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ON SOME PRODERTIES OF sUBMODULAR FUNCTTONS
BY

COLENELIUS CROITORL

i Introduetion. Lel £ be a Tinite set. A real vadued set function f:
[ PUD— R s calted submodular on I af Hosatisfies

() [AUT ARG/ D-[(B) ¥4 BeL.

If in (1) the converse inequality is imposed. then [ is called sepermodular
and a function which is both submodular and supermaodular is a modular
function. If fis 2 madular funclion on £ then, obvicusly f satislies

(2 [ =figh Xf(m YA=E,
=

(where, f(a) is used mstead of f(ie)): such simplilied notations. which can
be easilv recognized. will be used throughout this paper). Conversely. if
f(@==0 and f(a) (a=1) are given. then (2 defines the modular extension
of the Tunction f: f— It

Snhmodular Tunctions play an important role i combinatorial opii-
mization. matroid and graph theory [4. 5. G {8}

‘The verification of the submodularity of a specified set function can
he dene using the following remuvk

A function f: P(E)—= R is submedutar if and only if for cvery u=E, the
function [, : PUE a)=— K given by [ .1 flive)y— fiuly is maonotone
mereasing

However, the recognition of the submodularity o a combinatorial
conteat. is perhaps a mare difficull task. An example of a submodular function
is given in seclion 2. In sections 3 and {4 of this paper we give an extension
of Rados principle from transversal theory to submodular functions
obtaining many results fundamentat to combinatorial optimization.

2. An example of a submodular funetion. Let [:PE)= R be a fixed
submodular function and ar: E— R an arhitrary weight function on . el
| Y e, b he ordered  such that  i-cj imphes wie)z wlc;). Deline
W, A(E)— R by W(@) =0 and for every Ak WA == W (AN ey (f () —

J(4 ey) wie) where [=max {jiejEdl.
Theorem 1. If [ is submodular then. for coeripiv: fi— R W,issubmodular.
Proof. We shall prove by induction onn= I. | that

W, pa) = Wod) =W, Ao ru y)—- W, (A U y) MADE, 1.y ERat.

In the inductive step. we can suppose w{v)< i ), and let us deline



' F s R by w'ey—mte) —wie,) o= (2

Now. the order induced by w’ on £ is the same as thal induced hy w oand &
simple computation gives

WA = W) - () 1@ wie,) ¥ A= E

Using the mductive hypothesis for W, on FE . the obvious equally
Wl o) .\\'J',(.!). and the above equation, we obtain

WA — WAz W tuew gy WiAAup ~(eAu ) - fot) —flAU e o
PG )y e )= WAL ey g WL g

where the last imequality 15 a consequence of the submaodularily of / aod
nannegalivily of mie,).

An interesting consequence of this resull will be made evident in whal
tolluws :

Lel 75 =(F, (#) an independence system. w: E— R and let ) =0 — X wia)
(=]

the modular extension of w to I’(F). Many combinatorial optimizalion pro-
blems are coucerned with the determination of the function W D)~ R
given by

WiAd)=max {w(l): Faz. I'gd} YAS L.

Theorem 2. VW is submodular for any wesRE if and only if 1S is «
muodroid.

Proof. The necessity of the theorem 1s straightforward. considenmg
w0, 1} E and the rank’s caracterization of matroids.

To prove the sufficiency. we note that WAy =W (1), as a byproduct
ol the greedy algorithm. where # is the vank function of the matroid. Using
theorewm | we deduce the submodularily ol W since £ is o submodular
function

We nole thai the prool of sufficiency 1 given in [3] and is more
imvoelved.

3. An extension of BRade’'s principle. The simplest prool of M all’s
theorem, which applies for independent transversals also. is that of Rado
[7]. which construcis a transversal by jleraling a dicholomycal deleling ol
the clements from the members ol a tinite family of subsets of a finile sel.
{aunilv which Tulfills a Rado-Tlall condition. In this section we shall extend
this method to submodular funclions.

Theoren 3. Let [, ¢:PI—=Z. be two submodular funclions on I

such thal (@) —g(@)=4. If

(3) flL)=gtyz A YaAch
then there exists a partition (F,. E.} of L such that
(-1 fAyz A VASE,

(D) g Az L YIS EL
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Proof. We shall prove firsty that i [ g satisty the hypotheses of the
theorem and ¢ 1s an arbitary efjement ol o then

{6 fll o ebeg iz 0 Ys
o
17) fllysrpsd mz A ¥AsE,

suppose this claim s false. Let Lue bue (1 LS o violating res-
pectively (5) and (7). We have f(4) g4, o)< Ay oand frdae) —gd<
< A, and using the subwodularity af [ and g, together with condition (3}
we nblain

A, + Ay 2l UAue N A v g )
AV = leeatpnatgel= ot Ao = 1.

a contradiction whieh proves our claim.

Now. bel us define Tor a function b 25— R and X< F the function
R (Ey— R given by YO =AY N Ac B Clearly. it fris submodular
then £ is submodular. Furthermore, R e@n =@y, Willk this remark. our
claim can bhe stated @ if foanf g satisiyv the hyvpothesis ol the theorem  Lhen

cither /7 and g or §f and ¢ satisly the hypothesis. oo,

En order to prove the theorem. let us consider the Tollowing algorithm
1. N () 1 Y =i
2 whife XU V£ do ein

fel =l Xy Y
if g3y salisfy (3) then N :=Xue else Vi=Yic;
endd
5 f) e= Y MmN,
After the execulion of Lhe algorithm. we ohtaim a partition £, E, of £ such
that f5(0) ¢tz 0 YA kK,
This imples for A= L @iz A
and for Ak, (D) giyz 4 L which proves the Theorem. |
Theorem 4. [f [ and g are sabmodular functions on F.o nondecreasing,
ibeger vulued. with f( 2y —g Dy AL (hen
ft.h--p )z 1 Vic I
if and only if there exists « parlition F 0 Ko of I such that
Jehz A YAoK, and gtz A A =]
Troof. The sufficiency s an obvious consequence ol the monotony.
and the necessity is given by the theorem 3.
We next present two applications ol this theorenr,
1. Matrveid intersection theorem. We shall devive Lhe famous matroid
tilersection {hearem™ of FEdmoands (see [8])
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Let M, e M= e two matroids on B where roory arve their
rank tnnetions. Tet feZ o ke (1. ro(F) Let us consider {0 or (4 and
gl A m=min gl sl ). -ialat Lo

(&) rah-ra s hzk YAc

then all the hypotheses of the theorem § are satisfied tas can be casily seen).
and therefore (8) is equivalent with the existence of the partition F,. I, of
Fosuch that r.z 0 Y=k, and ¢.hyz 4 YA

Henee we have obtained that ) is indepeadent in M, and  sioce
Iy mmra Iy = 1 B Loowe have ro(lZ)= M that s, there exists a common
L-independent sel of M, and M. contuined in I.

11, v submodular generalization of .defeet” versions of  Rado-Hall
theorems

Lel of: E—P(S) be a finite tamily (indexed by 2] ol subsets of the
fiite set S0 7 and o vondecrcasing integer valued submodalar Tunclions
o Soorespectively [

A funcltion r: 2= 8 such that reyectiey is called o representafion fune-
fion for « €. By theorem 1. we have mef(0--ul DNz J V.= I5 il and only
i there exists a partition [7,. . of I such that

pledtdnz ! J IS B and pihe | WISk

Using a theorem of Woe ks b [8]0 the fiest of the above relations 15 equivaiend
1o 1he existence of representation funclion ry F—S& such that x(r(JN=
= J VJoI,. leance we have oblained the lollowing gencratization  of
Hado-Hall's theorems ;

Theorem 5. Let V= V.0 e=E) be a fovde family of subsets of a furile
sel S. and el 3 and w be nondecreasing inleger-vaiued submodular functions
e S and E respectively. There exist « partition I L of K and o represenlafion
furtcting v o F-8 for A such [hat

ez g ana e VIS E,
if und ey af
wmAU a2z 0 Vs

Particular choices for 2 and o in theorem give all the known  transversality
theorems, e.g. Brualdis .symmelrized version of Rado’s theorem™ [1].
I. X proof of the ~andwich™ theorem. We shall extend the method
used in setion 2 in order Lo give a simple proof of a theorem of 19ran k [1].
et 2 PCEY » R be a submodular funetion on 22 and, for every s Bz
fet us consider [0 ) -+ B ogiven

(GO =min HC fOV sup (= X (fln) —ea)), VASEL

where, sup (wp=—,ve 2wy =07 IU is straightforward to verify that af
[ is integer-valued. submaodular and with f( @) =% then [ has all these pro-
perties (oo, In Tacl, it s suflicicnt 1o consider weight functions w, @ 2o 0. 1}
given by e 0y =0 i r#a and w =100 0 —a (where o is o fixed element
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ot E) and te repeal the prool with appropriate choosings of (he element .
We have the following analogue of theorem 3

Thearem G 1 | and oy are indeger palued subimodvlar functions on
sieh that [tAy gt V=0 WA K then there cvist . . I/ such thal

[ D IRSTLE 8 I VI Uy [y

Proof. We may suppose without loss of generality thal i@ =g &) 0,
W [{A)gfd)=0 WA= E then w(a)=mw,(a)=0 VueL, '
Il there exists V=1 such that f(.U) 4.1 0. then Lhere is o= such that
flay gy O gotherwise, nsing submodutarity. we derive  f.d) = g.4) =0y,
Furthermore, we have

¢ [t g hz0 e k

AN

110 fl) g hz0 Aok,
H onol. there exist 1,0 A.={0 ¢ such thal
frbg - fley 1 gt ay 0 and
JULU @y =04 ) sogta) — 12200,

3v addmg the se iwo equalities and using submodulanty and the hyvpolhesis
of The theorem we oblain :

0 =frey-—glay-=Je 40wy o Vs b ey fedan day gt 4 A0z fle)y -+ gty =0
acontradiction.

Repeating the above argunient to the pair f7 and ¢ o1 fand 4"« in a
[mile number of steps. we obtain the conclusion of the theorem.

Let us note that, simee [0 and 4" are  submodular  funetions.  and
Ji gowe abtain thal f*rand ¢ are modular functions and furthermore.
I comstruction f2 /" and - -y"= g Henee we can derive from theorem
fothe following theorem of Frank |1

I f. g are mteger valued functions on FL [ submaodular, ¢ supermodutar
such thal fz g then there exisls a modular integer valued funetton it such
that [=hz .

Nodeo The mebhod deseribed in sections 2 and 3 can be extended. in u
nontrivial sense, to three (and more. as was proved by L Moseoviel) subme-
dular functions [2]. Ao apen problem as how to apply these results (o (he
probiem of intersection of Three matroids.
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SYSTOLIC ARRAYS FOR SOLVING NONLINEAR EQUATTUNS
BY A NONITERATIVE AETIHOD

BY

CGLTAY BRE AR

1. Introdoction. loakimidis presenls in (7] o new wmethod lor
the solution of a single real nonlinear equation frar— 0 with o simple root in
the interval (oo by The noniterative approximale formula has very good
performances and uses just a simple knowledge of the interval where the
root lies and no approximate knowledge of ils valie.

Fhese quatities and the regular form ol the approximate formula make
i suitable Tor a syslelic implementation.

This paper presents a systolic implementation of this method. In Sec
tion 2 we present an oulline of the method  and specily the real funetions
whose roots finding will be svstolized. In Section 3 we deseribe the Compo-
nenls of  the systolic network, and unalvse their performances. The  case ol
algebraic equations is specified in Seetion 1. where we give a new solulion
Lo the systolization of polynomial roots finding approchead in P by using
the LLin-Baivstow wmethod. Some remarks are given in the last section.

2. Outline of the method and functions speeification. Our nolation is
taken from |7} 1f ¢ is the simple rool of the nonlinear equation f(r)==0
in the interval (u. by then [7] states thal

th cz=5182

with

(2. SUSSSHIAENE Tln S9eRf2uNE oo
(2.2) SIV=bf(hy —a [ty SI20 by - 1 fia).
(3.1) T = il inf (0 T 2im) — 1)«
(5.3) T2r= inf L2 i 5 i)

where

(1 Lin =0 =a = (h - a) )2,

{(n B (e R T

P=1..on the nodes {, and Lhe weights . of the Gauss quadrature rule
can be found in [5. p. 608]. The convergence of this formula is stated by
heorem 1 in [7].




