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SOME CHARANCTERISTIC PROPERTIES OF INTERVAL GRADPHS
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CONSTANTIN SMADRICH

EoLel 6 (Vo ) be a simple undivecled graph. where Vs the set
of vertices and [ as the set of the edges ol 5. The graph ¢ is an interval graph
i Lhere exists a Tamily &7 of open intervals on the real line such that 6 and
Lthe intersection graph associated Lo & are tsomorphic [3]. Characteristic pro
perties of interval graphs and algorithms for solving the problem whether a
given graph is an interval graph are deseribed in |1 1], for example. In
this note some new characteristic properties of interval “graphs are given,
It is shown Thal a simple undirected graph ¢ is an interval graph it and only
it o specilied graph obtained from 6 by deleting at leasl an edge or a vertes
is an interval graph,

2. Firsl ol adl we shalb speeily some notations. In this note we shall
consider vnly simple undirected graphs. such a graph will he named simply
agraph I0G (Vo Eyis a graph and e v then we denote by fio. 6G), o simply
I(2). the set of the vertices of ¢ which are adjacenl Lo o Heo ) ~tr= Vg
[v.ew]= £ and Tor w. r= vV oone denoles by fu. oo (). or simply fie vy,
the set of the vertices of V> jp! which are adjacent 1o u and nonadjacenl Lo
pobes Jlue ey=Ttay (Hmu jel). For oo graph G (V. E) one denotes by
N(G) the subset of 17 defined by

Ny = p|=E e mE @l =) .

\s usualo if 6=V, E) is a graph and N= V" then | X[, is the subgraph of (.
having the sel ol vertices X and the sel of the edges I I ={ u. v]=l,
e XN peX| b Mo 2 then [ M, denoles the partial subgraph of € having
the set of the edges M and the set of the vertices Y - lus V' Ins V., o, o]e

=M} . When w. b e are threee distinet vertices of o graph ¢ such  that
[l ool is a clique. then [ya. b el], will be named a triangle of 6.
Let G (V. I5) be a graph  and u. p= Vo ugo: by S(u. 0. G). or simply
Stu. v). we shall denote the set of the vertices of G defined by

SMu. m=jreV . relu, vy or Ig&S. m. |x ylek v w€EL.
We remark thal for a graph € we have (i, 0| N(6) it and onlv it [u, v}
is an edge of € and S(u. 0y S(e. )# 7.

Now let 65 (V. E) be a graph and [u. p|€ £ we say thal the edge
[t. »| has the property (A) when [u. 0] & N(G) and for all v=Iann fp) we
have Jrjufivy=Iann Koy oor Tix) i el o Hey. We sav that an edge



24H) CONSTANTIN SMATIC

fe. ] ol 4 graph ¢ has the Property (By when [u. o]= Ny and ey fogn
LI for all s loup Hom., T FHan Teny), s o chique of ¢ 1t is clear that
every edoge which has the Propevty (3 has the properiy ( Ay don,

3. The following theorem gives (he
graph & soeh that Ny .

Theorem 1. H o G=( VOB Gis a connected gqraph  and N
there exisis v\ sueh that Hu) | 1.

Proof. Let v e a verley ol & such thal  Jp) = Hyy e ol p= v
Stee fis conneeled it follows V er lie# @& when A Howe have
nothing to prove. so (hal we can suppose Ian# @, Since G s caonnecled, jf
1< {{m v Fthen theve exist 1 ge v il such that fa, e yl=
I and [p. ylE L e Iy, M#F Eoand becanse ol N;) it Tollows fie, 1 1.
thal is Fonm= ol foa. By wsing Jime Yty 10 and Y= m one ablains

1t 13 my Ly, comtradiction. Hence we have (o acceepl  fim v i
and the Thearem is proved. Foltowing the prool of Thearen
prove the nest

structove of a siinple andiveced

1 then

Il s Casy to

Corollury 1. 1er ¢ (V- Ly be w connected wraph  and 1=\ sueh Hhat
iy =2 Ity Jor oall =y, i Hm v I then there ovists e finy
such that o »)e N,

By using Theorem 1 oand the facl thal a graph is an intemal sraph
it and only it oy ery conneeted component of € is an interval araph one oly-
tains the lollowing Corollary. which is cquivalent to (he Theovem 2 4a [5).

Corollary 2. 11 ¢ js yrapl and N(6Gy O then 6 iy an thlerval yraph.

We can obtain a better resyll by using the ¢h

arcelevisalion of jntery|
graphs in lerms of prohibitied subgraphs. [5)

Theorem 2. [ ¢ iy o graph and coery conneetod compentent of [Ny,
I« palh. thai fs [N, has ne shyraphs isomorphic to I,
isemorphic (o« cyele. then 6 is an fterval yraph.

Proof. Tt is casy to prove that when [ NG has no subgraphs  isonim
phic to K, or 1o g evele, then 6 cannol contain any prohihitted subgraph
described in [3]. We remark (hal anather proof of Theorem 2 can be oblained
by using the characteristic properties ol interyval graphs given in thiy

and no subyraphs

naole.

Lemma 1 Fet ¢ (V0 1) be an inlerval graph. la. by Nw)., 7 4 Jumnily
af open intervals on e real line and [0 NV—_F o bijeclion sueh thot Lo o= &
tf wd only if ¥y or v nl=E thal is (7. [y represenis the graph . {1 we
denote f(¥y (2. %000 then for all v=Ha, by and for all ysHb. oy either

) B Blar< 2y S0 or
=2y vy = BBV 2 B,

Prosf. Obvious.

e nest Corollary is o direcl consequence of the previons Lemneg,

Corollary 3. If 07 ix un juterval graph and la. )€ N(G) then Sa, 6, 15)
fi “l"-. i) .

Lemaov 20 11 |l b CVleis o triangle of an interval graph 0 ther o
least une of the sets Tiw ey n i, enoleho ey n e wys Hae b fiee TS eiiply
aid al feast onie of the sefs Hiu Iy o Ha. e B ayn fth. o) Heowyn e by Js
aee empliy sel,

ey ~ s "
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Proof. I e, ey dih ey O Hh.'u].' fie. iy 00 Tla. Ion ll(e_: m-,r O-m:;hl-(:.n
la, b, Ja. e {6 ¢) = N5y and. by using 14-mn3;1 1. nnv_ ,(:h,l:;].“?. fln((.m,[‘\
diction. So we have 1o aceept that at leasl one ol these ““t‘r( -.H(I 5 |~.‘ Q L 1”.‘
sel. Similarly one proves that ol |t‘;lhll ane ol Lhe sets fow by Lo, o). L)

5 . fes by is an emply sel. -
18- fJ_,;‘-||f:|(|.;|m:)l. ‘:’(,::{I();h(l\'. I'.')l be un interval yraple aind ‘Iu. M= Xun f
vyt oF g and oo x| Jao g = N then fa g s E s

. I'}':m}'. By wusing Lemma 1 Tor the edges |u bl [r!.‘.l'l.' i”.' :![lll ‘,().'-z“ ’
that for every .I'vpl‘us(*nlzlliml (4. fy of the graph 6 we must e oo fon# G

3 . 3 g = [,
) (;’:3:1::1“: “’nl]}f z'll.!f‘; ”{I \'.i I he i idervad yraph. oo blS Niyand v, y= llrf)
Hn. ‘,;-74_.(1.' il' ‘]u. v| = NG and jrog|E 1 then cither fta. by Hao oy or
) Ny -

L ”:"l'r{fji'. Sl}l]llmsv o, Iy g, V)l In this (';lhj(' l'[ s _vl(;urnlhuiz ;’{(::. p:;:(
e P and beeause of ”el(u)-,-l{b). [.rl. r;]ev-l-.! i l“!.”\}‘:‘:” . ]([; 2
fihe vie By nsing Lemnng 2 Tor the triangle flac b2t 'mn nll ‘.I;Il.\ ' ‘H:“. ,I|-
v "O and therelore Ih.oay fiho oy, On the other handd. ll \\c .', ,E|'
T by Haoay and b ay= I vy then Moo wyo T by :m.(l It;(.ll‘!l!\;;)?él“-‘.
e, y# O it Tollows fra D It(r.).\‘!l,télO.l “b‘.“m' l(:’:;h\\l)(#dO feroamn Hro

ich ¢ adicts the Bemma 2, e lennma s . s .
“h“hl_(t-lllll:lll:::d.]':.lj’}‘l G (Y. B}y iy an r'n.'lc'r‘rfu.' yrapi. | h-]eE_\((;). .r.[ !;.:
= liby oy, Joo v = N and oo glE R there fian o) n foh
or b v]S NG and Ko oo fian 1) -

Proof. By using Lemma 1Loocither o by Ha s ). n_l‘}‘ ‘1"(:1. u!{t {-[.h.::“.
Suppose fa. by Ha.r) and  consider ?flm)r fivy, ‘.qz (',J)p.?.’; i
ceNao Iy Hae vy that s s [t impossible. So \\t' I:u\(‘fhln dt“ul]) ) ,._
Phovy= Iehy by and consequently  Hayn [(,1'). (“H)-i N l~. J!,.’ t ] 'C;i'[’,“
= [ty 1y and v yE Hen Fty) henee  frn [y = l(r;)l (;) ‘ ( .“”w
larly ane proves thal when f¢hoaye f(h. ” we have (J)lﬂ. l(.z_) T]w Lt
() 1. In order to complete the pm‘nl, we hlllill“ show Tha @1:1.| i (.1;...“-
b, )= Hbooy the relation |box]= NG} is rae. Nince i{h. u’)#_! s ..l;;d
thal fth. vy &0 By using again Lemma | we obluin fa. ”C.(j”‘ X} I,'.;
hecanse of J{u. # & it Tollows lllul‘ there exists .U'E“u': .hl. _uil. I(u. (T
g =T byl ConsequentIy [b e]€ N5 and the Lemma L\II)IU\ ed, .

Theorvem 3. 71f & =Vl as an interval Iqru(p\h) thet Nty = o e

ists = such that fa b] has The property 2 .
o [I’Trwf}l .\{lp;:n‘it' _\'((:')[-,é f'fl and det Jeo b be oan oedge ol 4 osieh thal
Ju ] = N and

(h fan by < feon By tor all L g € N,

We shall prove that e, d] has the property (A [u,‘ M) has not the [|);'o|u:1|tl;\]
(A then there  exists nelian (b)) such thal  july ](1;);6 l(u|): [(._;; q(l‘,(.h
fagy e bl fran fih). Consider .'H.——.I"(um i zln(l' e (.u) ,rl.. ..'& .“u)
that o< g be!l and w&E f(on Teby. 1L ds clear thal we can su.ppm(\_u |\-
thal is we fu, a). = e uy which shows thal [« VHIE.\.((r). }”r“\ ;
using the Lemma 5 one oblains Han Hy . fenn 1¢hy - m [u.} ;.:.-, (‘:_:
and g fhy = Hwon by o which (:nnllll';l(il}'ls (1). 'llmllcv we  have
aceepl that |a. b] has the property (Ay and the Theorem is proved,
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We note that. by Theorem 3. when N« O
propecty tA) then 7 s not an inlerval ar
of the Theorem 3 and Corollary T also as the Lemma 5 give some
for finding an edge hay ing the property (\). when

Theorem 5 Lel ta b be an edye having the prog
fVC R} and let N7 be the set of vertices defined by

and € has no edges with the

aph. On the other hand. (he proofs

methaods
sueh an edge existe.

wrliy (N in o« yraph
(i =

VO lesHan Bby - N vy Jac bl feon iy

Fhe gqraph € is an interval graphc if and only if the graph " (v, 1
E'=lle.ylelk: x.ysV' or o peEl -
yraph ' i oblained from G by dele
7R A )
Proof. 116 is an interval graph then it s elear (h
are interval graphs, and beeause of oy ery edoe ol 6
or an edge of [V VL0t follows That 6 s
Now suppose that 67 is an infers al or
intervals on the real line and [ V=3 a hijection sueh thal (7. 1) represents
GUAT we denote f(v) (1), 5 W) S then we can suppose inf IETRY AR
: . Sup 3N re Ve o and heeanse of [a. bl e NG we can sHppose
ze) = a(b) = Blay - Bih). When V' =@ (hen 6 G hience (7 is an inleryval graph,
Consider V' @ and lel Zae Ba e the real numbers defined I

iwhere
s on interoal qraph,  { The
fing «l The edyes | v, gl with ve v gnd

al [V and |V v
i1s cither an edge of |3 ‘I
an mteryal geaph oo,

aph and let 7 bhe g Family of open

ras=inl fa(n) : r= Y8 SUpY By

Sinee [yl for all v=1" and all =Y VT we can consider (he pair
(. fysuch thal fovm (.. Bad =G for all r=V V', Now consides the sef
of vpen intervals 7' = l(2'(x). 4'(v)}: re i defined by

ArENE

20 =) Sl L) (Bled —a{bN (A, 2,).

SNy =l (B k) LB — 2N (B, =1
0 = VDU and 400 <o is defined by

4
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5 S0

oy Hiye Ta Tin.
ce

iy N L= fas by
{2) ceM

iy M I b a).
rEM

Proof. By using the previous Lemma it results lha! h})lluollhtsel\{gx\\;
have fx) --.l((-l"-,_,l ”h)‘ or Hry> Hae b'} l()I‘ I:l’a') i-‘ {f)l:,) ({])‘_:h:i (\};{: ‘:3‘_1]’_[)"“: lh_uL
: - : oo it ois clear that (2 g, 2 suppo:
such that J{ry= Tt by Lhen i : UL A e
[ » have o ftas by e Iy = Aihoa) and Ly
o '\-‘{; --l,%!-:l J’\(‘rla llw])d'\.t .\‘1"(.,‘1){.1"6‘1_\!: Hoye Iyt I (2i0) and (-_3‘;',) “gp
I IIIr l_h: 0 ‘l hv(ll'v enisl ‘( '-—I'H', :n;d d = M. such thal g('];‘h l](!:.hu)l z;%d ;,((:'ﬁ"::‘ml
S il . intervals and [ V—ofsuch Lhal (/. presents
‘onsider S a family of open intervals ant |: o/ ‘ (IS
le'lh:::'tq')l? (‘. ]l;'lf\t- (Im]mlv f(xy=(a(x) {j(.\))r—-,: then., l.;k.ll‘l':—- ;‘;‘&l“‘]‘(c;g
l(“ I:i ;—'I\'((,')‘ we can suppose x(ua)<<a{b) < Ba) -p'(h) a;]l{lh)f..(,ilrlll)sﬂ. PR,
If'nu by, Iy I(h, ay. e b a). I(_d);? I(u.”h) _l_l”f_;;_ ;\(:I) AT 3(c) @
! x{e1) 23 achy. 11 4{e)< 20y then Tor all = ilo)n - R -
‘m[('; l"‘;f‘lﬂ[:"(f!;“;()h))sfl:l)(l iI"B{r)\z(d) then tor all re=Hen ﬁd))n \}(g_[”m:::!t Illl]au\;l
= J ul g ; 24 g ik o = i .
@ #feomn Be)y= ftayd f(by. Therelore. for every 2 on Hd) .
Iw:_ﬂ‘:":lt‘)(f((()‘l();t)l"(f((;a))?*-,-’(" {( (e Heye Ty Iiby o and consequently  {2i)
wve  fle) _. &Y. _
e S aph and {a. bl ek such that |a. b]

. 6. Lot Gof V. E) bea yraph a =5 ol
has ”lle’h;)‘;z:r‘::'ll'h; (B). If M=HanI{hH+D and 7 IS Ha 11y then G

=R )
: blained

s an inlerval graph if end only if Sta b)n I(b. @)= Qf and  the graph oblai
};‘nm (; by deleting the edye lui bll (i‘s.unm:nilr;-{-:‘;;a\[“ﬂrci[li‘zl.m LI -,
: pose that 6oas ¢ wvab grapl. 3y g f.orolian
™ _f?”;;’ﬁ l;-i‘ll’ “;):‘;Fh],";)wg. Now let o be o family ol open -ml-gt;\e;]ti :;1
‘l)l . ::?luli;v .'m(.l [+ V=3 a bijection such thal ““ir patir ((g;jf*)((lr;lp'!g(m -an{i

T ‘ - ‘cll i ] s¢ aufa) —o{h)<TiBla)Tn _
. ), B(r)y=9 then we can suppo ‘ a DAiEn
[zzf{'tlwﬁ{;:ﬁ ;lf r)r-—-- V[, Consider the family ¢ and the function g: V—g}

AL )= H = R Y

defined by ;
fery mem VRS ¢ = ) hu rtal. 205 .
LX) ; .
(2'{¥), 8'nire - f(x): r#a.
(§ev)
itis slraightforward 1o prove that (¢ ) represents the graph ¢ and the theorem
is proved,

(zle). wil)y; v=a.
We remark that the edge Ja. B has the pru;;(-:'l_\ (B in the graph ¢ !
defined in the Theorem | henee in order (o dectde whether a given graph
s andinterval graph il remains to establish how 1o do this for graph (.
for which all the cdges having the properiy (\) hive also the property (H).
Eemma 6. Let ¢ be an indernal graph and Ja. b &= NG 1 e T
then Heye ooy Hby or He)y=Hea by or ey Iih. ).

Proof. Suppose HeyE Haw 1y and lieyz

2 . " ]5 s
il is elear thal ¢ is a bijection aod, hccaulse.r{u, i) HI-T‘T’- llille‘_.r;z‘ppe{‘;z) 1&}})_
il ove at glin g(in= O il and only it x=py or | T, sRl At Ll
‘Ill(l';:':jhilllt? ‘I:II"(IJ[\);I l:t)‘hlldﬂmzll .ll',l(‘nm G by deleting the edge {a. b] is an interva
& ) “r o L =iy ']]]
graph. . ; —(V. £ where B =E {fe, b is 2
onverselyv. suppose Lhal 7 =( )y LS N -2
int ..\—t,‘(l":.:n(l]l:l: ﬁn({“‘ul I] be a family of open intery als ‘mfl ] \(Tr?f(?,)h-?{gj i
i ~(I] ldh';i ‘(J ). represenls ', Since f{a. b]ﬂ._h we l.ld\([ i (_(|.”)n e o
;u*(‘-l w‘nl' Iu' rl. fbox|=E Tor all ve e, (0 I(b.‘_r(x)I (‘u) 1'[ [‘(\);:(o«_(x)_
E?[(sil?ll['; fon f"((‘l)# @. feonfih#@ Jor all a=Ha, ';l-)l.f‘lg;---('ﬁiu) 2(b)) for all
"-‘(v\' )'.._,_7 we can suppose B(a) < xth) and (-(mscq\!tlnl 3 (( = f;'\u s
?J'=)U- \'in(:e N Hx GYy= 1 Hx, 6= R Gy Ib. Gy=Ha, A

eV -

fla by s henee Heoayn e, by= 00
fta. b Hu, e)£= @, By using Lenvma 2 Tor the triamgle {la bl 0 results
@. whieh shows that f{howye fiey and the Lemma is proved,

Hbo ey b, )
3 idereal graph and |a. b)e N((G). I

Theoresn 5. Let 6=V Iy be an
W Ity @ then at least one of the following  three  relations  hold. -

2 ~ Matemaiici
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U{e. b} it resulls thal there exists no y& v such thal o= (S wil).
‘Taking account on S{a. b G KD, «. GY=F it Tollows that flonfeyy — O
for every a<i(a b G)=-Na. b. ) and every yel(h a G)—=Ih. a. ('),
Therefore we can suppose the pair (7. /) such tha By ol for all wvesfia b, ()
and all y=lI(h o, Gy Consequently the family 27 and the funetion [ can he
chosen such that flN(B(a). D))= for all wa VoM Now consider Hhe
Tamily of open intervals ¢ and g: V=g defined by

=l A, [0 iona). 2(b)). (Bla). Biby!
Ha) s o ta, b

gir) (zler). 2(B) ; vt
ta{ay, Bbyy: e

We shall prove that (¢, g) represents 6. Since gty f{x) tor all v &=V it is clear
that g(x)n g(y)# @ whenever |, yJ € {la. b}l and because of (e gih)
=(@a). a(b))s D one obtains g)ngiyy# O tor all v yl=FE. Now Suppose
a#y and glang(y)=O. I v ye Ve a6 then gl [l gty - [ty and
from f(x)n f{)# @ one obtains ju. yJSr'eE When x—w. y=Vo {a. b
then g(y)={(y) and g} =(=(a), 2()); hence [N (w(a). 2(0)£ D . Now,
when g3 it is clear that [a. y]=I"cE and il y& M, Laking accounl on
N (Ble), a(d)) =S it resulls f(nfla)# D and therefore |a. yek'ck,
too. Similarly, if gb)nglyy#@. y= V= {a. b it resulls [h. plsi'cl. The
theorem is proved.

For a graph G(V. E) and a. ]S we shall denote by (e b)) the
graph (V', E%, where V/=¥™_p] and

Efse(BN b, x]: vl Ghu e x): o= b, a (!

thal is G(«, b) is the graph oblained from ¢ Dy deleting the verlex b and ha
adding the edges {a, x|, x=I(b, o, 6).

Lemma 7. If = (V, E) i< an interpal graph and . =1 then
Ga. b) is an interval yraph, too.

Proof. Suppose G is an interval graph and fet J be a Lamily of intervals
and f: Vi such that (I, f) represeuts the graph 6. Consider 1he inmilv ¢4
and g: V' bl 7 defined by

F AT A, O )

[]'( X)) r#a

y(x)- 2
FH@U [y =a

Since fa, bl ek i resulls thal f(@u fid) is an interval on the real line and it
is not diffteult to prove that y(2)ng(y)= @ il and only if v =y or e y]is an
edge of Ge. b), ie. Gla, B) is an interval graph. The Lemma is proved.
Theorem 7. Lel G=(V, E) be a graph and [a. bl=1 such thal fa. b]
has the properly (B) in . If M- Ha)nlfgh) =3 or ™ Ifr)oifa, by

TeM

UL(b, a) then the graph G is an interval graph if and onfy if
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i Stes b dih, ay - O,

iy (L= dthe ays b x| = NI L and
[leelia by [o. vfE NN are  dligies,

iy e, by is an interval graph.

Proof. Suppose Lthal € is an interval graph, By using the Lemmas
3.7 and Corollary 3 it results thal ¢ are Tulfilled. Conversely, suppose thal
the conditions (3 are fulfilled and let & be aset of intervals and f: V- :{J_‘,—*Q
such thal (3. f) represents Gla, by, Lel us denole fir) =—(z(a ) fi_(.t'))'.'.a’ anl
€0 N b Gy T Glac by 0 Tehe o (o T l.‘(u‘. by, Taking acvount
an the way Lhe graph e, by is defined and ow C3) i1 Tollows

LG Cilovorni Bl CTEE | G fuonges | CAECE o 2r] iy [ €]

On the olher hand, by using (3. M~ or ﬁwl(.r. Gy b, Gy
TE.

U e, b €y il Toltows Jao )= Nifita, ) 30 aad only ll either ,1.'?‘[: ;!n.fl
. w}ENWG) or relth, oo iy _and  [bo d]=N(G). Now, by using (3ii)
it follows that we can deline €| FC:]e the connected mmpmwn!s‘nl
1600 1], respectively sueh  that (?.‘_-I_.z'el(tf‘ b{._‘ () e .r-IE.\((;).&.
Cootralth, ao Gy b ¥l= NHL Sinee C=@, C#D :l}ifl |rr e 1s aal L'(]lf_’;l'
of G, B Al and only il v and  {ao xj=E or (b x]=10) 10!!1:.\\5_ that Iu‘l
all v G we have flen ftay= &, ftaz f(«) and mnrv.l)v('zm«st- of Sta. b, i:)
nHh a GY=—@ il vesulls flanfip =© for every 2&(, aud every y=(.
Flence we ean consider the family & and the bijection { such tha

i) B, =sup %) ralbeind iy =00 =,

2 i <8, 2o Ba)

When €, =T or (.~ @, we shall consider 8, 2(«) and =, -{5&_(1_). rvspecti\ elv,
the relations (1ii) being also true, Now we can suppose lhu_L & and [ are such
that fley=(8,. =, lor all r=((, COu(C, -y and fig)= (a2(a). :'d(u')) for all
=M. By using again f{onfiyy - @ for all x=0 and all y=C. il results
that we can suppose & und | suel that

By=sup 1801): eSO it fale) s xm )=,
7—(“)%,{%-{:;@1 7-14.7.0&3(:1).
Now consider Lhe family of intervals 22 and g V=2 defined by
o =(F DU ). 2. (8. B
Jevy: v lao DL
qr) {2l 2,): r-=d.
(8, Sta)): r=b.

Taking into accound thal |a. &} has the property (Byand M = O nl'.‘g:.r Itre, 63)

I, b Gy (b, . GY L s nol diffienll to prove that gtong(y# @ il and
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only if x—y or [x. yleF. Hence G is an interval graph and the Theorem s
proved.

Theorem 8. Lel G=(\, E) be a yraph and o, b] an edye of (¢ such
that [a, b has the properiy (BY 1f M ==I{a)nl(b)# @ and fruejcljuly

eV

uih), 0 Ifxj@ifa, b), N I(x)>I(b a) lhen  consider =M such
xeM reM

that I(c)s1{a, b). The graph G is an interval graph if and only if

i} S(a. o e, a) & and

(5} S :
0y Gla, b) iv an anderval graph.

Proof. Suppose G is an interval graph. By using Lemma 7 i results that
G(a, b)is an inlerval graph. In order to prove (3i) let us consider the graph
G =(V, E), where E'=EN{[c, x]; a<=l(c. nl(a. b G)}. 1T (F. f) re-
presents G and for x<=V we denote f(x)=(a(x}, B(x)) =/ then. hecause of
[a, b] has the property (B) and (¢, G)AI{a. b G). I{c. G)=I(b. a. (i)
we can suppose o(a)<z(e}<a(b)<B(a)=B(b)=8(¢). Consider the family of
open intervals (7 and g : V—# defined by '

G =(F\{f(e)u {(2(b). Ble) .

fix); x#c.
o =4
S (2(b), Bl)} s xooe

It is easy to prove Lhat (Z, g) represents (i'. hence &' is an interval
graph. By using Corollary 3 it results S(a. ¢. G')1 (¢, a. ')~ und laking
account on I{a, ¢, GY=Ia b. G). I a. G)—I{c. a () one obstain
S(a, b, Ginl(c, a, G)y=D.

Conversely, suppose that G(a, b) is an interval graph and Sie. b. G0
nI(e; a, G)—@. Let 77 be a family of open intervals and f: V7 [4]—Z such
that (3, [) represents G(a, b). Taking account on the way the graph Gla. b)
is defined it follows [f{x)n f{)# D for all xs(Ha. G I(b. Gy {b]. 1T f{v)-
=(2(x), Blax)yed. xe V\{b}, we shall prove that & and f ean be chosen such
that B(x)<x(y) for all xe=I{a, b, G) and all y=i(b a 6).

Since  J{c. Gla. by =I(c, G)*{b}2 a, b, G), la, G(a. b)) =(lta. )
NAYU IO, . G). Ie. G)=1(b. a. G). Ite. )& Ha. Guih Gy it follows
fa, c]=N(G(a. b)); hence we can suppose x(a)<=(c)<B(a)=B(c). Lel us
denote €, —I{a. b, G). C.=I{b, a, G). 1If x=C(C,, y=C, then yEI(r, Gla. b
because of f(e, Gla. b)) =1I(c, G){b} and S{a, 4. 6)n [{e. a, ) =@ : hence
fonf() D for all el and all y£C,.. When ve( [ r}€N(G) then
la, x]=N(G(a, b)), because of I(x, G)=I(x, G(a. b)) and [a. (Ha. b))=
=Cu I{a, GYN b}, I(x, G)n C.=D. Now. if 2=, [¢, *]|=N(G) and z(a)<
<x(x)<B(a)<B(x) it folows that there exisls y<I(x, a. Gla. Onlie. a
Gla, b)Yy=I{z, a, G I{c, a. Gni{c. b. G). Lhat is S(a. b, GN I o, G)#D.
impossible. Hence for every x=C,, fa. rfeN(G) we have z(v) < a(a)<B(2)
<B (¢) Tn Lhe same manner as in the previous case one proves Lhal Tor
every geC,, b, ¥y =N(6) we have a4, y = N(G(a, b)) and z(a) - 2(y)
< B(a) <B(y). Conscquently, il {r&Cy; [a, v sN()j5=For{ysC,: by =
e N(G)}== D, we can consider the connected components €, ¢== ) ¢, b
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Garsel om0 [Gile=l Gl = 1nd [Cole: = 1€C2)giar 1. Pespectively.
such that C,=2C=xsC,: fa. 2] NG) L C.oCoo{yseCs; [b yIENG)}.
When {rel: (o x]EN(G}=@ or {yeCyy b yle N({G)} = D then we
shall consider ¢, — @ and ¢, — 3. respeclively:

Now. laking account on S(a. b Gn 1(b. o = S(a, b, Ginl(e. a G) =3
i follows that we ean consider (3. ) such that

i) sla) =, = sup B0}, el taint la(y); yeC,) =B< By).

If ¢, ~® or ¢, =@ then we shall consider %, =a(a) and B, —B{a). respectively.
By using again S(a. b, On i . 6)=0. Ha. Gla. b)) C.u(I{e, GYNIOH
f(on f(y) =@ for every r =0 and every y= (. it is not difficult to prove that
(7. f) can bhe chosen such that

(7 2o 2, cosup 480 re o Cl=ind ju(y); ysC (2} =B,< B

On the other hand. by using 7 . GV = 7 I ((a. )y u b} &
g viE M
= HaGi Ih. GY = Ha. Gta. b))y ja. by il 15 casy to prove that for all
c=M. [(x. Gy Ia. b G we have  z{a)<2(x)<B(u)<B(x). and taking
account on I(r. V= Hb. a. &) for all r=M it follows Lhat we can consider
{~/. [} such that

%) W) =B, <B(x) for all xE}

Consequently we can consider a family & of open intervals and f: V- {b]—=3

such thal (Z. f) represenls G(a. &) and ihe relations (6 —8) are [{ulfilled.

Now consider the family % of open intervals and g: V=7 defined by }=
(G il dar ) tny. 3(up ;.

flry: v a bl
glry =< (z(a). B0 =
(x; S(m). 1=b

Since (2. f) satisfies (6~ 8) and represenls G b}, taking account on the hypo-
theses of the Theorem. it is straightforward to prove thal (g g} is a Tepre-
sentation of & and the Theorem is proved.
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