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ON THE DEFINITION OF MW-FLOWCHARTS
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VoOE CRZINESGU w5, GiFRAMA

Ihis paper is a natural continuation of the following Cdzinescu and
Ungnreany resalt @ the M-flowcharts over an algebraic theory with iterate 7
form o F-module with ilerate freely generated by 1.

The defintlion ol M-lloweharts uses an artilicial linear order on Lhe sel
of internal vertices. We remove this deflicency by o simple factorization. In
this way we ohlain a new free algebraic structure which ditfers from Lthe pre-
vious one by a new axiom,

1. Introduction. Lel us begin wilh some notation. Let 7 be an S-sorled
algebraic theory, Let M be a monoid and let 7@ M-85 be a monoid worphism.
The letter mowill denote an element of 3.1 f= N, p) is a morphism in the
initial (one-sorted) algebraic theory and my ma. ..oy are p elements of M
then we denole by

wfomyeome omgr=E Tl
que morphism of T sieh thal for each i< ||

(,

My b r{mymgompyy the uni-

LOFES E R F Y

0 o |

Fliriig “ g 11 ”-"f(.

WL 1,,,,,1(“_),—’,-(')”,,,!_‘,T“ gyt r(foomy . i) =
Deimpisy oy ey
Nolice thal

rifromy mee oy =1 f o), rinel o Hmg)),

where 1. is the idenlity morphism ol S
The following equalities are easy Lo prove :

(Ln PG 2 e e oo Y= TUf 0 Mgy My won Mgepy) IS ML s m,)

for every fe N, py and g=Nip. ).

(1.2) p{fo g = Iy My s ) = T H S Mae s M) TG D Iy, Ty, o ) 2
For every fe N, py and g = Ny, p).

CLS) rtf g ey e e IR D T myy=rf oy rlgimg m,)

for every [=N(n. py and g= N0’ g)

(1.4 P e My M ) ]t e
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If f&N(n. n) is an somorphism then
r(f o myo ot o) is o an somorphisie too aind

(1.2) R T e P o i L L AR L T et L L e I

[ feN22) [ 2 and fi2y 1 then rf s oneoafy - S0
Let as regard again the following example

|START]

| 7|

’ ; %

[STOD|

T

The set of statements T={v, ~. 2! was naturally endowed wilh the
ranking function r' : ¥—o defined by r'()==r'{z)=1 and r'(z} - 2.

Using a linear order on the sel of internal vertices reflected by the order
of statements in the word m=yzs€X" the above floweharl was represenied
by the triple (i, {, m) where the function i: [1]—=[3-+1]is defined by (1)1
and the function /:|1-+2-L-1}—[3 4 1] 18 defined by the lahle

ol ik a7 Al
1B RN

Now let us change the linear order on the sel of infernal vertices. Lel
us put for example m' z#7. The corvesponding inpul funclion i : [1]—[3 1
is defined hv i'(1)= The corresponding function ¢ 1+ 12| |3 —1] =
defined bv the next table

JAAl L 24 B o
I E & T 0
[Hence we have in Flzy (1,1) six eclements representing the same
flowehart. The iriples (i. £, m) and (i'. . m') arc twa of them. We have
to do something to abtuin a bijection between Howeharts and their ahstrael
representations.
Coming hack Lo our example. it is naturad o introdice the unigue iso-
morphism between the 1wo above linear orders. This isomorphism [ : [3]—[3]
15 defined by

x (, L]
J | i L o

e R0

Let us remark that the -lh detler of mois cequal Lo the f(iy-1h leller of m',
It is obvious that i{f-+1,)=i". Another equalily for { and { mayv he writlen,
but we shall do it only in the general case where the understanding is easier.

Let 3 be a monowd and et v A/-—=S5" and 7" - W/ S" be two monnid
morphisms

ON THE DEFINITION OF M-FLOWCHARTS 1.3

Let i foan and (0 my e in Py plac B). Suppose  oomate..Lin,,.
w' s ..om, and f=N@Lom is an isomoerphisin such that g —=m;;, for
every = fo]. Now think ol (i. £, m) and (@', . m’) as two [lowcharts with
i internal vertices which differ ondy by the order of their internal verlices and
Lry to write the conditions {o be imposed on i and i and on { and (. Lel us
think of f aw as an isomorphism between the orders of the internal vertices.
If we regard the imputs ol the statements in the first flowchart

FUH ) =T, g, ) r{ity) rem,)
1 1 1
[my = mipo| | m.} iny, |

and in the second flowelart, respectively

remyg ) rtm_. F(imy)
by | [ e img

we see that r(f: my. my. ....omy) is the] isomorphism  between the inputs
of 1he statements induced by f. therefore i and i' must satisly

Bl omy. me om0y e

II we regard the outputs of the statements, we see that r'(f; mg. meo ... m, )
i the lsnmmplnsm bhetween the oantpuls of the statements induced b\ b
therelfore f and " must satisfy

Wrif s e B e M=) =r'(f; my, my. ..., my) t',

Fhis 1s vur motivation for definition 2.1 below

2. Onotient T-madules. Lel 7 be an S-sorted algebraic theory wilh
iterale.

2.1, Definition. Lef () be o T-module with iferate. We say thal~ is «
congruence on ) if for cocry o, b ST an equivalence relafion on Qu, by is
givenr such thal .

a g~ i a b oand B~ 8 in Qb ¢) imply #8~+8 in Q(a. c).
I a~ i e ey and 3~ 3 in Qb ¢) imply <z B>~ <y 8 =inQab.c),
¢ z~8 in a. aby implics 25~ 8% in Qu, b).

Let us denote by iz the equivalence class of z=Q(a b).

2.9 Definition. Let 1 T—0 he « F-module wilh iferale and et~ be a
congruenee o (. The quolient T-module with ilerate Hi~ < T—Q/~ of ) by ~
is defined hy

O~ by =(Nu by~ for all a. be s,

compuosition Ciz) C(8) =0(x23) for all w=Q{a. b) and 5=0(b. ).
tupling < Ciz), C(8)Y = =C(<x. 5=} for «ll x=Qa, ¢) and =0, ).
ierale Clx)t = (2% for all x=Q(a, ab).

I~y Cilifn for wll f=T{a. M.

The vorrectness of the composition. tupling and iterate operatiois In
the above definilion Tollows from Lthe conditions a). b} and ¢} of definition 2.1.
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Obviously € Q=0 ~ 15 a T-module with terate morphisim. [ 1y easy
te prove the following properiy : i

2.3, Proposition. [f~ ix « congritence on the T-module wilh ilerale )
and if ¥ Q=" is « morphism of T-modules with iterale such thal

2~ 8§ implies F{z)- (5.

then there eaists o unigue T-module with iterale morplism 600 ~—Q" such
that €G- F.

2.4, Befinition. Lef (i oy and (0 00 nd) be two elements of Fly, o (a0 by
We say that (i, (. m is equivalend o | (i 0t ) and e wrile (i 4 m)~
~ (0. o m' ) if there exisls « posilive integer n. an isomorphism f€Nn. n)
aitd 1y Mg .. M, fty s m,, = M such thal

MU0, o (e B iy it —omy, for every ).

(s my. e o) = 4) 8 and
tref s omy, me. M- = (] ]S e o i) L

In this definilion we may replace every elemenl ny or oy by a new pro-
duct. For example if we replace my by mimy ... nyg < nie then we replace my g
by mimd ... mt and [ hy the isomorphism g N —1 +j. n 1-j} defined hy

J
f(w) if <k and flu)<fik)
fluy 411 if u=land fluw) =ik
gi)= { f(ky--u—=~L o hguk-yg
far-—f-+1) W kjsu and f{u—j—=1<f(F)

fle—f-+=1--j—1 il k=jsu and f(u —j-— 1 =f(k).
It follows that
T{f 2 (0 1T weee SNl L MG, ooy Mgy ge MRS Mg .-co MG Mgy e 1)

therefore all the conditions of definilon 2.1 are again [ulfilled.

We suppose in the sequel that the monnid M is cquidivisible [2]. The
following property is equivalent to the definition ol equidivisibilily : the
reader mav take it as a definition even if the original definition is more
elegant. 1f

P TET ISR [ 0 (M 1 I
then there exisls my, Mo o B, 0 =ty oy =ty —gand 0= f, <
< fp e g such that

Mg =0y, oA, s e i fur cvery Le|n] and

Ny =Ny, ey =g .. g for coery kalp).

2.5. Proposition. If the monoid M is equidivisible {then the refalion ~
from definition 2.4 is a congruence o Fly 5.
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Proof. To show Ihat ~ is an cquivatence relation on Ky, pla. By we
prove ouly {ransitivity.

Lel us suppose (i &y~ £ m') with the same nolation as in
definition 2.1 and (i'. £, m)~(". . w'). From the above remark and equidi
visibilily we may aceept withoul loss of geaerality that we have only one
decomposition of m” as a product. e, there exisls an isomorphism g€ N(n. n)
and the equalily m” —mim ..., such that

m; = nt,,,, for every i=jn|.
1'1(r(g s my. M. o)+ 1= and
Er(g s 1y~ g, s )0 ket (g o0 Iy o o 1EG) 1
Phen. using (1.13 we deduce

Hr(fyoomy . ma.omy) = b s g, mee o ng )

L4,y Gr(y sy’ i ny o5 Ba) My oy e ) - 1) =1 and
Hr(fg s my. mys oty LY =1 0 mae g, e, ) |
L g I e i VLY R g i i) (U e Iy )
V) =r'(f 3 My Ot oo BRI (g s N M ) =2 A my)

We still have to prove that conditions a). b} and ¢} of definition 2.1

are [ulfilled. _ .
el us suppose (i {oomy~¢i'. {m’) with tlie same nolation as in defi-

nition 2.0 and (j. wo o~ w'o gy in Fly g (ho o) deo there exist pz1,
an isomorphism g€ N(p. p) and ¢y, o g G Q1 e o g =M such that

G= s oo e =1 e Gy @ =Ggupy fOr every i =Ip|.
By s g ge e )= 1)Y=y and

WA e i @) 12=2T(0 0 e G oo 5t
Fherefore :
B R i e T I M 2

and the asomorphisin [+ g€ N@ -+ p. no-p) fulfils the nceessary condilions
to show thal (i. £ my(j. o )~ 0 mY (o v’ g’y

H oy =) P g 5 N At s M et e ) 10) =i (F(f 1 gl e L TG
1) (Vs S0y 3 e e o= I i L e ) LAl
[ PR o W RS et oY/ R [ PO L ANPTRS (P e Gav ooe @Y7 1)
=<helf s my. I M1 (e J{g s gy i e ) 1.
Wy O S e o e gpdH L) =<0 (f 0 e Mg D) UL oner = J)
om0 (G 3 s e oo ) W > =0 ([ g0 I Dy s My e G e o)

<tr(] r‘m’)_}'j')' ”r(m'lT”' =
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Lol us suppose G boan~ G5 U0 m) with tie sume notalion as in defi-
mitton 2.0 and (7. oo~ e’ ¢y in FLyopteo b)) with nolation similar Lo
the above nne. Fhe isomorphism [ -y= N --po n-py fudfills The necessary
conditions to show thal — (0 Lo ooy~ (0 mh (o u'o g4

Ul W e D f (g s e 1 g ) = 1)
irf 2o ) o) (L= Lab Urguinam U0 g5 e 05 1)
A DL PR ) D E PRt = i 1 Tt
Y = by Ut e g s mg e e e )
ZP (L A e 1) Ol 0y L) O bt U 2 e e ) 0
Y I B 1 P R T IV ORt i I o et st WY L L S

Lel ws sappose (L Loy~ 0oomhy v Iy 4 ta ahy i Lhere
exist nz 1, an isomorphisin fEN(n, 1) and
BT Ma e, B, Oy M. oo m) suel thal

m =M., eempn L, mg =t for each is|n|.
Hrif s g om0 —it and
Hr(f 5 myy s ) Ly e'(f 0omy. o o my)
The followiug cateubation proves that (i 4ot~ 70 nht:
(087 - U o my sy — 1) (S8, = 1) (L,
Sr(f i Mg ey MY Vot s=(itef 5wy my o m A L) (St L
('8 a = L and (800 bG8 - 1 T
fr"(f.' myms e m =)  l0ST ey b (=t g i
(P S 1T, 1 (s S Y T ST e
-}-1b)<(i’(,8‘$.,,, U e =) s My M. o m ) (S, 8
S 1)< (I (S mag 1D L ima s

el CFL, o+ be the giroliond of Fly, y by ~. €5t T—=CFly, + is struc-
tural functor and €y : M= CF1,; 4 Lhe standard interprefation of M in
CFly 5. it Uhe composition of fy; by canonical T-module will iterale maor-
phisw M by pl~

3. Commetative T-raedules. 3010 Definition. Y Tomodule 1o T =0 s
sotd o he conunulative if

H(SE) (4-B) = (82 (5.

for every z<=0Q(a. ¢) and B=Q(b,

tThe I m.Juk T with .\hlutmnl functor 1, s commulative,

3.2, Proposition. .\ T-module with ilerale 10 T—=Q is  conunabidive
if and only if

ON THE DEFINTTION OF M-FLOWCHARTS 3T

HiNy=% 5% L,

for coery w=Quh. o) and 5 =(a. ).
Proof. Let us suppose thal (s commuatative, 2= 0(h. ¢y and % =0Ha, ¢
As 230 {2 =8) szl | bowe dedoce

HiSy ez 8 TN G By T L 1y =B a )y TN 2 1 b
(Betxy o= 1. 1.0 A
Let us prove the other jmplication. I =0 ) wand Be0hib. dy then
HESTy (280 TSty 20t o0 21y, 1) “
boadfcl, 0 SHbel -0 Sy 2 v, 1 8)
SHOV, 00 20, 1y H Ny (B) Hs)).

Ak Praposition,. The Pomdule CFL, oy is commndalive,
Proof. To show that CFL; 4 s commutative, it is enough o prove
that . Loy, o e) and (0 1 myeFL, by imph

SHNSH G0 m™y Gy~ i b L E ey

Lel us recadl that
o b 0 Fezft g, = e, = L0 5000 1
]

L I Y | 1 VSN, ENSNS o 1171 18 1

i 15 casy to see (hal

SHSHY Gy e b (=i, [Py L S B L R [y v
L L LIS o I | (8 oot Sy Gty B ey T 10
Let [=XN(2.2) be the somorphism detrued by f(1) =2 and  fiZy=1.
As r(f e my=NTT and P e = 8T 0 follows thal
I gy ) e A s Vb e L= 2 o et | =
I iy = e e ety ponee Uiy iamez and
Ui 1 e e 1.ouo,,, Vi cbo= e e )13
VIR TT I Bl | ) SOt Toh. (05 A=l )2
Iien
CSUSH - Cota Fom'), Ca. bonn oo Lonn. Cals .o’y =
therefove O/, o s ('Ulllllllll;lll\('
A1 Proposition. foet I --of)hr’ e comminitfutive Panodule. I ge Nino iy
s an gsomorphism and 2, _Um ) for cvery 1=|n| then
FE T N O T LTI AL YR A P S S B A
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Proof. We vegard the above identity as a property of the isomuorphisin
i and we prove that all the isomorphisws frome N having (his property form
a subcalegory ol N owhich is closed under s,

B oy fe N n) are isomorphisms with the  above property then

[ 77 BT A PO (o | I - T B AP SO i 4 |
BT by oo it ™M) (o Z T o T % rowg)
FICYaoffon bbb Da™ ) om o g iaizin ot Zpin i) [ TR TR Y R 1L hitriy

HilVaaf o Db B0 =9 s i T Fagan a2
g i) s DU ),

It geNue ) and [€N{p. py are isomerphisms with the above
property and z, =0, by for every i [1n=p| then

L RS B T LA T LR T S I B P S i o Jeey

[ L P 7 2T L S 1t | W - ARE o S S
MO oul] 3 e300 " T2 i M) s eiy T Rk = K L =02
TSR (et o ORI 1 8 G 1S L SRR ) B S R e B -
e ) HVsatfe BERV B TBEER)) —lo py gy e Sagrs oy
Ly waid FI Lt = ) w00 b s =),

Lel f<=N(2.2) be the isomorphism defined by fi1y=2 and f(2) - b As
(0 as commutative. the isomorphism [ has the above property. Bul every
subcategory of N containing [ and being closed nuder sum contains il the
isomorphisms. therefore every isomorphism bas the above property.

[. The iree commutative T-module with iterate.  Let M be an cquidi
visible monoid. et r: M—58" and 7" ; V=S be two monoid morphisis and
let T be an S-sorted algebraic theory with iterate,

We recall that il 2 €0(a. ab) is a morphism in a T-module wilh iterate
Ho:Fes@) and if f &= (e a) is o isomorphism then

(L1 HiPy 2t =y 2 =101

.1, Fheorem. CFfy, 5 is the [free -'nnumrlm‘il-r'.l'—mrm’ulc' will  ileraie
generaled by M.

DProsf. We have Lo prove thal Tor every interpretation 1 of M in a
commuialive T-module with iterate H o T— there exists o unique T-module
with iterate morphism ¢ CFl,, —( such that Oyt =1

As Fly s treely generaled by M othere exists a unique fmodule wilh
iterale worphism 70 Fly, — ) such that Iyl =1

To apply proposition 2.3 we shall prove that (7. 4 ny~ (i . m'y in
Fiy oo by implies Foao domy - FU T n.

fel us vecall that G, o My (e gt 1, 0 With Lthe same
notations as in definition 2.0 using m turn the above remark and propo-
sition 1 we deduce

4] ON THE DEFINITION OF M-FLOWCHARTS 310

Hiref < my g oomn UimhHd pt
(Hrtf oo gy By WG s g, o= 1t
(Y ctf oty rtmey. o ttmh (Hamyy = Ty = o
HU e my g oy Vs Tant oyl
him,y HOL s riam. Py . r'tm,))
Hu'teef - oy mgeom) Ve Lot
SO s oo R iy gy T =l HB)

T herefare
ot oromny = G Chon'y Hdy 1,

Hiny = M) omy s omy)) don’y Hihy' 1,
Hin- cliny Hiy. 1, oo fonn.

‘}\'v deduce from proposition 2.5 the existence of a unigue  F-module
with iterate morphism 2 CF, o —0 sueh Lhal 60 0 Tt follows  that
(apli= Ty Cle =1, =1,

. .\\ e finish this paper with some identities in a commutative  -module
with iterale which are not true iv some T-module with iterate,

1.2, Proposition. Let f1 2 T —20) be « comnudtatioe: Tomodale with ilerale.

ay Wooe@a. by S=0c. dy. ~=Oh. ) and 3=0(d r) Lhen
(1.2) trrp)=-. 08 v 48

by I ow=Qa by 5200 dy. c=0th. ¢y and A=Qud. [y then

i) {nrf) 8y —nr -5

=7

Proof. We know that if cither % or - is in the image of 1 then the above
ientilies are Lrue in evers fanedule with iterate. The proof of 1he [first
idenlity s

(2-FB) e § (el (1 =8 = 3
(=LY IS As 1 TS e 3 (7-=1,) IS S+ 1)< 8. =

(i 1 S o BAL - (7357 1 Lesnil 4 S 2. 48

e

Fhe prool ol the second wentily s
(R B 7o Sbmt - 22 T ). STHO, L1 = =
20, B8O ) 2 ey

>
S

L3 Propesition. el 1 () be o« conumudalioe P-modute with ilerade.
I oa=0ta bey, —=0d. oy and S=0th. o) then

111 AN TV 500, rezh. |,

Prreof . We know (hal oo ey Temoduole with fterate
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= (e 1), 2 P s -l |
therefore
7. - Hl, 5 1) 31 HISH=50005=1,). 2 e
[lisdysae- 22t 1y G5

L4 Proposition. Let 12 T=0Q be a conunuatualioe: anedule with levade,
How=000 abey and S =(0h. abey then

1.0 wo Bt JISh) (=5 220 (SPd-100E.

Proof. We deduce from L1y thal

HiSp) o 82T =tliSh=u. S=HS;—1n

therefore using proposttion 3.2 we obtain (1.5).
The next proof is based on the following property ol every Mmodule
with ilerale
(0 B =S -1 ) =S S - Lot 1, =0t
for every zeia. abey and S=00h ube).
LS. Proposition. Lot I P—0 be o eoppindadine: T-mudule woith Herale,
If 2= abey and B=(Hb. abey Hhen

{1.6) HO bz, Bttt 1, =01,
Proof. HO,<3-1,)=2. 5=t = 1O, 1) THSY) (- 40 o = H{&" 21,
HULF0, b2 RS 2 0TI (SEe st = (B at. 1, ),

The next proot is based on the following properiy of every  -modile
with ifterale :

(H0,) 7. Bim)t CI 2 1 P | B B R
lor every z=0ta. hey and Z<Qih he).

1.6, Proposition. Lel 11 T be w commudutive {-module with derate.
H oz =acuey and B0, aey then

1.7) (7 9 EH( =0 =t H(O 000 5 A
Proof, ¢ecy. B2 fl gt 3ol ) am S (2 B, +05-=1,). 21

+

il b Ly e LI SE- 1ot s HIOSEY (JT00 ) - < B 2 >)
Hsh <8, [0 at. 1, e 1,0, B e
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EOUIVALENT COMPUTATIONAL SEMAY] 1Cs O CONFLUENT
FEBM REWRITING SYSTEMS
BY

FoJUCAN aud O MASALAGIT

¥ LoAntroduction. Tn |1 computational  semantics o lerms andd
lenn rewriting svstems are studied. In e case of confluent Lerm rewriting
systems, two Kinds ol semanties. for the same terin £, are defined. These are
denaled Comp oo 0y and Nal.w o, (1) where 1 is the sentantical domain
ta complete FMalgebrea) and £ a term rewriting svstem, IFor the case of noethe
rian or deferministic svstems Lhe problem @

th c (VIR Nalaggag, L) =GompEgi 7 ()

15 posttively solved. In this paper, we prove thal (1) remains valid for the
general case ol confluent term rewriting svstems.

§ 2. Preliminaries, The basic formalism is thal of G, Boudo | 1]
¥ 2.1 Trees, term rewriting systems and computations, et X nd
F=1)F, be Tixed denumerabde sets of variables and fanelion svimhols (F,

heing the sel of Function symbols  of avitvi). et Wely iy (3= N
EAIKISIY where (f0 1) will be denoted By [N dree (Ftree on Xy s
then a partinl function /: W= XU M with dmmnain dem tH which satisfies

ab w=dom (AU | v=p=dom (/) ;

by wf, =dowm (h=tum [ALem () wy W ifi fa o [ih
In the definition above W,ois the free monoid generaled by Wo the monoid
operation is concalenalion and the empty word will be denoted by e} For
L= We wop. s Wil standard notations of formal banguage  theory were
used, und '

s atts( 3= WLy (00 oy,

Liw—=ju ueWiAnusl).

Iu this interpretation. the Lnodes” of a Lree { are the elements of dom 4y and
for wedom (. fauy is the Lfabel” of wode u. The totally undefined mapping

on W the empty tree”) s denoted hy L and one-node trees by their lubel.
For example. the tree f—gg( L. ). Biry. Lthat s
i
f if It
1 youx



