328 T. JUCAN and C, MASALAGIU S5

subtree of f at oecurrence w. Thus, « | indieales an oceurrence where o rile
from R could be applied. 1 resy(y) =(f), has the emply tree as o sublree
then we could apply Lo 7o rule of 1 and henee - wonld nol be a<  -maximal
computation.

Theovem 2. The condilion (1) is valid for any lern 1 any  compleds
F-alyebra A and gy term rewriting system R which salisfics (3).

Proof. Following the remark after Proposition L we must only show
that for any v=@ (0. the relation resp(y) < resg(5) s in fact an equality (7
denoles the = “-maximal computation that includes the computation given
by Proposition 3). Irom the definilion of <. the above relation can he siricl
Hf L 1s a subtree in res,(+). But. by Theorem Lihis is not possible.
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ON THE INTERRELATIONAL DEPENDENCIES 1N
DATABASE SYSTEMS
HY

VICTOR FELEA

ln the Totlowing. we consider the relational inodel of databases due to

Codd [3] who introduced and studied the first dependency. named functional

dependeney. Let U be a finite and nonempty set. The elements of U are cafled

atlributes. For cach A€ a nonempty set - DOM (1) — is given. A tuple

(over 17 is a wapping o U=l DOM (A} such that p(d)e DOM (4).
Aet” 2

A relation over UL or forelation is a sel of tnples over L.\ relalion sche
me iy an ohjeel RO where £2is the name of the relation scheme or relation
symbol. A dalabase scheme Do R {U ] .0 R,[U,l} is a set of relation

sehemes. A database over 1) is a mapping that associates cach relation scheme

R with wrelation r, over R We refer to r—(r,. r.. ... 1) as.the database.
In [1] and 2] R. Fagin sludied many classes of dependencies. Using
the certain first-order sentences. R, IFagin defined (he implicalional depen-
dencies (1) anid embedded implicational dependencies (I31D). Many depen-
dencies are equivalent lo a finile set of implicational (or cmbedded impli-
cational) dependencics. Also Fagin studied the existence of Armstrong rela-
Ligns_ [or these classes of gdependencies and a class of interrelational depen-
dencics. e

ln Uhis paper we discuss o generalization of the Fagin's interrelational
depeidencies and show the existence of ~Armstrong-like” dalabase in the
presence of the new dependencies,

For more mformation. about unotations. definitions and results. see [1.4].

v database is retationwise nonempty if every relation in-the database is
netiempty. In the following. we only ‘consider such databases. Let 1/ =(ry; ....
ok =4 be a nonempty family (J+# &) of databases over ). The direct pro-

duet. denoted @-=r': j=J = is the dalabase r=(r,. ..., r,} over D. such
Mal for every i={1. 2 ...n! we have: ;
(e e Mg En e, XN jed) h=1. d),

where o is the arity of &, and N s the Cartesian product,

The domain of the attribute A in the direct product is N(D;, j=.J),
where D - DOM ¢4y in r's Let 5 be a sentence of first-order logic. which
conlains the relation symbols 1.7, . R, We sav that 4 is upward faithful
twith respeet to the direet product) if whenever (r/, j€.J) is a nonemply
lanily of databases sueh that & holds for every /. then 5 holds for @ =r/,
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jeJ . We say that 4 is dowaward Faithful (with respect Lo divect producet).
if whenever (0. j=.J) is a nonempty family of databases. such (hal ¢ holds
for @ —r'. je.J - then g holds for every r'.

The senlence o s Taithtul if and only if itis both upward and downward
faithful.

et £ be a relation symbol with the arity d. that vepresents a relation.
We consider a sel of individual variables, which represent entries inoa rela-
tion. The formulas of the form Przp or of the form y =y where The o5 and
v. y are individual variables. are atomic formaulas, We call I’z...04 a rela-
tional formula and @ —g an equality. A Tormula 5 is said to be tvped. if for
every relation symbol /2 which appears in il. there is a partition of Lhe sel
of all individual variables from the atomic formulas of Lhe form PPz,
such thal whenever Rr;..q and Ry,...g are two relational formulas, then
for every is{l. 2. .. d{. &; and j; belong the same class €. We say that r;
is of 1ype i. Moreover. if the equality appears in the formula. then x and g
have the same type corresponding to any relation symbol R.The negation may
be in 6 only for relational formulas. We say that o is an interrelational typed
formula. if il conlains at least two relation symbaols and is typed. let & he a
set. of seniences.

Lel X(Rp ... 1,) be a sel of Tirst-order senlenves (I, ... R,)= 4,
which confain the relation svinbols Ry, R.. ... R, and a(R,. ... R,) be a single
firsleorder senience. which comtains R, ..., B,. We say that X(R,. ... R,
logically implies a(R,. ... R,) or that a(R,. ... R,) is a logical consequence
of E(R,. ... R,). if whenever r is a database over D =X Rel L e R e s
we have .

(R ... B holds for ral = holds for r
(1) Yoe (R, ... R,).

et ¥*(R,, ..., R,) be the set of all {irst-order sentences m 4. that are
logical consequences of (R, .., R,).

The formula 5(R,. ... R,) is logical consequence wilh respect to relation
wise nonemply dalabases. il whenever ris a relationwise nonempty database.
we have (1).

Lel Erommpts  (H1e o By) he the set of all formulas in 4. that are
togical consequences of S(R,, ... B,) with respect fo relationw ise nonempty
daiabases,

We also sav 7 obeys o instead of ..a bolds for = and r obeys Xt r
obeys a, for every g 22, The database r=(r,. ... T} over D is called Armstrong
database for S(R,. ... R,)=S, if r obeys Z°(R,. ..., R,) and no other sentences
in &,

The database 7 =(r. ... r,) over 1) is called Armstrong-like database
for (R, ... RysS. 0l r oobeys Yronemps (R o Ry) and no other sen-
tences in J.

let r=:(r,. ... 1) be a database ovel D={R[ ) it UL T

UJ Uy U={Ay oy} and 9 GoU DOM (1)),
=1 Fecl
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Lel M{xy. ..o wn) be an interrelational typed and quantifier-free for-
mula. where x,. ... x, are the individual variables. thal appear in atomic
formulas from ®. We assume that O(x;. ... x,) contains the relation sy mhol‘;
R,. .. R, - =

Let pi be the type of xiTor By 1<i<m. 1<f<n. (7, appears in R;5..0
on the place pii. ek

We lake pf =0 if &, has no (ype for Ry 1t follows thal Jor every i1,

2. ... m}, there exists j={1. 2. ... n!, such that pizn,

A variable », could have types for many 7.

Lel pt, .. ..o pi. the typesof 2y for Ry o Ry respeciively (1gigm).
We have : -U:{ B e g ==l 2o nh g2 1 for every ie{l. 2, ., m}.

Let r'oro..rh). I=.0. be a nonempiy familv of databases over
D={RIU, ) o BIULT and 570U (Y DOM (A), U= Uy ={ctse oy Aph.
) ] ) AEL e ' |
_ \'\'o write lf—l'.{l. 200 kb instead of (€. in order {o simplify our nota-
ilOllS.‘.\O\\'. we (_Ielm_o f=1 and q,—i:;;’(_.-{,). for evervie{l. 2, ... nr} =
Gu- We select H{=rl for every iefl. 2, ... on}and jef2 3 . k. h
IE 8 (s ey lis, ). lhen we deline for cvery ie€{l. 2 .. n}:
Que g 1y ) where k=plo f pl#0.

(2) Qh =gz {5 1. s ). where k=pl il piz0.

Dot =t 1 13 0 60), where k=pf if p®#0.

For the same g and =2, ... hj, weseleet e, ie{l. 2 ... n} je{l, 2,
o hy {15 0 ave defined similar to Q). with the exception {hat q}\\:ill be on
the position /in @, (1< s m). inslead of the position 1,
. Consider (3 A, =={0%,. il pi#0; 1gizn. 1gjgsmd.
I'he sets 4. 1<j<m cortespond lo [l qegyq, ... qn and erf 1<ign

wi= 28 o i =l

We have @, € ® = (.1,), sl A L hs Igjgm.

'l"m' l‘ho (interrelational typed and cuantifier-free ®, let Sg be the set of
all pairs (') sueh that U and M. are subformulas in @ and ,AY, is also a
subformula in M, 3
. We say that 7=® ¢ s= 12 .. hi=Cobeys ®. i for every
(1. ) eSe. for every el 2 .0 hh g=gqeuq,. Herl, we have: )

‘ (30, = ///3,. we 3Q € A, NG, o Q) holds for 7| and {3V, =4 ,,....,
IV, = 4,0 VoV o V) holds for £} implies
(IW, = Wy, ... W, € M, (O8N (W, LW, helds for 7

[f for any i, Igi<n. Q; and YV, have the same values in the component /,
namely g, =, then we claim that W, has as [~component the value q,.

"

Now. let r be o database over N oand 5 U= {JDOM (1)), ¢, =a2(4,),
tas] i

l<igm. g=qq..q, We sayv. that r Cobexs & if for every (V. W) e Sy,
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for evers goraag, we haves 530g0 e el [‘I',(q.,. cen ) Imltls_ tor rll un‘d
Ve Vi Vi) WtV Vo) helds For r|l mplies 3 W W ,/\‘I_._.)
(W, .. W) holds Jor rl. Moreover it ¢ 30 15 10 2005 " mE .‘»‘ll(:h ll!:n it \‘,:_.
then we elaim that W, g When o holds bor v we consider (1 Y= Sy ift
'y hdds for e oand M Telds Tor 7

We assume that there is o class ol models. a class of  senlences and
relationship HOLDS hetween these two classes. [f 5 is a sentence and ¢ is a
modet. then HOLDS (4. ) means that s cholds for™ roor That ro.obens™ o

Theorem 1. [1]. Lef § be a sel of first-order sentences. The following
praperfies of S are equivalen!

() Existence of a faithful operator. There is at operaor ) lhat Haps 1oti-
empty  families of models inlo models. such that if o is a sendentee in b oand
Fo i d iy o nonemply family of models. then o holds for @ - 1. il

iff = holds for each r,. _ ‘ :

(hy Eristence of Armstrong models. Whenever I s a ronsistent v\'uh.\vl
of & and T* is the sel of sentences in & lhal are Ingirt:.:"rufr.\'r'r;rawrrm of . then
there is o madel (an . Armstrong maodel™) thal obeys X7 and no ofher senteniees
in 4.

In our case, we consider as class of models the class ol relationwise non-
emply databases. We tuke as operator &@. the direcl product. @ of data
bases. . )

We sav (hat ¢ C-holds for r. il 6 holds Lor r and r € obeys 6. We deline
HOLDS (':.Vr) i s C-holds for e lence in theovem 1. o5 holds for r7 means
e C-Twlds for r. _

We say thal 5 is C-upward Laithiul (wilh respeet Lo direet product)
il wihenever (7. je=.J) is a nonemply Tamily of  databases. such thal 5 (.-
holds Tur every 7 then 7 C-holds for @ - ' j=J .

Also, we sav that ¢ is C-downward faithful (with respect 1o diec
product) if whenever (r. j€.J) is a nonempty family of databases. such
that + C-holds for ®@ < /. j=J - then g (-holds for every )

The formula 4 s eatted C-fapthiul iff ©is C-upward and C-downward
Faithinl. -

A generalized implicaiwmal intervelational dependence (GID) s an
mierretationad tvped sentevee of the form .

(VL G A A A= D)

where each A, is o relational formula. s atemie. cach variable x, appears in
at leasl one of .1,. Alsu. x, is universally quantificd.

A generalized embedded  bnplicational interrelational  dependence
(GEID) is an inlervelational seatence of the form :

Wty vin ) (LA A =0 e A A B

where each .4, is a relational Tormula, B s alowmic and A AL S il‘ul(l-'rclu
tional typed. We assume Lhat nz 1, each ¥, appears in at least one of .1, and
rz0. s=1.

Theorem 2. Lel o be @ senlence of the form (Vap..x,) $owhere iy an
interrelational fyped quaniifier-free formula.

Then o is C-downward [fuilhful.

oy ON THE INTERRELATIONAL DEPENDENCIES KRR

Proof  Let (r'o o Lo be a nonempty family of databases. We have,
g Choldslor e e j =104 ro et ns show thal 5 holdsforevery e’ j o 1,4
We have g holds for @ 4 j 1. Iz and ¢ Cobevs 2. We show Thal & holds
tor every o0 j =L frand every ro C-obevs 5,

For the first parl. we assume the  contrary ket ¢ be the database
For which & Tails, By relabeling (il 1= 1), assume thal fore 1t g fails. Then there
exist g, o gy such that Ty og,) holds Foe r Let 07 be (..
rode We have ri0 by definition, For i —1 ¢ —qqq oo, and tisr!, is1 2
nyoojeE20 B0k we constder OfL QL. QL Trome (2 and - W,
from (3. l<j=m.

Let s denole Q04 1=j=m 1< =,

First. we show by induction on the structure of formualas

(), = P 30, =4 ,) |‘|'{fj,. (\)) holds Tar n’]
(h ; : . .
implies “Fy,....og,) holds for ol
where Y is o cuantifier-free. interrelational tvped Tovmnla.
Case a. " is a relational formula P, v, L s f fobllows thal r
has the tvpe L lar P20 1 b= d. Lol us denote d - df :
Sinee the left part of (1) is Grue. there exist

(e 0= M, osuch Lhal

|
S s o Luplke ol r
Bui A TR o ot

We have (i . Gyymlier

(e e Byt e

It {ollows thal .
Soisoa baple of 7ol Gty g r‘r__ﬂ)-__r,l
hat means ' halds Tor pi.
Abso. it results that ¢y 1s true Tor Y7 oz,
Cawe b s o g There exist 70 foosuch that bvooa,. g ~x,. We have :
= 4, 30, H, such that Q, =0,

Hotellows g, g .

Assume That ¢y s trae Tor 7 and WL, Let us show that (1) is frue for
1Y, AT We have s :

(30 s #,. o 30, € A0 N0, s 0,) holds Tor 7
nmiplices Ag, = 30, s Ay Y0, Gy holds for B
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and (3= Ay 390, AL [Moatfd)e o O} holds for 7]
implies M g e ) holds Tor '] and

[ algee oon g holds Fon rt|l implies

| N KT/TE P 4m) holds Tor rt|.

For\ =4, W (dy s true if b is true for ' or W
Now, we show :

: (Mg, o oo o) holds for '] implies
(2]

(30, Ao 30,S Ay . Og) holds for 7|
When 1" is Pzp..zp or 7 P2z the prool of (5) is similar to that of (4).

Let " be a . There exist .. such thal x and y have the same type
for 1*,. namely p. Theve exist i 1. such lhat a @y, and 7. _\\e ha’\'('
i, =4, hen there are Q= W= Ay, osuch that Q= dqs,. T o Bp)

Qi =t (B o fip). hence Qs =0,
Lel suppuse (3) Lor*l’, and YL Fo show it fort AT, we can write :
Mgy e ) hokds Tor 7] implies [P g0 0 gm)
holds for r1] and [Watg,. ..o 4,,) holds Tov ¢']} implies
W3 s, . A, E ) [0, ... Q) holds for 7]
and (3N, = M, AV, E A WAQ o ) holds for rlt

(3 s true for M, and ')

mmplies
(3T, € Hy. ... AT & ) [N(T .o Tp) holds for ]
(r C-ohexs ')
{ e first component of I, s ¢, 1= 1. imphes Wig, o oo qo)

holds for r' (hy (). !
For =4 9% (5 is true if it is lrue lor'y or Vo Trom (1) Tand ()

il results e . _

(30,= A A0, Hy) [V Un) holds for 7] it

L3

) [ty oo ) Bolds for rf|

The relabion (1) is true for @ instead of 1. Since  [T®{g,. .. qw) holds
for ri]. it follows (YQ, & #. ... YO, = M,y TPAQ.. ... Qy) holds for rl.
But this contradicts thal (Yr..r,) (DG . tnh) holds for 7. We
also musl show .
(7) every r' C-nbevs o il ' (-obeys a.
We consider j=1. For jf 2. h the proof is analogons.
(g o ) TV 00 e ) holds for r'] and

{30y, o ) [Nl ol py) holds Tor ! I

ON THE INTERRELATIONAL DEPENDENCIES

)
L
o

implyv (hy (51
e A W,s Ay VD0

N m

¢V, e #0 AV, s Ay [V o V) halds Tor £

} halds for 7] and

which implyes (7 (.-oheys )
(AW, s # . oo 3W, e #) [0, W (WL W) holds for 7
and which implies (by (h):
CE AN (5 - 50 helds for 7t
where 1, is the first compaonent if W l<ig i

When ¢, = ».. then hecause the [irst component of (), is g, and the
first componenl of V, is ». we have the first component of W, is 7. hence
zi=q; Fhis completes the proof.

Theorem 3. Let 5 he a senfence of the formr (Ya..x,) ©le. org,).
where @ is ar. interrelational typed quanfifior-free formula. Then o is C-upward
faithful.

Proof. It is known that o is upward faithful (theorem 2.4 [1]). It remains
to show :

(s C-holds for every ois 120 Al
implies
(8) . Fe@er. i=1. h>= C-obexs &

We take {==1. For [ =2 h the proof is simiiar.

[t results:
W30 =ML s Wy [NUQ, . Q) bolds for FT.

and ;
A AV, & M, e AV, E Ha) [Fa( Vi o Vi) holds for F]}.
implies

10 gy oo ) holds Tor ) and

Moy e 0,) holds for Y} implies

(A o) JOF AN L) (g s tey,) hiolds Ter 1t

Because ® holds for every #'. i 2. . we have ', holds for every r
and Y1, holds for exvery i for ('L W= 8, (by the assumption on Sg).
I'hen we have for cach i={2. .. h)
3z oo T [ CHANEY: (S -on a0 holdS Toe e
Let us define :
SAY . (), f=20 ko lgism.

M=trig. v Mgl f=10 0

where ry, conlains one tuple wilh values w . forj =1 and z; forj =L
We denate W, (0 Zo o ) 1m0
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Because ' AN is upward Taithlful, we have .
(MAY D OW Wy holds Ter < g p 10 b
This 1mplies :
EL ALY W W hold s Tost BP=2r® F =135 I
I, and V, have the same values in the first compaonent. it resalts that
i - henee ;g ‘ ’ ‘ '
Corollary 5. Lel & be o sewdenice of the form (V.t,,...l_,,,)ll_’(.i{. .‘t’,,,g.
htere s anoanterrelational (yped quantifier-free formuala. Then o is Cefaithful
I'he prool results frome theorems 2 and 3.
Theorem 3. Lol 5 he w sentenee of [he form

(Vo ) (D=3 0 1) -

avhiere A ix an tderrelalional Lyped quandifier-free I'HI'HHH'IH. ts a positive quqn{.’-
ftee-free formedla. Moreover. @ does not contain alomic formula of the  form
ooy, Then o s C-downward fuilhful, B

Proof. Let (' j—1. h) be i nonemply Tamily of databases. We have

’ =, " LY YOS AELAs

a C-holds for @l j=1. ho- i Toshow thal o C-holds for every rio j
1 W have s '
ith < g holds Tor # aud £ (C-obeys 5,00

We nminst show :

(1) 7 holds for every-r's j 1 hand every 1 (-oheys 5.
We praceed as i the prool of Theorewm 2. We assume nol, (for the Tiest part
of (10)). Assume that & Tails Tur rt There  exisl gy VR o+ such . .lhal
My, .oy holds Tor rfand there are no \'ulu(‘s. N e N, |~ul' \\‘l}u'l'l -;(ql.‘ Tk
wieeew, ) holds Forrt, With-the same nolalions-as-in Theorein 20 taking @ msl‘t‘;.u.l
of 17 in 3 we have g, bl W

(A0 = 4, 200 = ALy [0, Q) halds Ter 7

il

(11 Coiy g hiolds Tor !

where the first component ol @, is g.. 1=
It Follows

(12) A0 = Ay 30, = Ay [ s ) holds For B

i

Sinee o holds Tor 70 from (F2) we have s

ih 305 P I e A A BTN B, S o] s BToBE],

1=

Let s be the fiest component of S 1<i<r. As in the prool of Theorem
we have :

[t oo e 4o oen 5,) holds Tor rpaf

11 ' _

! [0 .o O, S 8,1 holds Tor £}
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From (13) and (L we obiain

U s e N w30 holds far e which is o contradiclion.
e secund part of (10 follows as in | hearem 2
Fheorem 6. Lol o be a senferee af the form

(¥, o) (D= 3y,..0,) )
where A is an tderrelafion al Lyped quantifier-frec formula, s posiline quanti-
fier-free formuta.
Mareoner. O containg no fornnla of the Jorne vy Then s s C-uptvard

fuithfui.
Proof. “The fact that & is upward Faithdn) resulls as in (he prool ol Theo

rem 23 {1 and the faet that 7-® 5. 1. h Cobeas g Tollows as in
the prool af Thearem 3,

[N EIRS (Ff s - 10 be a set of First-order senlences which contain {he
relation sxymbaols Ry R, and SR, . ) be o single sentenee, We Sy

that o is C-logical consequence of X if ey ery database that C-holds X alse
(-holds 5.0 We sav thal « s €] logical consequence of X with respect 1o rela
Lionwise nonempty dalabases, if every such database which (-holds X also
{-holds &,

Corvollary 7. [.ef 5 be a sendence of [he form in Theorem 5. Then o s
{-fuithful.

The prool Fallows [rom Theorem 5 and o,

Theorem 8. Lol X(R,. ... R be o sel of GIDs and et X

—

& pl oy
(R ... Ry be the sel of Gl that wre togical conseqitences of Xowilh respect
o refalionwise nonemply dalabases. Then Hhere evists a dalabase that -holds
-

~oand no other GIDs oper 12, .. R.

Proof. In Theorem 1. lel 4 he (he sel ol all GIDs over B R, et o
~rodel™ be arelationwise nonemptiy database, and 3 be the direct. produet
and HOLDS was precised. By Corallary L we have (a) in Theorem 1. This
mplies (hy,

Theorem % Lot X8 Ry he o sef of GEIDs  and 1o A et
L8 RO he the sel of GEIDs thal ure (-logiea! cotsequenees of X with

respect o relationwise nonemply databases. Then there is a database that C-holds
Zoand po other GEIDS veer R 1,

The proof is similar to thal of Theurem & nsing Corollary 7 instead of
Corollary I,
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