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1. Introduction. The pagenumber of a graph is the minimum number
of pages required in a bookembedding of the graph. A bookembedding is a
lincar ordering of the vertices on the “spine” of the book together with an
embedding of the edges on the pages so that edges in the same pages do not
Cross.

The interest in the Leokembedding problem comes from different
area : fault-tolerant VLSI design [CLR1], R 1], [CLR2]. complexity theory
[PRST], [GKS], sorting with parallel stacks and single-row routing (sce
CLR2]).

The case of planar graphs scems to be basic in the understanding of
bookembedding. Tt was conjectured in [BK] that planar graphs require an
unbounded number of pages. The conjecture was disproved by [BS] and
H]). [BS] gives an algorithm for embedding planar graphs in 9 pages. With
a different method, [H] derives a 7-page cmbedding algorithm.

In what follows we will present a 6-page cmbedding algorithm, buil-
ding on the 9-page method of Buss and Shor [BST:.

A couple of months after this manuscript was written M. Yann a-
kakis announced a 4-page algorithm [Y1]. His paper also shows that 4
is a lower bound on the number of pages of planar graphs [Y2].

Our algorithm is based on a recursive decomposition of planar graphs
using Whitncey Theorem. The ideas behind the algorithm are simple
and intuitive and with a potential 1o develop fast parallel algorithms for
bookembedding. .

The following is an informal description of the method. Our method
builds on the 9-page method of J. Buss andP. Shor [BS). Their basic
idea is to use a theorem duec to Whitn ey : Any briangulated planar
graph without separating triangles has a Hamilfonias Civenil (HC).

The theorem gives us two directions. First of all, a HC for a graph
provides with a 2 page emhbedding of the graph : the order of the vertices on
the spine is simply the HC order, the interior cdges of HC are embedded in
onc page, the exterior edges of HC are embedded in a second page, while
the cedges the HC is passing through can be embedded in either one. This
can be considered as the “local” part of the embedding. The second direction
derived from the theorem is the “global” cne. Namelly, the separating
triangles and the way they nest, suggest a decomposition of the graph ints
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levels. A triangle in a triangulated planar graph is separafing when its
removal separates the graph in two components : the “interior” and the
«exterior”. We decompose the graph G in levels with the intention that at
cach level, the Whitn ey theorem applics (to every connected component).
Each level has no scparating triangles. For cxample, the first level of €
is G° and consists in the subgraph of G generated by the vertices not enclosed
by any scparating triangle. The sccond level G* is the first level of G—G"
And so on. Our Algorithm will usc the level-structure of the graph as the
global direction. However, the local embedding will be different from the
Buss-Shor Algorithm. The points of departure can be summarized as
follows. We use a stronger result (than the Whitney Theorem), the
Whitney Lemma, which yields a more “flexible” Hamiltonian Circuit.
We take advantage of the detailed structure of the interior of a triangle, in
order to control the combinatorial structure of the chords and pinch vertices,
By a corresponding pre-processing of the levels, the HC facilitates the
embedding of inter-level edges. .

At each level the connected components will be embedded using their
HC in the same 2 pages, while the edges connecting adjacent levels require
4 more pages. ) .

The remainder of the paper is organized as follows. Section 2 contains
some definitions. Section 3 gives basic lemmas. In Section 4 a presentation
of the Whitney Lemma and the Whitney Theorem is included.
Scction 5 contains the main result. The last section presents conclusions,

2. Definitions. In this scction, we present the basic definitions and
notations used in the paper. ) )

Let G be a planar graph embedded in the plane. G is said triangulated
when no edges can be added without losing planarity. The set of frontier
vertices is denoted Fr(G); # Fr(G) denotes the size of Fr (G)}. A fronficr edge
is an edge connecting two consecutive frontier vertices. G 1s interior-triangu-
lated if we cannot add edges in the interior of the graph without losing
planarity. The frontier of a triangulated graph is a triangle. The fronticr
of an interior triangulated graph is a polygon (possibly with some of the
vertices identified). Fig. 1. presents an interior triangulated graph. The
frontier vertices P,, 1<7< 3 can be seen as identifying two frontier vertices
of a polygonal frontier. These vertices P,, P,, P, are called pinch verbices
[H]. A k-pinch vertex (k>2) is a frontier vertex of an interior triangulated
graph whose removal separates the graph into %2 connected components.

Let G have a k-pinch vertex P. If Q, P, Q' are consecutive fronticr
vertices, the edge (Q, Q") added in the exterior face is a bridge for P. Adding
bridges “eliminates” the pinch vertices; namely, in the resulting graph,
the original pinch vertices lose their pinch attribute. A chord in an interior
triangulated graph is an edge connecting two nonconsecutive frontier vertices
In Fig. 1, P, and P, are 2-pinch, P; is a 3-pinch and e,, ¢;, ¢; are chords,

A circuit in G is a sequence of different vertices v, ..., 7, except tl}at
9o=0, and for each 7, (9, %) is an edge of G, 0gig<u—1. A Hamullonian
Circuit is a circuit containing all the vertices of G.

Graphs and subgraphs with frontier a triangle will play a major role
in the sequel. Some notations concerning them are necessary. A friangle
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T will be given by T=]L, M, N} Let T be a triangle of G. Then intg(7)
denotes the interior of 1" in (, i.c., the subgraph generated by the interior
vertices. Fig. 5.1 presents a triangulated graph G with fronticr T'={I, 1/, N}
in which the frontier of its interior is drawn. Iig. 5.2 gives inte{7). Denote
by Conn.(7T) the sel of edges connecting 17 with (the fronticr of) ity (7).
{As usual, the index G in inte(1), Conng(T} is dropped when G can be deri-
ved from context))

A triangle in G is called separating when it is not a face boundary.
I. v, the removal of the triangle will separate the graph in several (22)
components. Interior triangulated graphs without scparating friangles
(w.s.t.) will play an important role.

3. Basic Lemmas. We prove in this section, four lemmas. This
first gives a way of eliminating pinch vertices and chords from the initial
graph ; these two types of structures prevent us from being able to apply
the Whitney lemma. The second lemma captures three basic properties
of a Hamiltonian Circuit. Lemma 3 gives the 2-page embedding of a graph
having a Hamiltonian Circuit. The last lemma presents the structure of
the interior of a (triangulated} triangle.

Lemma 1. {Chord and Pinch elimination) The chords and pinch vertices
of a graph can be eliminaled by adding some extra edges. The vesulling graph
contains the initial graph as a subgraph. O

Proof. 1) The chords. Suppose G is interior triangulated. Consider the
chord AB. Let ABC, ABD be the two triangles having AB in common and
empty interiors. (Notc that 4B can be common to other triangle, say con-
taining ABC.) Now we draw A B in the exterior face, add one new vertex in
ABC,andonein ABD,sayE and F. Connect vertex I with A, B, C, and I,
and vertex F with A, B, D. This eliminates the chord 4B and introduces no
other chords. In this way all the chords of G can be eliminated.

2) The pinch vertices. Let P be a pinch vertex. Consider @, P, ',
three consecutive frontier vertices. The edge e=(Q, @'} is not in G because P
is pinch. If wc add e in the exterior face, it will “cover” P ; we shall call it
a bridge of P. If P is a k-pinch vertex, the addition of A—1  bridges for it,
transforms it into a mon-pinch vertex,

Lemma 2. (Threce propertics of a HC) Lot (¢ be an inferior {riangula-
ted graph w.s.t. Then the following properties hold :

2.1. A HC passes through all the bridges.

2.2, A HC visits the frontier vertices in the frontier order.

2.3. The edges of any triangle are either all in the tnierior or all in the
¢ vterior of the HC. (The HC edges are considered hoth interior and cxterior.)

Proof. 2.7. 1f a graph has a pinch vertex P thenno HC exists  for it.
Tndeed, the circuit must visit P twice which is not possible. Now suppose
that ¢« —(Q, (') is a bridge for £ in G. P is nel a pinch in &, but is a pinch
in G—e¢. Suppose that G has a HC which is not passing through e. Then G—e¢
has the same HC. This is impossible because it has a pinch vertex P.

2.2. Recall that Fr{G) is the set of frontier vertices of G. If 3# I't(G)< 3,
then in anyv order the HC visits them, this is the order of the frontier. Suppose
3 Fr(G) =4 =3. There exist permutations of 1, 2, ..., 2 which are not circular
versions of 1, 2, ..., k {e.g., we can “jump”). We number the frontier vertices
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1,2,.., & By contradiction, suppose that therc isa HC not satisfying 2.2,
Supposc that HC starts at 1. Let #,, 7, be the first two frontier vertices,
722 7,42 which provides with a jump, i.c.,

].’IC == lﬂ].‘.m"'rﬁ]...Bﬂ’l'{l...'{fl

such that in B,...%, there are no frontier vertices (See Fig. 2). Without
loss of generality, we can assume that 1 <r,. Because 7, r, i the first pair
of this kind starting from 1, the skipped fronticr vertex number 7, -
belongs to v,...v . Consider now the fragmentsof HC @ rj——v, and ry 4+ 1——1
Although they are parts of the HC they intersect. This contradiction com-
pletes the proof.

2.3. This follows casily from the fact that cvery triangle (except
the fronticr one when the graph is triangulated) has no interior.

Lemma 3. (Two page embedding of a HC passing through a fronticr
edge.} IfG has a HC passing through a frontier edge then G can be embedded in
fwo pages such that on one page all the frontrer vertices are frec (i.c., width - 0),

Proof. By Lemma 2.2, the HC divides the sct of cdges of & in several
regions. Each pair of consccutive frontier vertices defines a region bounded
on one side by the HC fragment going into the interior of the graph, and on
the other side Ly the frontier edge connecting them. This is an ecxterior
region (including the boundary edges). In the special case of a frontier edge
that is part of the HC, the corresponding exterior region has an cmpty
interior, i.e., it contains only the frontier edge.

The circuit also defines an dnlerior region.

The figures 3.1—3.3 present the HC, the interior and cxterior regions
and the 2-page embedding of it.

The exterior regions are embedded in the upper page. The interior
region and the frontier edge XY are embedded in the lower page.

The next Lemma identifics the structure of the interior of a triangle.
The structure will be called 3-petal graph because of its composition of 3
chains : cach chain is made out of pinch-less graphs arranged lincarly and
“linked* by a common pinch vertex. The 3 chains connect together in a
flower-like manncr having the center a pinch-less graph or a 3-pinch vertex.

The Fig. 5.2 gives an example of 3-petal graph.

Lemma 4. (The petal structure of a triangle intcrior)

The interior of a triangulated triangle is a 3-petal graph.

Proof. Let T'={L, M, N} be the triangle frontier of a triangulated
graph G. Let G'=int (7). Clearly G’ is connected and the onlv vertices
connected to L, M, N are those from Fr (G').

Let us classify the vertices of Fr{G') according to their connections
to L, M, N. A vertex can have at most 3 connections. There is a partition
of I'r{G’) defined in this way ; the notation for a set will be with COITESPOT-
ding indices. Some of the sets can be empty.

3. Three connections C,py. At most one vertex connected to L, M and N
2. Two comnections : C,y;, Cyy, Cyp. The vertices conneeted to both L and
M are the elements of C,,,. We shall order the vertices of Crir as follows.
For any ¢= C 1y, consider the triangle LMe, The family obtained in this way
tLMcleec, ycan be lincarly ordered by the relation “subtriangle of”,

e e T e T e
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Lecause all of thern have a comman leg LAL et LAL,, be the minimal
onc and LAc, be the maximal one, Similar considerations can be made
for the sets Cyp and Cy .

1. One connection  C,, Cy, Cy. These three sels conlain the remaining
vertices of Fr (G).

The pictures 4.1 and 4.2 present the possible situations. The cycles
stand for arbitrary planar graphs having a cvcle as frontier or (the graph
is reducedto}anedgeor a vertes, In the above pictures €y ={ry, cav o],
Coy=1{a1. @y ooy by Coy o= 10, 0sy o gt €y is (20 in 3.1 and @ in
32; €., C,, Cy arc casily obtained.

4. The Whitney lemma and theorem. The following lemma was pro-
ved by Whitney as a technical result in order to obtain his famous
theorem. Our interest in ihe slightly stronger result of the Lemma (instead
of the Theorem) is a basic point of departure from the Buss-Shor Algo-
rithm. The Whitney Lemma will provide us with more flexibility in the
cembedding.

Lemma (Whitncy 931, W, p. 3801). Let G be a triangulated
planar graph without separating triangles, and K a circuit in . Let 4, B
be lwo distinct vertices of R, dividing R inlo two paris R, and R, in each of
which we include both A and B. Suppose

(1) No pair of vertices of R, are joined by an edge interior fo R, and

(2) Either no paiv of verfices of R, are joined by an interior edge in R,
or else there is a vertex C tn R, disinct from A and B, ‘ividing R, info two
parts Ry and Ry in which we include C, such that no pair of vertices of K
and 10 pair of verlices of Ry are jorned by an inlerior edge.

Then we can draw a path from A to B, passing only along cdges of
and inside R, and passing through each vertex of and inside R once and only
once.

The following informal description of the Lemma is taken from the
same paper.

“In bricf, if we can divide the circuit T into cither two or three parts,
such that in any part, including end vertices, no pair of vertices touch
cach other inside R [in our terminology <joined by an interior edge> ],
we can then draw the required curve from anyone end vertex to any other
end vertex on these parts”,

From the lemma, his theorem follows casily :

Whitney Theorem. Luery friangulated planar graph without scpara
ting triangles has a Hamiltonian Circuit.

5. Main result. In order to present our main result, i.c., an algorithm
for embedding planar graphs in 6 pages, we first derive a lemma which
gives the invariant, on the base of which our algorithm is proved to be
correct,

The invariant property refers to triangles and is elaborated in what
follows. Our embedding of a planar graph in 6 pages will use 9., 9., @
the #pper pages and §,, ¢, = the lower pages. The construction is symme-
trical, due to a symmetry imposcd by the Hamiltonian Circuit construction
(the interior of HC is embedded in one page say ¢, and the exterior in
Yo, scc Iig. 3.3),
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An cquivalent way of saving that 3 upper pages are available is that
we have one upper page only UP on which we can use three colors to draw
cdges : no edges that cross can be drawn with the same color. Similarly
for the lower pages, LOW. Now suppose that a triangle 7" is embedded
entirely in onc page, sav o, The area of T, denoted 77 in this embedding
1s the arca defined in UD Ly the fargest edge of 1" and the spine. Similarly
for a triangle embedded in b, and its area 77 in LOW. Up to three colors
can be used in this arca.

Now, we call T mong-color if T has onlv cdoes colored willh one
color. '

Property ().

Let the triangle T be cmbedded such that :

1. T is entirely embedded in o, or entively in ..

2. T* 4s mono-color.

Lemma 5. Let G be u graph w.s.t. and with fronticr triangle 1.

1f T has property (M) then int (T) can be embedded such that any triangle
of int (T) has properiv (M).

Lhe tolal wumber of pazes required is .

Lroof. We construct the desired embedding of int () in 8 steps. A
corresponding generic sequence of figures is given in Fig. 5.1—5.8.

1. Let I'={L, M, N}. By Lemma 4, int (T) has a 3-petal structure.

2. The frontier of int(T) is connected to L, M, N using edges from
Conn (7).

3. By Lemma 1, we climinate the pinch vertices: that is, we add
some bridge edges.

4. By Lemma [, we eliminate the chords in some regions. That is,
we preparc the graph to meet the hypotheses of Whitney Lemma
A, B, C are the decomposition points. Dashed regions arc the exterior-
face regions where the chords may lic. The resulting graph satisfies the
Whitney Lemma hypotheses. Therefore it has a HC. By Lemma 2.1,
HC passes through all the bridges.

5. Consider the bridge ¢e=(Q, R). By Lemma 3, HC and (0, R} pro-
vide us with a 2-page embedding, having the fronticr vertices free {including
thosc covered by bridges).

6. The fact that the frontier vertices are free implics that the cheeds
can be accommodated without conflicts.

7. The 3-page embedding of Conn (1) is given logether with the chord
embedding and the embedding of T. The following table gives the pages
in which the connection s arec embedded. The notations are those of Lemma 4 :
c.g.. Cpy means the frontier vertices of int (T) connected to both L and Af.
Also in the table “/” stands for o, 0gi=s2.

8. The transformations realized by our algorithm can be seen in the
nonembedded version.

Commnents. 1) In the special case when part of a petal or even the whole
interior is reduced to pinch vertices only it is not difficult to carry step 3
to cover all the pinch vertices.

ii) As far as page requirement is concerned, Conn (1) nceds 3 pages:
9o, ®1, @2 the outside chords need 2 pages: g, and o, ; int {T) needs 2
pages @ @y and Y, ; the triangle 1" nceds one page : ¢,. Total 4 pages.
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Conn 1. M N
i
vertices
A 0 1 -
B — 1 1
1 it - 1
Oy, 0 — -
Cy = 1 —
. — — 1
A
Cra ] |
Cur 0 - 1
Carn - i 2
Cruy 0 1

iit) Any triangle of int (7) is entirely embedded in ¢, or ¢, by Lemma
2.3 and its region is mono-color, so property () holds.

We are now rcady for the main result of this paper.

Theorem. Lvery planar graph <s embeddable in 6 pages. '

Proof. l.et G=(V, E) be a planar graph. Without loss of gencrality
we can assume that & is triangulated having as frontier the triangle 7T,
(X G is not triangiulated, we just add edges until G is ; to get the embedding
of G, we will remove the extra edges from the final embedding.) The construc-
tion is excmplified in Fig. 7.1—7.5. ) '

We decompose now G in levels according to the following

Definition [BS). Let V, be the sct of vertices of G which are not eiclosed
by any triangle of G. Suppose that Vs, Vi, ..., Vi have been defined and lot

k

VA1 V' —JV,, and GV be the subgraph of G induced by V3. Define V<

eVt b:: rlt]lze verlices of GM*Y not enclosed by a triangle of G**1. Let Gy be the
subgraph induced by V.. Each G, is a level of G. 4 gg;mec{zd component of
any Gy is a section of G. Tntuitively, for a graph K lct K= be the reg;elt of remo-
ving all the inferiors of the separating triangles of K. Note that K= is w.s.t.
If T is a separating iriangle of K, int (T)% is a section of the next level of K:
t.e., 1f T was part of level I, int (1) 15 a section of level 14-7.

A level 1s the collection of sections defined in this way for all the svpara-
ting iriangles of the previons level. .

Now the embedding of a planar graph will be defined recursively on
levels. With alevel, we embed each section int (17)* of itandits connections
to the corresponding triangle T, embedded in the previous step (as part of
the previous level). This last task is provided by the algorithm of Lemma 5
described formally by :

Procedure ET (T}). . _ o
input : T a triangulated planar graph having T as (triangle) frontier ;

an embedding of the triangle T satisfying property (M).
output . The embedding of int (T) in 4 pages ; any triangle of int (7) has
property (Af). . . _ .
We will embed G in 6 pages ¢, ¥, 0<ig2. using the following recursive
algorithm. It uses ET as a subroutine.
Procedure EMBEDDING (T) v
dnput @ a triangulated planar graph T}
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{output : 4 6 page embedding of 1}

begin
il T is wast, then ET {1)
vlse
Legin
ET (1.
for any scparating triangle 77 of 1 do
EMBEDDING (T} ;
end ;
end.

Comm:’nt_. The procedure ET (1") embeds the interior of 77, [t assuines
that T* is embedded in one page with the vertices in order L', 17, N
Then the interior is embedded between L’ and 1/ . -
) Cal}mg ET here, we have to be precise about the place of cmbedding
the interior of 77 because at the call, between L and A, on the spine ca;
be other vertices. Therefore, let Lo’ be the next vertex on the spine after L,
We embed the interior between L' and L, In the casc of two (or more)
triangles having the same L’ as the leftmost vertex on the spine, we still
embed their interiors between L’ and Ly’ but the order will be “the largest
first”. Sce Figure 6.
_ Let us remark that conflicts still may- occur in the embedding of the
interiors of separating triangles at a fixed level, ET (T9) cmbeds 74 in
two pages @ go and &,. Any triangle of 72 can be a scparating one in 7', so
we have to analyze in which way embedding all their interiors {back)
will not conflict. First of all, if 7" is a triangle of 72 cmbedded in ©n, then
Conng (77} will be embedded in the Upper pages g, ¢y, @.. If 7" is embedded
in g, then the lower pages will accomodate Conng (1), so no conflict can
be between the connections of 77 and 7. The embedding of their interiors
are performed in disjcint regions of the spine, so they arc also conflict-
free. The only place where a potential conflict can be'is when we embed
the connections of two triangles 7°,, 7. of T2 Loth cmbedded in the same
part, say both in ¢, Suppose that the vertices of the triangles arc on the
spine 1n order L,, M, N, respectively L,, M., N, [f L# L, no conllict
can occur because of different regions of embedding for Conn. However, if
L_l =TI, then the regions for Conn intersect but by the nature of the embed-
ding no conflict occur within a page. Figure 6 gives the generic picturc

6. Conclusions, We have presented an algorithm for embedding a-
planar graph in 6 pages. Two pages in the construction are used less t han
the other four (see Fig. 3. ). A problem that remains for the present algo-
rithm is to eliminate the two sparse pages, if at all possible.

[he complexity of the algorithm is dominated by the Whitney Theorem
construction and is a small polynomial in the number of vertices, However,
the approach seems to be suitable for a parallel approach as most of the
steps (except the Whitney Theorem Construction) are “reducible” to graph
connectivity. On the other hand, the Whitney theorem was proved by
an induction argument of a sequential nature. It remains to be seen if the
proof holds for a divide-and-conquer approach.

»
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The algorithm developed by M. Yannakakis cmbeds a planar
graph in 4 pages ; its time is lincar in the number of vertices. His algorithm
uses a different methed building on Heath's 7-page algorithm [H .
Certainly the two algorithms present two completely different approaches
to the bookembedding of planar graphs, and therefore they add specific
information o our understanding of the bookembedding problem,
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