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1. Preliminaries. A sixtuple £=(§, 7°; FF, K, W, My is called a
place/transition system (P/T-system) iff :

(i) (S. T': F)is a net where the S-elements are called places and
the T-clements are called transitions ;

(i) K:S—N" [J{colis a capacity function ;

(i) 11" F—-N" is a weight function :

(iv) M, :S5—1IN is an initial marking function which satisfics Mo(s)g
< K(s) for all s =S,

In the graphical reprezentation of L[T-systems, the arcs fe I are
labelled by TV(f) whenever W(f)>1. We can extend the function IV to ¥’ :
(SUT)x(SuT)>N by :

(i) Wiy, v)=0, if (x, v} ¢F

(i) W'(x, y)=MW{(x, »), if (x. y)=F,

Since 1F'/ =1, there can be no disagrcement hetween W' and W on argu-
ments for which both are defined. Thus we shall for convenience use w
instcad of W’ from here on. Hence, (, yYEF or (x, A} sF iff W{x, v)=0
or W{x, y)>0, respectively.

As usual, "x denotes the set of F-predecessors of ¥<SUT and x- denotes
the set of F-successors of x=S|J7T,

LetZ=(S, T; F, K, W, M) bea P[T-system_ A function M : SSI¥
is called a marking of T iff M(s) <K(s) for all s€ . A transition t=7T
is enabied at M (or has concession at M) iff for every seS8 11 (s, 1)< M(s)<
SK(s)=W{t,s). If te T isa transition which is enabled at a marking A/ then
t may occur, vielding a new marking 1’ given by the equation: A/'(s)=
=M(s)—W (s, H+W (4, s) for all s&S. The occarrence of ¢ changes the
marking M into the new marking M’ ; we may denote this fact by M[t>M

or by MM’ We denote by [M,>> the smallest set of markings of £ such
that :
(iy Mys[M,>;
(i) if M,e[M,> and M,[¢{>M, for some =T then M. =[M>.
. 2
Let A be the neutral clement of 7*. We then write : M[n>=M (M- A
for any marking M eIN¥ and M[w>M" if w=ui for some wueT* teT
and there exists M’ € NS such that Min>MTt>M",
A P[T-system X=(S, T; F, K, W, M,) is called :
(1) pure iff for every x, yeSUT, if {(x, y)eF then (y, 2)&F;
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(i) live iff for every t€T and cvery M= ,> there exists M'e
< M > such that ¢ is enabled at /'

(i) weakly comnected iff all x, v&S| )T are in the relation (FJF 1%,

(v} sfrongdy connected iff all v, y&SUUT are i the rvelation J*.

In order to define a Petri net language, onc has to specify four quanti-
tics : the underlving Petri net L=(5, 75 £/, K, 1)), the initial marking
M, eNT a usually finite set of final markings V(CIN ™ and a laballing
function /: T'=.X, where X is an alphabet. Given this information |'=
=(Z, M,, M, D) and by extending { to a homomorphizsm £: 7%= X* in the
obvious way or omitting 7 if it is the.identity, we define the fllowing type
of Detri net language :

L(D)={(w) weT* IM' €M : M, o>

L(T') is called the £L-type or terminal language of X. In this paper we shall
consider [ as being the identity,

We shall study in this paper the properties of I’/ T-svslems X (S, 17
F,OK, W, M) which have four restricticns :

Restriction 1.1, K : S—{oo}. For the sake of simplicity and brevity, we
will change the sixtuple notation of X into a fivetuple
notation ; thus, Z=(S, T; F, 1+, A} will henceforth a
denotec a /T -system with infinite capacitios,

Restriction 1.2, X is finite, that is, SU7 is a finite sct.

Restriction 7.3. T is weakly connected.

Restriction 1.4, For every te T there exists M e{M,> such that ¢ is cna-

bled at 3,

2. Reversible and Strictly Reversible [’/7-systems.

Definition 2.1. 4 P[T-system (S, T ; I, W, MY is called veversible
iff for every M &[My>and cvervieT such that t is enabled at M, there exists
we T such that M'[w =M, where M[t =]

Definition 2.2. A P{T-system X(S, T I, 1, M) iscalled siricl-
Ly reversible iff for every M e[ M,> and ceerv i €T such that { is vnabled al
M, there cawsts =T such that M'[U' =M, where M >3],

Remark 2.3, A strictly reversible [/ T-system is a reversible /71
system.

In the following we give some characlerizalions of veversible and
strictly reversible P/ -systems,

Definition 2.4. Lot =(S, 1 ; I, W, M) be a PfT-system, t€l and
s€8. We say that
(i} £ affects s off Wis, ) #WW (¢ s):

(ii) ¢ affects S off there cxists sy, ..., s, €S such that t affcets s, 1gigk.

Example 2.5. Let £ be the P{T-svstem drawn below together with
its initial marking M, :

S * BN S3
t‘l 52 t?

{; does not affect s. and s; but affects s,.
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A\'omho'}z 20, Let X=(S, T F, W, My) be a P{l-system, teT
;'u‘ul SEY, \\‘(_: denote by Af (1) the set Af (f) ={seS$ |t affects 5} and by
7(s) the set T{s)y={=T | { affcets s!. Also, the numbcr W s)—W (s, &) is
denoted by C(s, ¢).

Remark 2.7_. Let N (S, T F, 1, M) be a PjT-svstem, e T and
saS5. 10 not affect s, then cither (4, s), (s, ) F and [P (¢, sy=1F(s, #) or
it does not exist any arc between £ and s.

The following proposition can easily be verified.

P{Oposition 28, Lt X=(5, T, F. W, My be a PIT svstem, te 1 and
se=S. The following statements are eyuivalent ;

(i) does not affect s ;

(i) for cvery Me[My> such that t is cnabled at M, M(s) = M'(s),
where Mt -0

(i1} C(s, ) =0,

Definition 2.9. Lot X=(S, T : F, 1, M) be a P|T-system and |,
.= We sav that iy and {. are duals iff

(i} Al (1) =Al (&)

(iiy for cvery s€Af (1), C(s, t,) +Cls, t.)=0.
If 4. . are duals, we also say that ¢, () is a dual of . (11).

A transition may have many duals. The following example illustrate
this :

Lvample 210 Let T be the P/T-svstem drawn below together with
its initial marking MM, :

The transitions 4., ¢, {, are duals of the transition .
C Notafion 2,010 et X=(S, T, F, W, My) be a P{T-system  and
f= 1. We denote by Dual (¢) the set Dual (t)={¢' e Tjt'#¢ and ¢, ¢’ are duals?,

f Remark 2.72. Let Z=(S, T; F, W, M,} be a Pf[T-system and
el '
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(i) If ¢, and ¢, are duals and ¢, is enabled at M, M s[>, then
it does not follow that 7. is cnabled at AL, where M4, = M.
For example :

/ﬁ\
S‘| .52
2
t2
(i} (i)

t,, 2 are duals and ¢, is enabled at M, but £, is not enabled at M, where
M,[>M.

(ii) If ¢, and ¢, are duals, it does not follow that £, or ¢, are enabled at
a marking M, M e[M,>. For example, {, and{, arc duals but they are
not cnabled at M,.

Theorem 2.13. Let T=(S, T'; F, W, M} be a P/T-system. If X is
strictly reversible then for every t =T such that ¢ affeds S, Dual (8)# .

Proof 1 Let us suppose that X is strictly reversible and let {7 be
such that { affects & . From Restriction 1.4 it follows that there exists
M e[M,> such that f is enabled at M. Let M|t =", Because 2 is strictly
reversible, there exists ¢ & T such that ¢ is enabled at M’ and M’'[# =31
We prove that ¢"=Dual (¢), i.e.:

(i) Af (f)=Af (')

(i) for every s=Af (f), Cls, ) +C(s, £')=0.

Suppose by contradiction that Af (§)#Af (¢'). Then, there are two cases.

Case 7 : there exists s =8 such that s=Af () and s ¢Af (f'). From Propo-

sition 2.8 it follows that C(s, £)#0 and C(s, #}=0. From .JM(s) = M'(s) +

+C(s, )Y=M(s)+C(s, ) +C(s, ¢} it follows that C(s, ¢}~0 contradic-

ting the fact that C(s, £#0;

Case 2: there exists s =S such that s=Af (') and s ¢Af {f). From Propo-

sition 2.8 it follows that C(s, £}=0 and C(s, #)5=0. From M(s)=2{'(s} +

+C{s, #y=M(s)+C{s, ) +C (s, t)=M (s)+C (s, t') it follows that C(s, ¢')
0 contradicting the fact that C(s, ¥')#0.

Hence, {7) holds,

Let s=Af (f). Then, M(s)=M'(s)-+C{(s, £)=M(s)+C(s, 1)+C(s, {') and

hence Cs, t)+C(s, ¢)=0. We deduce that (¢) holds and thercfore Dual

(B} O.E.D.

The converse of this result is false. The P/T-system from Remark
2.12 (4) constitute the required counter-example.

Lemma 2.14. Let X—=(S, T F, W, M) be a pure P[T-sysiem,
Me[M,> and t,, &, T such that ¢, and ty are duals. If t, is enabled at M
then 1, 1s enabled at M, where Mi, = M'.

Proof: Let £=(S, T; F, W, M,) be a pure P/T-system. Me[M,>
and #,, .= T such that #, and ¢, are duals. Supposc that ¢, is cnabled at
M and let M[t,>M’. We shall prove that #, is enabled at M, i.e. for every
se€S8, W(s, t)<M'(s).

o
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Let s€ § Because ¢, and /. are duals, Af {(£,)=Af (£,).
then (s t)—0<M'(s). s are dusle, AT () =AL (L), I s kAL ()
If s=Af (f;) then there are two cases.
Case 1: Wi{s, t,)50. In this case, because ¥ is pure, (¢, s)=0
Moreover, (s, £)=0 and hence TV(s, t,)< M'(s) ;
Case 2: W{ly, s)#0. In this case, because X is pure, (s, 1,) 0.
;:\Iorco:icr,l I)l'(tg, s()lqélO zm(th'(s. £)=0. From C(S, 1,)--Cls, £,}=0 (¢ and
¢ are duals) we deduce that (s, £,)=T{{,, $) an mcee s, 1,)s !
S TTASTE S (s, &2) (t1. s} and hence 1F(s, 1,)< M'(s)
In both cases we deduce that 1W(s, 1,)< M'(s) ¢ mee fy is enable
VAR at s, 1,}< M°(s) and hence 4, is enabled
) Iheorem 215, Let Z=(S, T; F, W, M,) be a pure PlT-system. %
1S strictly reversible iff for cvery t€T such that t affects S, Dual (t)# @
. Proof: Let (S, T; F, W, M, be a pure P|T-system. It is suf-
ficient to show that if for every t<7T such that f affects §, Dual (1) ¥
then X is strictly reversible. '
Le:] Me[M,> and 17T be such that ¢ is enabled at M. Then, A=Al
and :
(iy M'(s)=M(s), il s ¢Af (1)
(i) M'(s)=DM(s)+C(s, ), if s=Af (t).
Because Dual (7)# &, there exists '« T such that £ and ¢’ are duals. From
Lemma 2.14 it follows that ¢ is enabled at M’ und let M'{t' =", We
shall prove that M 3", Because Af {f)=Af ('), for every se&Af (&),
M"(s)=M"(s) =2M(s). For every seAf (1), M"(s) =M "(s)+C{s, 'y =dI(s)+
+C{s, §+C(s, 1')=M(s) since C(s, t}+Cls, ') =0. Therefore, M =23" and
hence X is strict reversible, Q.E.D,

Example 2.16. The following PfT-systems are strictly reversible :

a

Theorem 2,17, Let Z=(S, T'; F, W, M) be a P|T-system, If ¥ is
reversible, then for every t€T such that t affects S and cvery s<=Af (8), there
extst nq, ..., iy, &€IN such that
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i3

‘e

(1) X Cs, 1) Cs, 1) =0,

where T{s)—ty =1, ... 4 }.

Proof = Let X=(S, 75 1, 11, M) be a reversible 2/ F-svstem and
/e such that t affects S. For every s € Af (f), we have Cfs, #)#0. Because X
1s reversible, for every 8/ €[M, > such that ¢ is enabled at M, there exists
nel* such that M'.[u}M, where M t=11". Hence, there exist n,. ...,
e, €N such that

i
M(sy=2"(s)-F Z n,C(s, &), where T(s)—={t =1, ..., I}

i1

Then,
k

Ms) =2 (s) | C(s, }+ Eu0(s, £).
i=1
Finally, we deduce that (1) holds. Q.E.D,

FExample 2,15 The following P/T-systems are reversible

3. Some Properties of Reversible and Strictly Reversible PIT-
systems. The following theorem establishes the relationship between stric-
tly reversible PPfT-systems and strongly connected P/7T-systems. ‘

Theorem 3.1. Let T=(S, T'; F, W, M} be a strictly reversible P[T-
system. Then, X s strongly connected iff for any t€T there exist s, s, =t
suchthat (t, s,), (s., B}k, . '

Proof : Let X = (S, T, F, W, M) bea strictly reversible and stron-
gly connccted P/T system. Supposc by contradiction that for every s,
s: €4, (¢, s))€F or (s,, )& F
There are two cases o '

(1) forany s=-, (¢ s) = and it docs not exist s’ =+ such that (s', §) =
=1
: ’(2) for any s=-4, (s, )<l and it does not exist s" &4 such that (4, s')
I In the first case, for any xeSu 1, x#¢, (4, v)&F* contradicting the
fact that X is strongly connected. In the sccond case, for any xeSu T, x4,

(v, f) ¢I'* contradicting the fact that T is strongly connected. Hence,.

Tor any =T therc exists s,, s, <+ such that (¢, s,), (s., f)eF.

=

~]
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Converscly, let X=(S, T; F, W, Mo} be a strictly reversible PiT-
svstem - such that for any (€7 there exists s,, S: =+ such that (#-= s,
(8o, D=l

Forany arbitrary chosen «, yeSUT wehave to prove that (v."v) e F*,
L. there is a directed F-chain from x to ¥ Weak connectedness (Restric-
tion 1.3) implies only that there is a {(FLUJF")-chain from x 1o &, ie. there
is a seguence

X0y eir X (m=20, v, =S Ib!

such that x=u,, x,=y and (x,, Y} &(FUFTY) for 0gi<m. Lel us now
lry to construct a f-chain from x to .

There arc four cases.

Case 1: x, yeS§. Then, there cxists AeN  such that m=2% and for
every 0i€h—2, xy, 7. We have to prove that for any 0<i<h—2 we
can construct a F-chain from x,, to Xape. Let 0€4€h—2. Consider the follo-
wing four cases :

(L) (Fan %araa), (Xappr Tarsa) €F. Then, x,;, %,4,, Yupye is a I-chain
from xy; to x4, ;

{1.2) (¥ep, %gi)€F  but (Y2041, Xarys)$F. Then, {(Yeipe g )€ F and
hence xg,,, affects Xopaa. From Theorem 2.13 it follows that there exisis
T2, €T such that x,,, and Fy141 are duals, Morcover, (g, Kool EF.
Let Al (s )= {0, ..., 2l ) be, 12 1. Obvious by, %2142 € Af (24,,) and wi-
fhout loss of gencrality, we may assume that Kagpa =X,

From the hypothesis, there exists
711, ..., I} such that (xa,,, xl) €F,
Because Lis strictly reversible, (a4,
Eap) € F. We replace the sequence
Xetpr Vews by the sequence vy, x4,
%o, oy, Xeye which is a F-chain
from x,, to xy., ;

(1.3) (x4, Xo) € F but {(*ai41,
Eaey.0) €F. This case is analogous with
the case (1.2) ;

(1.4) {xen Koppr) (a1 x3,+2)¢F. Then, (xzﬂh Xy (Xergn, Fu41) € F and
hence weyy, affects x,, and Faper. From Theorem 2.13 it follows that there
exists &£,,,, €T such that Xpeer @nd Fayyy are duals. Moreover, (%21, Eargy)
{Z2141, Xarye) SF. We  replace the SEqUENCE Xgy, Najpr, Xagpe With xy,, £,
V242 Which is a F-chain from x,, to Xagpe

Hence we can construct a F-chain from # to .

Case 2: x=S and y<T. Then, x,,_,<S$ and analogously with Case 1 we can
construct a F-chain from x to x,_,. Let X¥=X9, Xy1, .., ¥p=2%,,_1 De a such
of I'-chain. Consider the following two cases.

(2.1)  {xn_y, x,)€F. Then, ., Xits ooy X =%Xpn_y, Xp=y is a F-chain
from x to y;

(2.2)  (xu_y, %) €F. Then, (*m, ¥w-1)=F and hence x,, affects S. From
Theorem 2.13 it follows that there exists £, T such that Xy and £, are
duals, Moreover, (w_1. &) =F. From the hypothesis, there exists se §

X2ied

X201

3 - Mailematici~-informatica
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such that (s, ) =f. Then, (£,, s)el and the sequence x,, Xiyr ooy X
%m) 8, %y is a F-chain from x to y.
Hence we can construct a IF-chain from x to y.
Case 3: x=T and y=S8. This case is anulogous with Case 2.
Case 4: x, yeT. From Casc 3 it follows that we can construct a I"-chain
from x to x, and from Case 2 it follows that we can construct a F-chain
from =, to 1. By concatenation of these I"-chains, we obtain a I-chain from
x to v,
Hence, X is strongly connected. Q.E.D.

This result does no longer hold if we consider reversible I/ T-systems,
The P/T-system {rom example 2.18(ii} constitute the required counter-
cxample because, it is reversible (but not strictly reversible} and for every
teT there exist s, s;=-fsuch that (¢, s,), (s., #) €F. But, it is not strongly
connected because (£, s.) &7

The following theorem establishes the relationship between rever-
sible P/T-systems and live PfT-systems.

Theorem 3.2, Let Z=(S, T, F, W, M) be a P|T-system. If X is
reversible then X 1s live,

Proof : Let T=(S5, T'; F, W, M,) bc a reversible P/T-system. We
have to prove that for every M = [M, >and every { & T there exists M' e [M >
such that ¢ is enabled at M'.

Let Me[M,> and ¢=T. Then, there exists n=T* such that M,[u>M.
There are two cases.

Case 7: m="n, In this casc M =M, From Restriction 1.4 it follows that
there exists M'=[M,> such that ¢ is enabled at M.

Case 2: yel~ Let u=t,..%, be, {,T for all Igign, #=1. Then, there
exist M,, ..., M,=[M> such that M[{,>M,[..(t,>M,=M. Because Z
is reversible, there exist vy, ..., v, € T* such that M,[v,>M, ,, 1<i<n. Then
Mlv,...vy; > M,. From Restriction 1.4 it follows that therc exists M’ =[M,>
such that { is cnabled at M’'. Hence, there exists we T* such that M,[w>M"
Now, it is sufficient to prove that M’ e [M >. But, we have M{z,...v, >M,[w
Mglw>M' and therefore M’'s[M>. We deduce that X is live. Q.E.D.

Theorem 3.3. Let Z=(S, T F, W, M,) be a reversible P[T-system
and U'=(Z, M, M} a structure. If L(I'}# & then for every w s L(I'} and every
decomposition w=witw,, t<T, there exislts neT* such that wit{ut)'w,<L(T)
Jor cvery n27.

Proof : Let X==(S, T ; F, W, M) be a reversible P/T-system, I'=
=(Z, M, M) a structure such that L(I')# &, w=L(I') and the decompo-
sition w=w,fw,. Because w<L(I'), there cxist M,, M,€[M,> and M,€M
such that M [w,>M,[t =M.[w, =M,

Because X is reversible, there exists < 1% such that 3M.[%>.,. Morcover,
for every n2 1, M,[(ut)" > M, and hence w t{ut)* w, sL(I'}. Q.E.D.

An easy consequence of Theorem 3.3 is:

Corollary 3.4. Let T=(S, 11 F, W, M) be a reversible P[T-system
and T'==(Z, M, M)} a structure. If L(T')# & then L(I') is infinile.

U
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