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SUFFICIENT CONDITIONS FOR THE DECIDABILITY OF s-¢

BY
T. JUCAN, C. MASATLAGIU, T, TIPLEA

0. Introduction. The aim of this paper is to study _the f](:lcid;;l?ll}fjjg
of the .problem st in term rewriting systems ; it has an cssential role

indi i ” derivations, ) ,
fmdln1g ”;))lztflizl;tlinolns and Notations. The general framework follows the

i i ¢ refer also to [10].
i . F tted concepts and notations, we re o [1
e OIfSyH?lf-"I?o{/) (x)\fl(:]denotc the Ect of first-order terms constructed starting

] : " ‘ mbols. When
from a set V" of variables and a set I‘-—.:g F; of functional symbols

F and V are known from the context, M(F, V) will be denotetd cll))b:GV;I h;
frf.:c monoid over the set of natural numbers, N, will be denoted by V*,

i ty word. o
peins }ng gglyg)tgrm ¢, we define #fs set of occurrences as a finite  subset O(Y)

of the set N* by:
(i) if t=eVJF, then O(f)={r}
(i) ift=f(t;, ..., 8,), n=1, then Ot} ={A}U{7 . w/Igig<n, u<s0(t;)}.

If u=@(t), we inductively define the subterm of ¢ at u, as the term {/u:
(i) t/r=t,
(i} if #=f{ts, ... 1), n21,

If te T and w=O(t) then, for every term s, the replacement in & of s at u is
the term f[ues], defined by :

(i) {[he=s]=s,

=7 .4, 1€1€h,
i) if t=f{ty, ..., &), n2 1, and el ), 1<
& the{l( tl[z‘ =] =f(ly, o B0 58], L, L)

We consider the following functions :

(i) v: TP (V)
&, if teF,,

t, ifteV,

and #=¢.u’, 1<ig<n, then {lu={ju',

v(t) = .
U ofty), i t=f{t;, ... 4)



206 T. JUCAN. C. MASALAGIU, F. TIPLEA

o(t) is called the sel of wariable symbols occuring in t;
(i) F T = P
ool tel,,
) =] D itV

SiU 1UI F), S, ).

F (t) is called the set of funciional svimbols nccuring i t
(iii} |-/ : =N,
L, if felJ1,
1/ e .
]‘{"‘E.fi s if f==f(ljv---;tn).
a1

| £} 1s called the lengath of the term 1 ;
(iv) #:(FUV)xT =N by

0, f ol Ul and el UV and a5t
or aell—I, and t&F,\JV,

1, fzel UV and el JJ1 and o =t,

# (2, 1) = }:1 #(a, 1)), Hasl—I,, t=f({,, .., 1),
and a==1,
143 (o, 1), if a= Py t—f(th, b))
-~ and o=f

# (o, 2) is called the sumber of occurvences of x 111 4.

The domain of a substitution ¢: ¢ — ‘@ will be denoted by Dom (s).
Let Z={6 | ¢:C —T, o a substitution} and let =¥ be the idcﬂtity on .

A term rewriting svstem (TRS) is a {inite set of pairs of terms, called
rPIc~s, 1_€={(oc{, B)flsign, nz1} such that for («, 3)=R, #(8) < v{x).
For llsz <, the rule {%;, B;) is usually denoted by o—B; or 7 2;,—8, or
e ooy is its lefi-hand side (lhs (r,)) and 8, is its right-hand side (rhs (r;}). The
sum [rif=lo,|+ 18| is called the length of the rule », 1 2,—53,. Let @ be the
qlass of TRS's. For two terms, s and ¢, we sav that s is rewritien info t in R
{in onc step), s;;t, if there exist we0(s), »,—8,€R and c=X such that

s/t =a{e;) and t=slu—a(3,)]. Occasionally, we keep track of the informa-

tion bv writing s Ti. As usual, 77 s the transitive, and = the refle-
v i

v, ro 2R
xive and transitive closure of - ATRS Rois regular iff for every r:a—
—feER, 'U(o') =U(B)
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A R-derivation from s is a sequence (possibly infinite) of steps

IWI? e — S =
v Lt rim' twm Y

I T"l

and a R-derivation from s to ¢ is a finite sequence

il

' L f————— 31 L, ———
(w1 T T I i = i

W eyt TS
Let “Dp(s) be the set of R-derivations from s, @ ,(s) be the set of R-deri-
vations from s of finite length (the fength of the finite R-derivation ¥, denoted
| v !, equals its number of steps) and Dy(s) be the set of R-derivations
froms to £ _ o

For v& D (s), {xe= D (s, 1)), we shall denote by rule (v) the sct of
rules used in y. For R=®@, v a finite K-derivation and @ a sct of such ¥,
occ (r,y) will denote the number of oceurrences of r < R in v and oce (r,2)
the number X oce (r, ¥).

TED

2. Substitution closed halance TRS's. [n a lorthcoming paper we
intend to define and study some optimization problems in term rewriting
svstems, of the following tipe:

given Re @, s, t=T, find a Rederivation frem s to £, of ,.mini-
mum cost”, if there cxist such K-derivations,

In connection with these kinds of problems, the question if s>t
is decidable or, at least, partially decidable becomes of principal interest.
Generally, the answer to this question is negative [4], E3].

Tn the following, the omitted proofs can be found in [10].

Definition 2.1, Lef R ={x—Pfl<ign, nz i} be a TRS.

(i) e call the balance of the rule vy 2—pi € R the number Blr;)=

| | f

=%l |7 -
(1) We sav that R is with substitution closcd balunce iff for everv v, &R
and cverv s €%, Blr)=B(a(r) (where B(s{r,)}= o(z:} |—]| a{B:) 1.

In the lollowing. we shall denote by @ the class of the term rewri-
ting systems with substitution closed balance and we shall prove some
propertics of these tvpes of TRY's.

Proposition 2.2. Lo Re®@. Then, N @ dff Sor cvcry rs R and
every xve 1, #{v, lhs (1)) =#{x, rhs (+}).

Corollary 2,3. If RsR, then R is regular,

Proof. ¥rom Proposition 2.2, :

Proposition 2.4, Lt Re@a and s, 1 T b swch thal s-';z. Theun,
Jor every xel’, H#(x, §)=d(x. 1)

Theorem 2.5. Lol R—='z,=5/l<ign, nz ile@, and seT. LThen,
Jor every €T such that Dy{s, H# S and coery valDls, 1) we have :

n
(0 Xace (r, v) Blr=|s |—l| -
=1

Proof. Let R=la—p/l<isn, nzijs &, and s, 180 be such
that @ (s, 1)# @ and v& D y(s, f). We prove the statement of the theorem
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})i Iincluction on k=] vy |. We may assume, without loss of generality, that
bz 1.

Basis, -;-:s;:i (k=1). Then, there cxist ue0(s), rita—ByeE R oand
a<=2 such that:

(i) s/n=a(ay),

(1) t=s[in—a(B)] .

Morcover, occ(r;,v) =1 and occ(r;,y) =0 for every j#¢. Then, ¥ occ(r.,v)
frat

B(r.)=B(r,). From (i) and (ii} wec deduce that [s]—=|ti=(ls| — {s/ui+]|a

ﬁé)ale—,(('ﬂ?s’s{iﬂi o(Bi} ) =lo() [~|o{B,) | = B(s(r:)) = B(r,) since Re @,

Induction step. Assume that for every s'e T such that @ (s, s’
r ' 13 ! #
and every v'e D (s, s') such that | <)y'|=Igk, we have : e

(2) %1 oce (i, ¥) Blrs) = s|—Is'].

§=

Let €T be such that D (s, )% & and y <7 ch the
; G vy<=Di(s, 1) be such that |v|=F%-1.
Then, therc exists s‘E?}Rsuch that nls. ) e

v s—s —f,
R &

Let ¢v" be the computation T‘:s—;gs’, and since |y'|=#k relation (2) is true
by the induction hypothesis. For the derivation v'* : s';;t we have:

(3) B(r) =Is'|— [t

where 7, is the rule used in this derivation. We have

occ (riy)+1, if i=j,

oce (r4,v'), if i#4,

We combine (2) and (3) to deduce:

occ(r,, *r)={

¥ oce (v, v) Bri)e=sl—lt.

iml

This completes the proof of the theorem.
Corollary 2.6. Let R={u,—p,[I<isn, nz1te @y and s=T. Then,

for everv teT, if s;}t there extst ¢y, ..., ca © N such that :
%"
1= ]

Proof. Let R—-{aﬁﬁ.-,-"lsis; i, nzlle @y and st€T be such
that s—;rt. Then D s, t)5 & and for every y €D y(s,t) we have:

5 SUPFICIENT CONDITIONS FOR THE DECIDADILITY =5t 204

i ciB(ri)=ls|—|t|.
i=1
where ¢;=occ (r,, v}, 1<i<n. Hence there cxist ¢, ..., ¢, &N such that
(4) holds, .
Let Re® and s€C . Let F(R ; s} denote the set of functional s yimbols
occuring i R oand s
F(R; s)y=1F (s)U URf}"(lhs (U UR(}‘(rlrs {r)).
re re
Definition 2.7. Let R={ai—pBjlgign, nz1} and fel. We call
the balance of f in the rule vy, 1<ign, the number B(f)=#(f, =)—#{/, B)-
Proposition 2.8. Let R={u,—B,/T<i<n, nz21}€®y and f<F. Then,
for every o€ and every i<{l, .., n}, B{f)=#(f ola))—%(/ o(B)).
Theorem 2.9. Let R={a,—pB/igi<n, n2l1}e®w, s€T and f<
eF(R ; s). Then, for every L =T such that D (s, 1)# & and cvery vePils, f)
we have .

{3) Zoce (ry v) Bdf)=#{f, s)—#(f 9.
i=1
Proof. Let R={a—pBjl<i<n, n21}€R, s, 1€T be such that
Duls, V%P, fEF(R; s)and y=D (s,1). We prove the theorem by induc-
tion on k= |y}. We may assume, without loss of generality, that > 1.
Basis. v 1 s>t (k=1). Then, there exist u=0(s), 7,1 u—>B, R and

s< X such that:
(i) sin=0(x;),
(i) t=slr—a(B:)l.

There are three cases to consider : _

a) if #(f,s)=0, then #(f, o{x))=0. We have #(f {)=0, iff #(f,
a(8,)) =0, and in this casc #(f,¢)=#{f, o(3;)). Hence, #(f, s)—#(/. )=
2Tk (/. olo))— #(f, o(30) = #{f. 2)— #(/., ) (by Proposition 2.8)

by if #{f,s)>0 and #(f, s/u)=0, then 3#(/, o(x;))=0 and #(f. )=
#(/, )= # (/. sju) + #{f, o(8). Hence, # (/. s)—# (1,0 = #(/, o(xd)—
—¥(f. o(3))=#(f. 2)—#(f. B) (by Proposition 2.8);

c) if #(f s)>0 an;i #(('j; s/(zg)>)0, t(hfen) #Lj(.fa(oc(,-)))):fij(,;/u()ﬁa;;ld
(L 0=#(f s\—&(f, s/u)-+-#(f o{B))=#([. 5)— , olo; . a{B4)).
B}(.fp)ropos(i{io:)l 2.8({ve/deduce that #(f, s)—#(/. t)m—-#(f,oaf);—#(f, B.).

Since oce (7, v)=1 and occ {r,y)=0 for every j#/, we have X occlr,y)
ir=1

B, (f)=B{f)=s —t (from the cases «, b, ).
Induction step. Suppose that for every s’<‘C such that Dpls, s)VE<D
and everv v €D g(s, s’} such that l=i=|v |k, we have:

(6) E occ {re, ¥') Bdf)=#(f s}—#(f. s).

im]
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Let /=T be such that @ (s, ()£ & and y&@D (s, 1) be such that [v|=
k-+1. Then, there exists s’ such that

v 1§ a8,
N I

Lot v be the derivation ¢ s5s’, and since [v'f =4, relation (6) is true by
n J

the induction hypethesis. For the derivation ' : s’}»f we have !

(7) Bf)=#{fs)—#({/ )
where r, 15 the rule used in this derivation.
Since

{OCC {rs ¥ 1, 0f 1=j,
occ {ry, v) = o
oce (r, v, il i#7,
by combining (5} and (7} we deduce that

Zooce (ry, ) Bi(f)=Is]—li],

which completes the proof of the theorem.
Corollary 2.10. Lol R={o0;—8,fi<i<u, n21}e@yy and s€T . Then,

Jor evervts @, if s-—;»ct there exist ey, oy €, €N such that for coery fe F(R ; s)
we have :

Q B~ #(f, 9—#(/, 0.

Proof. Let Rewlmp—8ifI<i<n, nz1} €@y, s, t€ T be such that
S'};t and feF(&; s). Then, D (s, H# & and from Theorem 2.9, for every
v €D u(s, t) we have:

(4

(9) . "locc {ro ¥ Bi{f)=#{/, s)—#(f, ).

1

Let ¢;=ace (r;, +), l=i<n, and since the ¢i's do not depend on f, we
deduce that (9) holds, for cvery feF(K ; s).

Hence, if s—¢ then there exist €1y eer, € €N, such that for every fe

sI(R; s), (8) holds.
Kemark 277, Let K={u,—3,/1<i<n, nzlle Ry, and s, 1T be
such that st From Corollary 2.6 and Corollary 2.10 we deduce that

there exist ¢y, ..., c, €N such that
E‘C;B("i) is|—¢
(10} -
,ZICth(f)— #(f, s)—#(/. 1), forevery feF(R ; s).

L ¥

7 SUFFICIENT CONDITIONS FOR THE DECIDARLITY s 7 ¢ 301

If there exist o, e, =N such that (1) hold, it Jdoes not mean
that s—;;f. But, every n-tuple (o, ., g,) €N which verifies (10) induces a

finitc set of K-derivations from s, (e, o0, wh=lre 2s) v
£ X, wnd oce (r v)el (10} is o linear svstem of - F(R 5 8) I
[
cquations with #— | R | unknowns, Because this svstem depends on R, s
and £ we shall denote it by (S{E; s4)) or simply by (30
We shall denote the set of selutions in N7 of dlns svstom by
Sol (S{R s, 1)) or Sol (S)

Let us notle that D,(s, (= ) D aliy, ooty 8) and hence,

to determine all the possible KR-derivations from s to /, woe must determine
Sol (S).

To begin with, we can make the following remarks :

1) il there exists v 17 such that #{x, s)# #(x, £) then, 58 (by

K

Proposition 2.4) ; ‘

2) if the system (5) is not compaiible or does not have any solution
in N, then, s%>7 (by Corollary 2.6 and Corollarv 2.10).

I
The sct Sol {S) can be finite or infinie,

If Sol (8) is finite we shall prove that the problem s’—'_-t is decidable.
Otherwise, the problem s}—'_»f is partially  decidable © we  shall prove this

statement in another paper,
In the following, let R={u, =B/ /I<isn. nuzlle®, and s=T.

Tor every £ €7G we consider the svetem (S(R; s, £) in the [orm

(11) AN=E
wherc
B(r,) Blr) - B(n)
| Bl([l) B:(_fl) T }‘)u(fl)

Bl(fm 1) B-(fm 1) T Hrt(fm 1)
.Y==(U,, noog t:,,)T
B=(b, by, ..., by )
b= s|—i|
bi=4#(f, s)y—#(f.. 1), 1<i<m—I
j'([\' ) -‘)‘) :./.1, ....[,” 1;! .
Im connection with the set Sol (S}, the [ollowing queslion appears :
— can we decide if Sol (S) is finite or infinite ?
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The answer to this question is affirmative, because the following holds:
Theorem 2.12. Lt B {a8,/T<i<n, n21}€®@q, and 5,1 €T, Sol
(S) is finite iff the optimization problent

max (e, -0,
{(P) AX=8,
N =N

has o (finile) oplimm.

Proof. Lot R—{x,—8,/1gign, nzlle R, and s, teC. If sol (8] is
finite then the solution (¢f, ..., ch} & Sol (5), which verify

b el =max {(c; 4. F6) | (61 . €a) S S0l (S))
J

is an optimum for (P). -

Conversely, let {c 9 be an optimum for (7).

Then, Sol {8) <i{er, o ) €N 6,88 -b .. +¢5, 1<ign} and henee Sol (S)
is finitc.

Because the methods of solving the problem (£) from Theorem 2.12
allow to decide whether it has a finite optimum or not [6], we deduce that
it is decidable whether Sol (§) is finite or infinite.

Then, wc can prove:

Theorem 2.13. Lot R=®, and s,i€T. If Sol (S)is fiuite, then
the problem sllz.f is decidable.

Proof. Let Re®., and s, e T be such that Sol () is finite. Then,

the set D ,(s, {) is finite since D ,ls, S U bflpp_fcl, oo €41 §). Hen-
fere oo s o 8 ESODI5)

0
1

s €

ce, the problem s5{ is decidable.

Remark 2.71. Following J. Borosh, B. Treyvbig (1], if the
system X =0 has no nontrivial solutions in \*, then cvery solution of (11)
satisfics ¢,< M, =7, # where M is the maximum of the absolute values of
all minors of order r of (A/B) ((4/B) is the augmented matrix of (11) and
y—rank (A)). So, in this case {which includes the case when (1 i) has a uni-

que solution), the problem s=t iy decidable.
] I
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