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. Theorem 2. max {f¢, (%) ¥,€[0,7], vel, 1gigp)

s MG, p) (MG, p)—1)/2 and all optimal solutions have mlcger contponents.

If x is an optimal solution then the sct of vertices vV, such that there exists

te with N, =T, induces a-p-colourable subgraph of maximum order n G,
Another approach of the verlex colouring problem is to introduce

the parameter p(G, p) defined as the minimum cardinality of a set 4 of

edges with property that if we remove A from £ we obtain a p-colourable

graph. Clearly, & has a p-colouring iff p(G, p)==0.

Let g1 [0, 1=K Dbe the Motzkin-Strauss [unction of the

graph G,:

Cl

gG‘(x)= b bX Xy Xy > Z Xpe Xy g

telp v gk 1€V imj
Theorem 3. T'ke optimal value for the quadratic program
(2) min ge{x)
Ogx, <1, ‘HZ]‘:P Ay=1, for all v&V and i=1, p

1s ]L(’G, P) and cach optimal solution has intcger componcnts.
Proof. Obscrve that, if v is a feasible solution then g cun be written |
ge()=Z Z x4+ 2 (1— % x2).
5 |.-1I.p v EE relV i=l,p
Let +* be an optimal solution of (2) and suppose that it has a non integer

component, say 43 Since I afe=1, therc exists f, j#i and 0.
) - k=1.p
Let us consider ¥ the vector with components :

a—y  if w=v and h=;
Ve =7\ Xey+y I w=v and k=j
I Xo otherwise

where —a3,< y< x%. Obviously, x° is a fcasible solution and we have
3 —gelP) =2y (20 ()= L (1),
ax“ ax,-_;
It is clear that 4 can be chosen such that g.(x%) >ge(x*) which contradicts
that ¢ is an optimal solution. Therefore, all optimal solutions have integer
components. Moreover, if x° is such a solution, and A is the sct of edges 2w
so that there exists 7 with 4%, —x%,=1, then G—A has a p-colouring given
by ¢(v) =7, and gg(x°)=|A|. On the other hand, if 4 is a set of edges such
that G—A has a p-colouring ¢: V—{l, 2, ..., p} then, taking xi, =1
for all v=V and 14 =0 otherwisc, we obtain a feasible solution a4 for (2)
with ge(x4)<|A]. This proves that the minimum value of (2) is w(G, )
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SYSTOLIC NETWORKS FOR NUMERICAL DIFFERENTIATION
BY USING RICHARDSON-ROMBERG EXTRAPOLATION METHOD

BY

OCTAV BRUDARU

1. Introduction. Systolic arrays processors offer an effective way to
use a large number of processors in parallel in order to obtain a high compu-
tation rate, low parts count, modularity, simplicity and small size [5]— 8.
In recent years many systolic array algorithms have been proposed in order
to solve problems in the field of numerical analysis [8].

In [3] they arc presented some systolic arrays for estimating deri-
vatives based on the Lagrange polynomial interpolation with
unequally-spaced arguments.

This paper presents linear and two-dimensional systolic arrays imple-
mentingthe Richardson-Romberg extrapolation method applied to
central and one-sided divided differences in order to estimate the deri-
vatives of many functions choosen as in {4].

In Section 2 we tre at the case of central divided differences and
propose a linear systolic array and a two-dimensional systolic array. We
prove the correctness of the working of these arrays and analyse their
performances.

In Section 3, we discuss similar results for the case of one-sided divided
differences.

2. The case of central divided differences. As described inf4], supposce
that f: D=+ R, D< R, Given a positive integer # and a step size }y, they
are computed

(n Ihy=(—k-1) Injn, k=2, .., 0,
and the central divided differences:
{2) Ly w=[f(x+h)—/(x—=N)] e, k=1, ..., 50

where e, = (2}, k=1, .., n.

The clock tick (CT) is defined as the time to perform a  division or
both a multiplication and an addition. The time is denoted by # which is a
count of the number of CI's. We shall suppose that cach processor is active
during each pulse number. The processors used to compute (2) are given in
Figure 1 (a)—(b).

They work so that: (a) ¥(@E+1)=—a(f) and (b) z{t+1)=(x(t)+
+y{I)u(f). The cell CDD to compute (2) is depicted in Figure 1 {c). If L is
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A (DD-¢e 1
(a)  (b) (c)

o L TR .
Fig. 1 — Mrocessing elements 1o compute the central dinded differences
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/i by g;—=11/{2(;1——k+1)). puted inside of CDD by multiplying
ot e, SO Sartin from o k..t et

(3) Ix?’-’. k= j.m-l, k+1+(1.m—1, kl—l_’-rm-l, I.') bk-}-_m, .

where £=2, ..., n—m, m—=1 #=~1 and b;;=(p—ri ] ] )1

. 4 " Ve, i= T— D)1 (2n—27—2 1),

. riglhezlzn)ear(gystoélc a(rr;ly(to compute (2) uses the {)r]cgccssors depigt)éd
‘igure 2 (aj—(b}, where (a) y{t-- 1) =x(f) and (b E41) =z A

and the RL-cell given in Figure 2) (c).() (B Zonlit 1) =20 l) +2(8) 514

x X
:
[é'_—) n ! Py
Y

tal b} {c}

RL=cell

Fig. 2 — Processing elements to compute the extrapolated values

Further, we denotc by X{f)==¢¥ the fact t ) v irc
throu%h X duting th e 2. )= the fact that no valuc circulates
roposition 2. If P, ()# @, Pot4+2)£ @ and P i+ N =P, (t4+3N=0

then I,rut(t+4)=Pln(t‘|'2)+E(f+3) [l,in(t"l'z) +E(f+2)( I)irr%i)]' !'2(0 )
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Proof. H a=P,(l), b=2"P,(+2), n=E{-2) and o=F£{{+3) then
during the £+4-2-th CT «a, u, b reach y-input, a-input, o,-input of P, res-
pectively. It results that P, ({43)=b4ua. Thercfore, during the f+3-th
CT, I, receives b+tua, v and b at y-input, v-input and = ~input, respectively
and therefore £, (0--4)=b-Fv{b--ua).

Observe that by sending proper values to Ri-cell, this one is able
to compute {3}

The Lincar array implementing Richardson-Romber g extra-
polation method using the central divided differences, called LARRC,
is depicted in Figure 3. We nole that, bLiecause enly one of two consccu-
tive output values of CID is meaningfull. it is suited that €D emils only
{he significant values.

Iig. 3 - The lincar systolic array implementing {3}
Theorem 3. If
(4) FRh—1)y<f(x—h,), F(ZR)Y=f(x -0}, H(2k)y=c,, k=T, .., 1, and
Eu2htdm—T)=—1, E (2k-tdm)=by,m. w.

(5)
k=7, .., n—mnt, m=17,.. n—7 then
(6) ZaRR+T4Hidm)=Ty , k=1, .. st=—nt. m=7, ., n—1I.
Proof. From (4) and by taking {=0 in Proposition t, it results that
Zo2k+1)=T, ;. k=1, ...,n. From thec assumption Z,(2s)= for each

positive integer s, and by applying Proposition 2 with {=2k+1, we obtain
Zi(2h43)=Zy(2- -3+ E (28 4-4) [Z(2kh+3)+ E (2k +3) Zo(2k+1)]. Because
E\2h+3)=——1 and E,(2k4-4)=by,1. 1, it results that Z,(25 45V =T, 141+
dbepr, 1 {To 130—To, &) k=1, ..., u—1, and from (3), we have Z,(2k-|-3} =
=71, 1. k=1, .., n—I1. Now, suppose that I€m <n—I and Z,,(2k+ 1 4m) =
=T k=1, ..., n~m. Applying again Proposition 2 with {=2k+1-4in,
we have Zpn(2h414+4m4-4)=2, 28+ 1 4-dm -2} +E,, ., (241 +4m+3)
(Zn(2h 41 44m+4+-2Y+E, (2541 +4m 4+ 2) 2,25+ 1 +4m) . Because Z,.(2k+
A dm 43y =Ty, 1410 Zn(28-+14+4m)=T,, 4, E,..(2k +4m+3) = —1 and
E(Zh+Am4-4) by ity myrs k=1, ..., t—(m-+1), one obtains Z,,,(2k+
4(’.‘11-}-1)—]—1):7‘"“ g+1+bk+m+p mq.l(Tmp I.'+1_‘Tm» k)a and USillg (3) it
results Z,, (28 +40m+1)+10)=T 1 & k=1, .., 0—(m+1), iec. (4)—(5)
implies (6).

Let us remark that f(x44,) cnters LARRC during the first CT,
while T,_,, , is available during the 4n—1 CIT, ie. the computation of
Ty v needs 4n—2 CTs. Observe that LARRC is able to estimate f,{x(s, /1)),
h=1, .., r(s), s=1,.., 5, il thce values of fs,, are sent to I-input after
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the complete introducing of f,-values, s=1, ..., S—I, ic. at every 2n
CTs. The value of f{(a(1, 1)) appears after 4u—2 C7T's, while the remaining
arc oblained with the rate of one at every 2n CTs

We note that any 7' ., extrapolated value may be a candidate for
J'(+). The manner to choose such candidate will be discusscd in Scction 2.3,

Let us remark that, because of increasing roundoff errors, it is indica-
ted to execute no more than five extrapolations.

2.2. A two-dimensional systolic array. In this scction we present a
triangular systolic array (I 4 RRC) implementing (3). This network uses the
basic cell (RT) depicted in Figure 4(a). This cell contains a register keeping
a value, during the entire processing activity.

‘The processor in Figure 4(b) performs ({4 1) =y(f)—x(t), >0,

L R
! 1
Xy
D o D - ll
r — J -
IPS D fe 1
I; 2
: RT-cell
D

{a) {b)

Fig. 4 — The basic vell for the triangular arrav

Proposition 4. Under the abouve assumptions

Dt +h) = R(t+2) +r(R(EF2) = L{1)). 12 0.
The proof is quite simple,
The structure of TARRC is presented {for n =3)

se that after a resct command the register in RT,
=biym, mo k=1, ., i—m, m=1, .. g—I,

in Figure 5. We suppo-
w keeps the value sy, =

The fact that TARRC correctly implements (3} is stated by
Theorem 5. If

Ik(t+2f‘e+7)=}"o_ e R=l, .., n
then
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l1 l? Ia 4 2
| J J ]
l_l { i 3 i 4
RTyy Riqz RT3 RTq,
RTa RT22 RT2

ta R j
- I
RTH RT3 i

o i

1] 1]
Rl

Tig. 5 — The {riangular systolic array
implementing [(3)

])H_ ;(t+2k+4"2—|— 1) =Tm. 2

= —nt, =1, ., t—I. )
k=1, i")';-(;;f. ’I*‘Jor m==1 and for any fixed ke{l’: <o =1} we have I;ilgt};};
2k+1)=T, , and Ry,(t+4 2/e+3_)-_ It +2k 4 3) g I'B k+fl-{-—2;,l;’]-! o
applying Proposition 4 with 2k+1 instead of {, we objtfun mé 2|
=Ry (142k+3) 1y, [R,;.(t_—|-2k+3_)—Lu(t—}—2k+1)];’ o,jktl_{irr S
To rs1—To i), 1o, following (3) it results Dy ({t+ »—I: 1 =71 & -
=t Now, supposc that 1< m<n—1 and D,,,k(f—{—Zk—l—‘{m—l—ll)): B,,_ A
Tor each kell, .., n—{m+1} we have L, k(t+2k2_]i_4’z-+-|-'3_) b
{642k +dmA-1)=TLm, & Rusy, ‘1(f+2k '-it-"l?::l}—\?f)er;lﬂgir?f)(t—l_ :(j—-l—énk—]—*i;;t.—ﬁ)
N lyving again Propositio ma1,
=SJ!’:: :::+Bbfj,}:f) ?"“g (g',,,, l.+1—-%!‘,ﬂ‘ #)=T w41 r and this completes the
prOOf' YAl o3 . ‘;Iw . 1 ;1\
Observe that T, , enters TARRC (_hgn.ng the {-+3-th € ‘ anc nel 1
is obtained during the £+4(n—1)+43-th C 1, i.e the (':on?pleit:_ Lo?p}l‘zt\l'a?)n
requires 4{n—1) CTs. Let us suppose that we have to c;_.unake_,l ().,
s=1, .., 8. The corresponding cen.tral (!1\‘1(18(1 d_lfferences DI" " —t ever
may be pumped through the assocx:_tted inputs with the r:}te 0 2c}ne ?) ﬂrsy‘
CT. By taking /=s in Theorem 3 we obtain that if k(s—l}- + te;ts":)';
k=1,...,n then D,,,,,.=(s—2k—|—4m-|—l)',= ok Se=1, ., S« {t g:Tcon e
registers of RT-cells are preserved). Thus, TARRC has | a‘s pe v .
Supposc that the values of /s arc received from the ho;st c?l_slmo gr
systolic array to compute fs [2] through a way denoted by 1 SITI;\ o
In order to supply TARRC with the T§ , values, the way t' i
connected to a CCD-cell (Figure 1 (c)) whose outputs are sen
multiplexer distributing these values to Iy, % = 1,...,-}1.. .
2.3. The choice of the derivative value. Usually, in thi:1 sggucn 15115
algorithm, the computation of I-values-is performed along the diagona
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of the triangular scheme. The computation of the eiements T, | w h=0, ...,
7—1, belonging to the j-th diagonal, is ended as soon as the values of
dyy =) 1,"}_',,-_1.,,_,.‘,'_,”, {, A=1, .., j—I, stop decreasing, and the desired
value of f'(v) is T, ,,, where d,, <dp, h=1, o J=—l 742, ., 0},

: Beeause, for the presented arrays, it is fruitless 1o stop the computa-
tlon, we give a systolic implementation of the above technique operating
the choice for all diagonals.

_ The cell able to do a step of the above computation is depicted in
Figure 6(a). Its working is defined by the following procedure :
begin il cu(f}=0 then Touel-2) 1 =xalt), xa&{d, T, L, 17, s
else begin d = Top, (1 11— Twlf) | e (12 1 o,
Foue {142}t = Ty (22 1),
il d>dult} then o, (142} =0,
Four (04-2) 1 =xalt), ve{d, T},
clse begin if dz=d}, (¢) then
Xourlf2) 0 xiald),
xe{d', T, ¢}
clse dgyy (14 2) 1 =d,
Toultt2) i =Ten(t+ 1),

Cout (t-i—Z) S Gm(t)
end
end
cnd

Tert Ip 24 oo

din—- —.dw, e ’-—‘ " e e ’—.
Tiﬂ—-l |==Toyt b e e e
o .
N § ""dou! =] S1 e B l—o
Piy » "
11 et —.-‘l'oul — e . = b
€ inas ad {
out 1 — fmte « 2 [
- - -
{a) {by

Fig. 6 — Systolic array to select the derivative aluc

. 1f a linear array of n—I serially connected cells of the ve type
(Figure 6 {b}) is connected to LARRCyand dix and d}, of the le?k(r)n;sttigﬁ
receive a higher value as initial values, then it is clearly that the best can-
didate of each diagonal can be extracted from 7* of the right-most cell.
A similar solution could be adopted in the case of the triangular array. A
more adequate way is to redefine RL and RT cells in order to support
the computation performed by the cell in figure 6(a).

. 3. The case of one-sided divided differences. According to this va-
nant |4/ the sequence of one-sided divided differences is given by
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(7 To e=(f{uh)—f(x) e, =1, 0
while the extrapolated values are defined by
(8} [ANTECY IR o f S — L ) bk,
Bt o pteemt, m=1, ..., n—1, where ¢ are previously defined and
bo=(n—i -0, je=1, =1, =2, 0 ) )

In order to use the previously systolic nctworks it suffices to pump
T with the same rate as T & A=1, ..., it This could be done by using
a cell keeping in a register the value of —f(x), introduced by a reset command,
and by sending f{x-+/,) and ¢, with the rate of one pair every 2 CTs.

Both LARRC and TARRC can be used to process these values.

An alternative way is to redefine the basic cells of the above arrays
in order to accept one extrapolated value at cvery |1 Cr.
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