘nmlphi'sm:, -f;l,p_lt-._'u::u 1s an inductive cone from FA
o = e .)_1mp ies there is an unique morphism = : F(A)—.4 such that
ollowing diagram is commulative for anv neg :
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"'."Au? . W ke
' o4,

We shalt prove that 4. %) is an initial F-algebra. Let (5. 3) be an
arhbitvary Falgebras Let v, — 3 be the unigue morphism from b o
13 and w,s, =Bl 0 i . .

We show thal Dy, o is an induelive cone from A to B by mathemali
cal induction. Condition (2) implies thal Lthere is a unique  morphism f:.4—10
sueh that fu, — v, for any n <o, We cheek that f21G,) BE( P Tor any
N, Sinee lm FA (Rl Fony it Tollows that fz 2F(f) Tlence fis an
Foalgebras worphisim. _ .

Il g: A= 1 is any Flalgebras morphism from (o) Lo (B B) itis
casy to cheek that gu, —v, for any n<€we. (using the induction principle}.
Then (2) implies that ¢ [ and Lhe prool is comptele.

Theorem 2. Lel O be o ealeyory. lel 0= be o funcior and 1o A -

(Ve foduzmo 1 0—=C satisfy the [ollmoing conditions :

1y There is a funclorial isomorphism ® @ FA— XD,

2y lim A=(y. )

Sy b A (P ). ML)

'
Then FeA)Y is isomorphic o L 7 _
Proof. We shall use the same notation as in the proof of the preceding

thegrem. Lel ¢, be the calegory whose objects are the pairs (d. 1) where

B is an objeet of ¢ and d: A,— B a morphism in ¢, X\ morphism in ¢, from

(d. 1) to(d,. I3y is a morphism [ B—= 0 in ¢ w hich makes the following

diagrisn comuubalbive :

!
13— S ’H]

d A oy

Ay

fet £, 0=, be the tollowing Tunelor:
Fodo By =0@dy i, oo Foin.

FAfyf tor any foqdo By—(do B,
Define the fmnetor A (id,. 4 fu),=a

as Tollows @
= 1, far a0
d,

fesfis o fileTernz 1.

I is easy o check that the definitions of ¢ I A, are correcl i.llltl
that the sequence of  morphisms Ji, ¢ Fid)—A, 0 =, s a lunclorial iso-
worphism from 8, Lo AL e . ‘ -

We chieek hal m A, —(. Cope 43 and thal Tim £,8, = (Fea) (9G) b s

FOAM (), Fite A0 (L ) s an initial object in €. Theorem 1

implies  What (g, 1) is isomorphic o F(ue. V) =) io ! fu- F1LAD) ig Q[i
We deduce that FOU s dsonmorphice Lo 4 in 0 and the proof is complete.
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) Frample. 11 is somelimes casier Lo Tind o funetor A : o0 which ful
In!l.s the conditions listed in theovem 2 and (o manipalate this Tunctor, instead
ol lh(-_ funetor (£ 0. FYrp which oceurs in 1T We shadl give an example
by wsing another equation of [2]. stightly maodificd for {he simplicity of aur
exposire, -
We shall use the same noladions as in the example of the First paragraph
P IY Fom e o ' g 3 T '
B ) 1S any omeltrie space. et /)..(I’)_ be the sel of its elosed subsels,
Fhe Thansdortf distanee belween twa elosed subsets N Y of £ s -
o0 (XD 1) mas tsup inl dprs g sup int dote g,
_|I W

VEY a1 £4N iz =

lluh‘n s theorew. If P is « complele melric space then PAPY s a v
plele mefric space oo,

For any sel 4. el PN Py denote the sel of closed suhsets N of 4 P
such that i (. 2. (a0 )= N then v .o The equalion 1o he  salved s -

P=aitp 0 Py=l ).

Let 17 be the set of strings of elements of .1 whose tength s equal
Lo n.

At r=an = T ), e
u v ¥ ML SRR

Then
e SIID = R e i,

We define a melric on 1 by selling

l §] i r=y

Ay 1 it v =e. yzte (0 The empty string).
Poodb e =ax’s - by’ wszh,

Ve’ y'y il v —ax's o ay,

It is casy o cheek thal o Qs indeed o melrie, thal U, 100,y are
complete metrie spaces and Lhal A is (he completion of 47,

Deline the functlor A (Ao foduma : 3= 04 iy selling ;

A=t uP = Ly T ey,
and f, 0 A= ds the inelusion map For cach o, Then
FCLY={p U PPUC = ipa i Py,

!.vl fet UL, D— L, defined hy -

Llped paand 0 Mediet - ip,hu(r Py pul M=/,
where  M,=Mnet dpu) and My=MNney PO Then i) =t
{4t ,r),,)<=:’ll,}U{ur reE M (a0 My=E M, Tor some Moy

I-l is (':‘15_\‘ lu_('hv(‘]; that i, is an tsomelry and thal the seguence of
morphisms (i, L, is a funelorial isornorphism hetween A and A
_ et K= {;),.}UGD,(.[) and Tet o, 4= K be the jnelusion map. Then
|Ill.l A (o, K and Hm FA {(Feo. Fuiy and i s consequently w solulion

L the oiven el ion,
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Coneepul si e complenentar luerarti “The Lexicographic Description  of
English*, "BBI Dictioniny ol English cste de o exeeptionald valoare penirg cei co
folosese limba englezi ca limbi SN, pe care o studiaza fard suportul limbii
materne. Pentru i lace elar (e |a Ineemn continatul luerarii, autorii eaplied, in
introducere, diferenta dintre combinatiile lixe s1 cole libope, precizini apol ed doar
primele sint cuprinse in o acoest dictionar. Combinatiile libere, oxpresiile fixe, sau
alte ldiemuri — in care intelosul intregulun nu rellects sensul ficearer parti com-
ponente — nu sint, in general, incluse, doesi constructiile fixe mm importante, cine
nuose neidreazi in mei oun 1ip de combinatio fixag, pot {i gasite in acest dietionar,
sub speeiticatia Lmise”. intre-o introducers ampla, cele doua tipuri de combinatii
(numite _colocatii®y - eole gramiticate < cele dexicale — sint deserise, in ideea
de a Jace dicionmul accesibil sl familiar celor eo-l folosese. O deseric minugi-
st felulul dn care sint ardonate s deserise colocatiile inlesneste gasirean rapida
icuvintelor cautate B ode repuneal o faptul e autorii dictionarului au acordat
atentie diferentelor co existd intre engleza britanicd <1 engleza americand (se folg-
sese preseurtarile 3K, respeetive AR intr-un cwvinl, “The BBI Dictioniny of Fn-
glish este un instrumoent excelont pentra oo care vor sa mvete sa vorbeased si
s{serie corect 1n limbg englezd.

Dan Stoiea

AL HILBERT Mathemat ik, Nachsehlagebticher  fiir Grundiagenticher, Vi
Fachbuchverlag, Leipzig, 1987, 671 p.

Tratatul de fagd este un fol de ghicl contmind clemente de baza dinn loate
domeniile matematice s permitind o informare rapida, amanuntita si accesibila
retativ la diferitele notiuni, teoreme, reguli sl melode din domeniile respective atil
peniru studentii de la diferitele instiagte lehnieo, oft i pentru eei eare vor sd-si
aminteased  unele cunostinte matematice  neeesare in ecrealdrile lor de tehnied,
economie sau stiintele naturii, n acest S0P, cartea este Impértia in capitole, para-
grate siosubparagrafe, 1ably (e maierii osie foarte amanuntita, figurile sioexem-
plele sint foarte numoroase (324 figurt si 414 exemple), carlea fiind Previzwa si
cu o lista lToarle bogad de notatit eu semnilicatiile respective (8 pagini), eit siun
indiee de materii detaliat Diferitele ramuri ale matematicii SN cuprinse in urma-
toarele 13 capitole : 1. Din logica matematica ;: 2. Din teoria multimilor ; 3. Nu-
meve, domeniit de nuimere ;4. Asupra unui caleul practic cu nuwmere peale sioma-
rimi s 5. Fewnii s incewatii ; 6, Funetii reale . 7. Caleul vectovial @ 8. Caleul cu
matrici ; Y. Din teoria probabilitatilor, statistica deseriplivi o in. Elemente de geg-
metrie ;11 Geometria analiticed in ptan <i spatiu o 19, Caleul infinitezimal {ddiferen-
Hial s intearal) ;12. Din informatica
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