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Introduction. The aim of this paper is to establish some relationships
between Pffnets and a elass of term.rewriting systems. The general
framework presented in the first section, follows the line of 1], [31, [4],
to which we send for missing concepts. In the sccond scction  we recall
the notion of term rewriting system with substitution closed balance (SCB
for short) which was introduced in {2]. The last scction presents the above
mentioned relationship.

1.1. Term Rewriting Systems. Let N be the sct of natural numbers.
@ be a denumerable sct of variable svmbols (variables, for short), 7, be a
sct of functional symbols of arity » and 7 =u {#,/#>0}. For anv fer,
ar (f) denotes the arity of /. We denote variables by v, v, 7, ...+ constants
{functional symbals of arity 0) by a, b, ¢, ..., functional svmbols of arity
atleast 1 hy £, ¢, h, ... The set M(F, @) of first-order térms constructed
from (F and @, is defined by :

(i) QUG M, D)

(i) if fecz, and py, ..., p,=M(F, @) then [(p,, e p)EMIFE. ).
When rz and @ are {ixed from the context, we shall usualily denote M(iz,
@) by T and M((F, &) by Ta. Obviously, T.=T. Also, we denote terms
by %, 8, p, g ... Let N be the set of sequences of positive integers denoted
by ®, 7y, 7, ... & the empty sequence in N* and let 7 -7 be the concate-
nation operation on sequences (usually emitted). For any term #. we define
its set of occurrences as a finite subsst O(p) of the set N*, by :

() if pe@ucz, then O{p)={]

() if p=f(ps, ... pu), 021, then O(p) =1} |

{im/lgign, =< O(p)}.
If r=0(p), we inductively define the subterm of pat =, as the term pf=

(i) pir=p,

(i) if p=f(ps, ..., p), nz1, and n=ixn’,

tgign, then pim=p,/=",

If p=C and ==0(p) then, for anv term g, the replacement in pf
of ¢ at = is the term p [meyq], defined by :

(1) plre—qi=y,

(i) if p=f(py, .., pu), n21, and ==z, bign, then plin’eil=
Y e e Y
For any term p, let @(p) respectively 7(p) denote the set of variables
occuring in p, respectively the set of functional symbols occuring in p.
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Consider the following functions :
(i) |- T—=N by

1 , if pe@ vz,
PV v Bople itp=flpe o 1)
|p/ is called the length of the term p;
(1) #% : ((Fu@)xT=-=M by
0, ife, pe@uiF,and afp or xS(F\(F, and pE@,U (7,
1, if o, peWu(FE, and a=p

n

# (o )= { Y (e po) i a=FNFo p=flpr . pu) and e f

fm]

\ E # (o, po), i 0 €F N Fo, p=fpr, ... pu) and 2=/,

# (2, $) is called the number of ocurrences of o in $.
A substitution is an endomorphism ¢ from T to itself such that o(x)=x
except on a finite set of variables, Dom (g), which we call the domain of o.
Substitutions can then bLe represented by the finite set of pairs {(x, o(x))/
x<Dom (c)}. The application of a substitution ¢ to a term p =T is written
as a(p) or ap. Let T be the class of substitutions on ‘T and e the identity
on ¢. A term rewriting system (abbreviated TRS) is a finite set of pairs
of terms called rules, R={{a;, B;)/1<i<n, nx1} such that, for (o, g) =X,
@ (%)= @(x). For l1gig<n, the rule («, 8;) is usually denoted by o;— 8, or
¥ ia;—B; or r;: e, is its left-hand side (lhs (»;)) and B8, is 1ts right-hand
side (rhs (7). The sum |r;|= o[ +B,| is called the length of theruler, : 2,— B,

Let 2 be the class of TRS’s, For two terms p and ¢, we say that p
is rewritten into ¢ in R (in one step), s——¢, if there exist n<0(p), ai—
—8,2R and 6<=X such that p/r=0(x;) and g=p[mea(8;). Occastonally
we keep track of the information by writting p —4g. As usual —E—» is the

!_ﬂ.r,.o_R

{ransitive, and—T;—» the reflexive and transitive closure of ——.

Let | p—>gl =N denote the smallest # such that p=s z—$15— ... 525 =¢
(if it exists).

Let Re®, p, q=T and p be an equivalence relation on T . We say that
$ is rewritten into ¢ in R with respect to p, P if there exist p', ¢'€C

such that ppp’, gs¢' and p'w—q’.

1.2. P/T-nets A fivetuple N=(S, T, F, K, 1) is called a placef
{ransition net (P|T-net) iff:

(a) (S, T, F) is a net where the S-elements arc called places and the
T-clements are called transttions }

(L) K :S—N*y{oo} is a capacity function ;

(c} W:F—=N*is a weight function.
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For technical purposes, it is somctimes convenient to replace both £ and
IV by a single function 17" (§ X T)u (T xS)— N where (v, v) ¢F iff 17 (x, 1)
=0 and (v, y)eF iff H(x, y)=W(x, v). In this paper we shall assume
P[T-nets to be of the form (S, T, F, K, Iy where W ois a [unction from
the set (S xT)u (T xS) into the set of non-negative integers which agrees
with 7 in the sense that (v, v) & /7 aff iy, v)=0, '

Let N=(S, 7, I, K, II') be a P/T-nct. A function M . 5— N i called «
marking of N iff M(s)< K (s) for all s&S, A transition {7 15 cnabled at
M iff for all s=85 : W(s, ) M(s)< K(s)=1F{{, s).

If 1= 71 is a transition which is ¢nabled at a marking M then ¢+ mav ocenr,
vielding a new marking M’ given by the equation :

M (sy=M(s)—1V (s, )+ 1({l, s) for all seS.

The occurrence of £ changes the marking A/ into the new marking M ;
we mayv denote this fact by M= M.

In this paper, we will restrict ourselves to P’/ T-nets without capacity
constraints (that is, we will assume all capacitics to be infinite}. A P/ F-nct
will be thus denoted by N=(§, T°; F, 1I).

1.3. Muitisets. Lct A be a nonvoid set. A multiset on ] is an unor-
dered collection of clements of A, possibly with repetitions. FFor instance,
(1, 2, 1, 3, 13, 15) is a multiset on N which is the same with the multiset
(1, 1, 2, 3, 15, 15).

In the following, y (maybe with a subscript or a supersciipt) denotes
an arbitrary multiset (on a set o). For everv multiset 4 and every ae 4
let #(a, y) denote the number of occurrences of ¢ in . By analogy with
sets, the notation ¢ €y means that a is an clement of the multisct y, that
is, # (a, z)>0. If a is not an element of 7, we write a€y. Obviously, o ¢
iff #(a, 7)=0. By |z | we denote the cardinal number of 3, that is, | 5 | =
= Z#{a, y). Becausc weshalluse only finite multiscts, infinity exceptions

I'IE‘/_
are not considered. If y, and y. are multisets on 4, 7,5y, denotes inclusion,
that is, for every aey,, #(a, 7)< #(a. ). LEquality of the multisets y,
and y., in symbols y,=y., holds iff y,= 3. and .Sy, If y, =y, does not hold,
we write y,#%.. Proper inclusion is denoted by y, <y, ; by deflinition y; = y.,
means that 3,5y, and y,#y.. We extend the operations of union, intersec-
tion and difference from sets to finite multiscts as follows:

Let %,, 3. be two multisets on A:

(a) The multiset y,Uy. given by :
(i) aey, Uy, iff asy, or asy,
) (i) 4 (a, 2V x2) = #{a, 1)+ # (4, 1)
15 called the union of the multisets y; and y,;
(b) The multisct y;ny%. given by : '
(i) asyiny. if aey, and asy,
, (i) (. 7N yge)=min {3 (a2, 7). #{a, 1)}
15 called the intersection of the multisets 4, and v, ;

(c) The multiset y,\y. given by: )

(i asy Ny Uf asy,

_ (i) #(a, yi—r2)=# (@ 1:)—# (a4, y2)
is called the differcnce of the multisets y; and y,.
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2. Term Rewriting Systems with Substitution Closed Balance. Inihc
following, the concept of term rewriting svstem with substitution closed
halance is cssential.

Defipition 2.1. Lof R = {z,—8,/1<isn, n= 1V e a TRS.

() For every Fpio—Be R wamber B(r) 2, —|%| 1s called the
balance of the ride 7,

(iiy We say that R is wilh substitution closed balanee iff for cvery ris R
and ceery o€, B(r)=B{ar), where B(ar;)=|ez|—|aBil-

In ihe following, we shall denote by SCH - the class of term rewriting sys-
toms with snbstitution closed balance and we shall prove some propertics
of these types of TRY's,

Proposition 2.2. Let Re®. Then, ReSCB iff for cvery re R and
coery vV, #(x, Ths (7)) =4 (v, rhs (1.

P’roof. let ReSCH, re N and v=V. 1f #{x, lhs {(n)=0, then #(x,
vhs (1)) =0, because @(rhs (r))= U(lhs (). If #(x,lhs (1) >0, let k=
# (x, Ihs (7). We shall prove that (v, ths (r)) =k. Suppose by contradiction
that #(x, rhs (r))#4 and let # (v, ths(r))=I<k. let o be the substitution
{xe—ptwhere p€ T and [pi= 1 Then, B{a(r)) =|a(lhs (r)) '—]| a{rhs) (1)) | =
= (| lhs (#) |—k|x|+k|p[)—C(irhs (r} —I|x| +{|py=|Mhs (r) | — rths {r} | +
+ (k=8 (| pl—1) = B(r)+ (k=) (|p1—1}. Because k=1 and [pi>1 we deduce
that Bla(r)> B(r), contradicting the [act that ReSCB. Analogously, if
#(x, hs (n)) =>4k

Converscly, let Re®@ be such that for every re Rk and cvery rsl,
#(x, Ihs ()= #(x, ths (1}

Let r:2a—3e R and o =X. Without loss of generalily we can assuime
that Dom (a)=7@ (=) (=@(3)). It is casy to verify by induction on [@(x}f
that B(r)=B{s(r}), and hence ReSCB. Q.L.D.

Corollary 2.3. If ReSCB, then K s regular, that is, for every rix—
—~BeR, V(e)=D(p).

Proposition 2.4, Let RESCB and $,9ST be such that p—;—evq. Then,
for cvery xeV, #(x, )= #(x, q).

Proof. Tet ReSCEB and p,q=T be such that p——%q. From Corollary
2.3 it follows that R is regular, Let y= 17 If v& @(p), then x£ D (g), since
for cvery a—BeR, OR)=@ (=), I xe@(p), suppose that ¢ does not
contain ihe variable x, Then, & has to vanish in j)—-%q, contradicting the
fact that K is regular. Hence, for every xsT, #(x, p)=#(x ¢ QLED

Definition 2.5. Lol R=la—p/i<i<n, nzlls ® and feF. For
cvery T<ign, the monber B[y #(f, 2)—# (/. 5, s called the balance of f
i the rule v, . e

Proposition 2.6. lcl R= [z,—3/l<isi, 12 1=SC B and fed. Then,
for cvery o€X and cvery ieil, L, onl B )=%#(] ol2))—3 (1. a(2:)-

Proof. Let B la—3,]1gisn, n2 11eSCB, fel7, jefl, .. ntandssk.

We must consider only substitutions of the forin o={x«+—p}, where
re@(z;) and p=T.

e

—gle, x), a—b} .

be the P T-net induced by

marking ;
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Let #(x, o) =42 1. Since ReSCH, by Proposition 2.2

Then, #{f, o)) — % (/. of = (x. B =
' i » it/ = # Yy ’}_ v - l ;.
i *gf(f,f;g—'#lfl} (3()=Bf(aj))). (#(f e} -+ 4 # (/. p)—(# (/, B.-)-f-g 14j=](3f
. and P{T-nels. Ll Re®@ and g el
o > and | 5 and peT . We shr :
F{R} the sct Cf(]x):rg(f(l}ls(;'))u U &7 (rhs (7)) j.'m(l i\‘;]'\r‘;}(;{léngge t}l-)&:
sel F(R; p=FIREED). | |
~ Definition 3.1. 1ot R = {o,—
Np=(Sp, Ty Fpy W) grven ][)3': :
(1) Sp=is,/f€F(R)},
(i) 7, ={tf1<i<n] |
() (s;, 1)=F,, iff #(f, )1,

=
. (tfi Sf) E‘Z:A‘! lff #(f: ﬁf); -I,
{iv) Wp:F,—N by:

J1<ign, nz1eSCB. The Difenet

Wilsy, ;) m #{/, )

‘ Walt, s} =#(/, )

ts called the P[T-nct assoctated to R (or iuduced by R)
‘ In the following, for any ReSCB, by N -
shall denote the P/7-net induced by R, :

Example 3.2, Let R= ol
induced by:p]g o et R={f(x, b)—g(x, o),

(SI., Lo Fp, ;) we
a—b}eSCB. The PJT-nct

Rewmark 3.3. There exist R

o , R, ) 3 r i
For instance, N, =N ., wherc R 0 RoSSCE, Rigk Ry, such that Ny =N,

={f{(x, b)~g(%, ¢}, a—> b} and R ={f(b, x)—>

Definition 3.4, Let ReSCB, p=T and Np=(Sp, Tp; Fp, W)

R. The mapping My : S~ N given by
My(s))=#(f, p) for any 5,&5,,

s called the marking of Ny induced by .

Lyample 3.5. ¥or K from FExample 3.2 and p=fle, a), M, is the

Mp(sf) =ﬂd’p(sp) =11fp(sa) = 1'
'112)(50) EM,,(S.,)=0_

& = Mnlemotica~-inlormatica
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Lemma 3.6. Lot R={a;—~B/i<isn, n21}SSCB, Ny be the PfI-
net induced by K and M be a marking of Ny Then, a transition t; is enabled
at M iff for any sp=t;, #(f, «;) <M(s)). _ ’

P{oof. t; is enabled at M iff for any s,<-,;, W(s, 1)< M(s;). But,
W{s;, t)<M(s,) iff 4 (f, o)< M{s;) Q.E.D. ‘

& L'gmm; ).:5).7. Let {8 %ag—abﬁ,/Tge{n, u2l1}t be a TRS and p,g=7T.
Il p—oog then 4 (f, a )< #(/, p) for any f&GF(R; p).

‘.,rfrc

; . . ¥

Proof. Let R={a;— B,/I<i<n, n>1}e€®, p, ¢€T,n<=0(p), o= :

he such thfat p—x21 Let feF (R ; p). Because p— a'}'\f(]li follows that
Imry ol ) |mrp @)

pim—=o(e;) and hence #(f, )< #(f. $). Q.E.D. ’

Theorem 3.8. Lot R={a,—B/I<i<n, n21}=SCB, p,q€C and Ny

Np={Sp Tr; Fu W,) be the P|T-net induced by R. If p-—i»qz‘]zen thers

exists we Ty such that My[u>M, and fp—-;'»q | =
Proof. By induction on k=]p—-§-q!.
/5 ¢ — there exist «,—B8,€R, =<0 (p),
Basis: k=1. Then, p——¢ and hence
s <X such that:

(i) plm=0(x),

i =P[R0 ], . )
We piolleqthﬂ M,,:'S‘?iM ,. From Proposition 2.6 it follows that

B{fy=#{f. p)—*(f. 9. V/=F (R).

that is,

(*) #(f, w)—#(f, B)=#(f. p)—# (/. 9).
We prove that ¢, is cnabled at M, that is:

(**) #(f, )< M,y(s;) (by Lemma 3.6).

i d hence
But { Lemma 3.7, #(f, «)< #(f, p) that is, #(f, «)<M,(s,) and
t‘l}s err?;ll)legrgt M,. Theg t:may {ccur, yielding a new marking given by
the equation:

#(f, q)=#(f p)—#(f, xs)+ #(f, B) that is,
M y(sy) =My(s,)—W (sy, &) + Wty s;) and hence
M,[t;>M,.
Morcover, |p——q =1 =ijty[.
Induction step . Suppose that for every p'<7C such that p——;}p' in at most
k steps, we have:

(1) I € Ty: Mylp' > M,, and |p—2p" |=1w'.
Let g=T be such that p——gin (k+1) steps. Then, there exists p'€T
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such that p——;}p'-—ﬁq and by the inductive hypothesis, (1) hold. Analo-

gously, M, [{,>M, where 7, is the rule used in the R-derivation p'—Fq,

Then, dpfu't;>M, and lp—h-}qjmjp—i-p’;—f-l=1u’}-,‘~1=|u'if|. Q.E.D.
The converse of Theorem 3.8 is generally false. But, we shall prove

that for some P/T-net N=(§, T:F, W) and any initial marking M,eN?,

there exists a TRS, Ry, and an equivalence relation on ‘@, 2, such that for

every Me[M,> we havc:pR—N"‘q, where p and ¢ are ,terms induced

»

by Ay, and A7,

We shall start with the remark that every p =C induces a multiset on (F

denoted y,. Indeed, we can consider ¥p given by :

(i) f=xp ilf f=F(p),
(D) #(f, o) =#(f. p).

For instance, considering p=fla, g(f(b, x), h{a))) the multiset induced is
so=(f 4,8 f,b k a). Now, the following question arises :

— when a multiset on (# does induce at least one term ? The answer
of this question is given in the following

Lemma 3.9. (1) For every peT, we have:

|4l =1+ 2 #(f, 1) ar(f)
Jex,
(2) For every p=T\ Ty we have :
lrpl <1+ Z #(f, 3,) ar(f).
rex,

Proof. It follows from the following remarks :

— %, does not contain variables :

— the number of elements in y, is computed by adding, for any
functional symbol in p, the number of its succesors : the first functional
symbol in # is also counted. Q.E.D.

Lemma 3.10. Let y be a multiset on (7. If

(2) gx#(f, %) ar {f)= [x|—1
then there exists p €T such that y,=y.

Proof. By induction on k=]y|

Basis : k=1. Then, y=(f), where feZ. If ar(f)=0 ((2) holds}, then, we
choose p=f and hence y,=y. If ar(f)>0 ((2) holds), let m==ar(f}. Then,
we choose p=f(x,, ..., x,) with x,&@, 1<i<m, and Yo =1 IS true.

Induction step : Suppose that for every multiset 7' on (F such that :

(1) Iy’ |<k, k>t,
(2) I;‘ix, #(f. 1) ar(f)z Iy (=1

there exists p' e T such that y, =y’ Let %={f1. ..o, ft» fes2) be 2 multiset on
‘G such that |y|=k+1 and y satisfies (2). There are two cases :
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Case T: thercexists jeql, .., &, k--1} such that :11‘(!“,):0. Then we con:qi(_lcr
the multiset 7' (fi. ..., ficx. frerr oo, figa) and we prove that ' satisfies
(2'). Indeed, becausc y satisfies (2) we have:

Z ([0 ‘”'(f')"—.‘ki' #(f1,7) ar{f)=
fex ,}13

Eid kil _ '
= S (fur) ar(f)+ # i) arf)= £ #(fu7) arlf)> i—.
I|;=_];, o
Because (7| =|y'[-+1, we deduce that X #(/f, x) ar(f) > |z'|—1. From th_c

fex i
inductive hypothesis it follows that there cxists =T such that Yo =1,
Morcover, p'€TN\'C, (by Lemma 3.9). Hence, 'th(.:rc cxists =m0 (p)
such that p'/me@. Then, the term p=p' =[] satisfics the lemma,

Case 2; forany je |1, ..., k-+1}, ar(f}= 1. Consider in this case th(;‘ smallest
Jeil, ., k+1} such that ar(f}=min {ar(f)/I</<h 1% Let 7' =(f, ...,
Jrw fren v fizn) and m=ar(fy). -

We have:

@ £ #(/,7) arlf) 7]
and hcncofE‘ # (/. 7} ar(f) =:§:#(ff' 7) ar(f)—ar (f;}=

Rt .
= X #(f,y) ar(f)—mzm |y |—m=m(|y |—=1)=m(k+1—1)=
l=] 0 o,
=mh=m |y |=m |y |—I1.
From the inductive hypothesis it follows that there cxists ° such

that .. =x".
Consider the term :

f)— f.‘(]ﬁ’);
O SAp L e w1

if m=1

where %, ..., %, S0,
Then, we can choose y,=7 to end the proof. O.E.D.
Corollary 3.11. Let 3 be a multiset on (F.

0y If

(2.1) I #(f.7) ar(f)=lyl—I
fex

then there exists po=T, such that yp,=7v |

2) If

(2.2) oak(f, ) ar(f)=lzl—1,

Jex

then there exists p S0 Ty such that v, =. ‘ _
Proof. (l)pFrom Ler;]l,m& 3.10 itpfollows that there exists p, =T such
that yp=7. If P& Telps =T\ To), from Lemma 3.9 it follows that
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() ar(f) >y, 1—1
fezp

and because 7, =y we deduce that

SO, z) ar (f) - jyl—1
f€y

which is a contradiction. Hence, P T
The proof of (2) is analogous to that of (1

' 0.1,
Lemma 3.12. Let p, y=5, TEU(p), ppimeyl and ou=lvi—gfl<

sisn, nzl}, where v, €@D(p) und =T, Tgiga, Then :

(1) Sy = (Kn\"/.m’r.)U?.q
(2) Yo =1, _U’:/_-.‘

Lroof. Dircetly from the corresponding definitions. .1.D,
Lemma 3.13. Lct vy, ., be two multisels on F such that :
() Z #(fg) ar()z Jzd—1, i=1,2

H =3

o) sy )
Then, there extst p,, p, =T, c=¥ and = SO p.} such that

(I) Lp, =1 =12
(2) 'Pz."ﬁ=0(]5;)

Proof. Let v, 72 be two multiscts on /7, such that 71 and . satisly
(i) and (ii).
From (i) and Lemma 3,10, it follows that therc exists p1= 0, such that
Zm=71 Therc are two cases.

Case 1.2 #(f,y) ar(f)~ 7,'—1. Then, from Corollary 3,01 1t follows
f€x
that pye @y and from (i) and (i) it follows that :

=k (L) A= X # (L7 a0 # (/g ar ()
lEXs fEx, PEL w2
—-M'n'—f+f T [z ar(f)z yel—L
€%y
Hewce, I3 (/) y2\a) av(D)2 (vel — 7l = iz o> e ol—1  and

fEA s
from Corolary 3011 it {ollows that there exists PIE TN T, such that yo =
72N 71 Morcover, there  exists = e (p) such that pj='e@. Consider
Pe=p"='—p; we prove that o= T
ILljldced, fromLemma 3.12, it follows that y, =(y;." Jprm W L =GN\ \ U
(AR AT
We prove that there exist o€ and =0 {p2) such that pofn =o(p,). Indeed,
we choose s=¢ and T==" and then we have Paofm=py=z(p,).
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Case 2. S #(f.y1) ar(f) >l — 1. Then, p, €T\ T,y (by Corollary 3.11).
fex
TLet ke 1\); be such that
Io#(fo) ar(f)=lza =14k
Jfexn

In p, there exist & variables, x4, ..., 2. From (i) and (i} we deduce that :

S ¥ (f7e) ar(f)= IEI;; #(f, 1) ar(f)+

fex,

+, X #(fyaNa) ar(f)=lul—1+44

Exa N\t

+ Z #{foa\ou) ar(f)> fgel—1.

HANS

Hence, 2 #(f.ya>on) ar()+E>heNul-

EXaN

There are two subcases.

(2.1) In %,\x: therc ecxist & constants, a,, ..., a;,. Consider the mulliset

Ya Y= {xe\z1) (a1, ..., @), Then, . }< #(f, v \a) ar{f)= I #
¥ AN ]

—_— e fEx:\z.
#(f, za 1) ar(f) and [za\gai=lxa\yal+4 From I #(f y.,\y) ar
F€xs\%1 R
(f)Fkz b Noul+4 it follows that I # (f, xa 1) ar(f)= 7. o) >
fEJ;\_I:

12 \71i—1 and hence there exists p’ T such that ¢, =y,\ ;. Moreover,

#’ contains at least a variable. Let ' =@ (p") be such that p'/n"= @. Con-

sider the substitution ¢’ ={v«—a,/1<ig<k} and the term p,=p'[7"—a'(p,)].

We prove that y,,=y.. Indeed, from Lemma 3.12 it follows that 3, =
]

= (%o \Ukpaltoton =\ Q)pr,UiQ Yo, = '/.z\'/.npr,LJ’_gJ1 Uste, = {12\
\Xz)Ull':Zz-

Choosing ===x" and g=¢' we deduce that p, and p, satisfy the lemma ;
(2.2) Iny.\y:there exist m constants, m <k. Let a,, ..., a,, be these constants

Let (2 \ou) (21, ooy @p)=(f1, -0, f3)- .

Consider the substitution ¢’ ={v;~a,/i<i<m} and the term p,=
=fi(fo(...(fa’ (%1}, ....), ...) ..), ...) where the free positions stand for new
variables (distinct each other and distinct from x, x,, ..., ).

Then, $,, p:, o=0¢" and m=11...1 (I times) satisfy the lemma.

Q. E. D

Let N=(§,T; F, W) be a P{T-net and ¢ : S—(F an injective func-
tion. Suppose that the S-elements and respectively the T-elements are
ordered :

S8y <8< <S8,

T i ty<t, <. <L,

Let M be a marking of N, M induces a multiset on O, denoted yy, as

follows :
(i) f =y iff there exists I€{1, ..., £} such that f=q(s,)
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(1) #(p(se). gar) = M(s,), for any Le{l, .., k), where (s, , .. s, 1
s =S/M(s)~ T} P
of I\’,L?l}ly_‘i(:lif;l?r‘ a (linite) multisct on 7, y=(f,, ..., fi) induces a marking
M (s)=%(g(s), %), for any s=§.

Let 7=, The transition ¢ induces tw. ltisets enoded
7, Tespectively by : SRR iRl e and
(l ) f=y. iff there exists Ie{1, ..., k} such that f=o(s, )
(i) #(p(s)y) =W(s,, &), for any Le{l, ., b}
and
(|) S =y iff there exists Ie{l, ..., &} such that F=0(s;)
(ii'} #(p(s;)s 20} = W2, sy), for any Ie{l,.. &}, w‘here 4 =
={s¢,, ..., s,y and &={s, , .., Syt
Conver§ely, two finite multisets on (7, y, and v,, induce a transition £ by -
(i) (s,)eF iff p(s)=y, and in this casc "
o Wis, ) = % (9(s), 31}
(1) (, s)=F iff o(s) ey, and in this case
Wt )= #(o(s), 72)-
. lemma 3.14. Let N=(S, T; F, W) be a I'/T-net, @ :S—(F be an
mjective function, M be a marking of N and t<T. I f tis enabled at M, then
Xe &%
. Proof. Because # is enabled at M, for any s&€5, W(s, ) « M(s). That
1s, for any s€5, #(o(s), y.)< # (¢(s), xa) which implies y.,Sv,,.
.E.D.
Lemma 3.15. Let ReSCB, r:a—B<R and P 9T be :mc% that
p=——=q. Then, Yo={1r\7)Ua

[Firo)R .
0.E DProof. From Lemma 3.12 and from the definition of rewriting.
Let us note that Lemma 3.15 is not true for Re R\ SCB.
~ Lemma 3.16. Let N=(S, T; F, W) be a P|T-net, ot S—(F bec an
tnjective fusiction, M be « marking of N and t= 1. T [ M= My, then 3y =
= (77U %o o
Proof. Let fey,,,. Then, there exists s =S such that =
r00). i, : o(s)=/. Because
JIH>MI.. it follows that for any seS, M,(s)--ﬁ/[(s)-—W(s)‘, t{—}—W(t, 5),
erom which e obtain that #{p(s), 7)== #(¢(s), L) % {e(s), x.)+
b (o(s) ), that is, (s) =f (1 \2)Uy Hence, %an,S (Ve \2-0)U 1
The converse follows in the same wav. Q.E.D. '
Let ¢ be the following relation on T ¢

pey ULy, =y,
It is easy to see that p is an equivalence relation.
Theorem 3.17. Let N=(S, T'; F, W) be a P/T-net, ¢ S—(F be an

tnjective function and Mo M be two markin s of N such that th 1
€E T with M, us M ;f gs of ch that there exists
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W), 2 #(. %) ar ()3 al=1
X o#{f, ) ar(f)= |y ]—1, for any t=T
(1) 2 Bfs) ar (o(s)2 o) | Mals) >0} [—
(i) ‘gfﬁ"(s, ) ar (a(s))—i{s€t| ar (p(s))=0} = X () ar(gl)
—| {set | ar {g(s)) =0} |, for any (T,
then there exist gy, pu =T and RyeSCH such that :

(l ) P.u,_,\—,‘\;—’f’.u,
(2) |P.\I.E‘\"—,;_’P.‘Hi =|u I .

Proof. By induction on A=|ul. .
Basts. k=1. Then, u=te® and M,[¢=7. Because ¢ is cnabled at 1/,
from Lemma 3.14 it follows that .=y, and from Lemma 3.13 it follows
that there exist  py,, «, €T, =€ O(p,,) and eeX such thal :

F

(a) PAIPRy ATTREY Sy £ 8

(b) pufm=a(ad).

From (i) and Lemma 3.10 it follows that there cxists $.,€C suc]} that
%-=yp, and (iii) implies that «, and B, have the same number of variables.
Moreover, we can choose 8, such that for every xe@, #{x, «.) = #(x, B)
(as in the proof of Lemma 3.13). _ o
Consider the term rewriting system Ry={a,—B,}. By Proposition
2.2, RyeSCB, From (b) it follows that the rule «,— B, can be used in the
rewriting of p,, and hence therc cxists g =C such that ]‘)‘1,0—7‘—,»-'1. We show

that y,=yv,. Indeed, from Lemma 3.15, it follows that La=Lny, LU 211
and from Lemma 3.16 it follows that vy = (s 70U 7. )
Because v,,, =30 Lo, = and yg =y, we deduce thatey,=y,. We cn
then take p)=¢. : ,

Induction step: Supposc that for cverv w'e 1%, such that |iu'|<k (k1)

and M,lu" > ', there exist Ry €5CB and pyy,, par, =T such that py, ,—‘,_’f).u

NP
and |pye———pal=1p'].
RN.P
Let =T be such that:
(a) |l =k41,
(b} Molu=>M.

Then, u=wt with w' 7%, |u'|=k.t=T and M [s'>M'[t>M. From the
inductive hypothesis it follows that there exist Ry =SCB and py,, pu. =T

S'llCh that Pﬂh—"—’p‘u, and |ﬁ.‘llu__,-:—’pr'l=lu’i'
Exoe Bye
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From Af'[¢f=237 we deduce that there exisi Kimla—8les0l and Garo
P» €T such that gy.——p,. We show that Pouega., that is Toats =Ya e

i‘.‘\'- =

Indeed, 7, =far=Yqy. and hence  py.oeqy.. T, P, py and
My o
i/".w.—r:'*ﬁu. =it where K Ry Ry =508, (4D
\\-p

Conclusions.  Althongh the obtained results are not so general as we
expected, we hope that future developments could add new insights to the
general concepts of parallelism  and  nondeterminism as expressed  in
term rewriting svstems and Petri nets.
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