ANALELE STIINTIFICE ALE UNIVERSITATII ,AL. 1. CUZA"
Tomul XXXIV, s, [ a, Matemalicd-Informiatica, 1988, f. 4

NUMERICAL METHODS FOR SOLVING THE HEAT
PROPAGATION PROBLEM ADAPTED TO THE PARALLEL
COMPUTATION

BY

CONSTANTIN CHIRUTA

Tet us consider the simple problem of heat propagation (parabolical
equation) :
.
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with the initial conditions u(x, 0)=f(x), for 0<x<! and the
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(1, f)==g,() for any {>0.
In the domain under discussion, we shall consider the rectangular nct made
up of the knots x;=#h, and f,=jk, writing u(x, {;)=#, ;. In each of the

boundary conditions {

knots we shall approximate the derivative -d—xf with one of the formulae :
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and the derivative o with the most frequently used formula :

axt
atu 1, 4 =218 541
(d) — (xh t}) ~ 1./ .,. il +1, 1 .
dx? h?

although in this instance, as well we could consider several other appro-
ximations ¢. g. with the formulae :
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(From (a) and (d’} there results an explicit method and from (a) and (d")
there resulls the Crank-Nicolson implicit method).

We thus get three ways of finding the solution to problem (1) in ihe
knois of the net we shall be dealing with, namely :

We shall get the first one considering the approximations (a) and (b) :

Wi gl 5 Uiy, =215 it g

k It

'2“f+l, 7

2, }n=§‘2”:-l. _.—}-(1—2:%)1:,-_ IE f
2 /]

and writing »=/k/i* we get:
{2) i =ttt g (1=27) 4; 7184,

which is an explicit method, which is proved to be unstable for 7= 1/2 (The
stability of the method is satisfied if the difference between the analytical
solution and the numerical solution is bounded with the increase of 7, for a
constant %2 and any 1),

We shall see that it is ideal for the parallel computation since it can
be applied simultaneously in each knot of a horizontal line in the domain,
But in order that the stability condition be satisfied, we must have k<32,
which means that the 4 step must be very small, thus implying very much
computation,

The sccond method is obtained considering the approximations (b)
and {d) :
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or, with the same notation :

(3) —¥ . Ui, j+(1+27) Wy, y==F Uy, 7= 39

that is an implicit method which turns out to be stable for all vaiues 7
and the system we have obtained must be solved so as to find the values
in the knots.

Along each horizontal line in the net we shall get a non-homogencous
Iinear svstem of 3-wide band matrix, for whose solution we could use a
parallel computer with ! processors, especially with iterative methods of
solving the systems, in the following manner :

If we must solve a system Ax=b, with 4={(a,),.m, det (4):#0, so
that the diagonal is dominant, Jacobi's method:
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with =1, 22, is casilv paralleled because 17! can be compuied simulta-
neously (=1, u). o ' _
The Gauss-Seidel method is more difficult to deal with, bl:l‘t in
this instance, too, we could try a parallelizing procedure, namely @ Given
that {—n and | divisor of i, therefore p—ufl an integer (otherwise
we shall consider p=[unfl]). ]
The method is the following :
i-1g4. il A 5 . . —
ylmt b—' oy almba i o™, with i=1, n,
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and its adaptation to the parallel computation could take the following coursc:

e - " . t ) . . o e
The first processor computes x{*** depending on %™, \k(l:l:'l i=t, n
£ o
The sccond processor computes x5 depending on ¥™,
The l-processor computes xiitY,, depending on x; < cation ar used
The components already calculated in the (m+1) iteration arc e
by all the processors for the continuation of the c(ontﬁputa(."t‘l_c:)n, nar{:ﬁ:{}.
The first processor computes xf** using %" it xz,H.};.., Kgliiie
alreadv calculated, as well as the other x* components from the previous
iteration.
T il ysi e, ¢ he [-pro-
I'he sccond processor computes xmil using the above, ctc., and the Ip
cessor computes a0, in the same manner.
In short, the technique can be written as such :
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where p=n/l, and ¢q (7=1, 1) is the number of the processor which works
on the ¢ line of the system of equations to solve, with i=1,n. We c:g't_lld.r
proceed similarly if we considered the (b) and (d") approximations, getting

an implicit mcthod, as well. . o
o li"he third method is obtained considering the (c) and (d) approxima-

tions {the Richardson algorithm) :
1y, gpr—te, g1 Wioy, 52, st g
2k h*

or
{4 Wy joa=2rig, v, s 2y, R where r=~&/h%

ich 1 ici lable i ticularity that the
which is an explicit and stable method, with the only par ) "
\'alhtes Zlong tﬁe first horizontal line of the net must be obtained through

some other methods (for instance through the first one given above), there-
forc it can also be casily applied through a parallel computation.
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(From the (c) and (d') approximations we shall get {he explictt and
stable method of Du Fort and Frankel)

Herewith we shall show how we could use rhe implicit methods in
ihe parallel computation without resorting to methods of solving the non-
homogencous svstem of algebraic cquations with band matrix, which implies

more computation.  Making use of the 7 and j-+-1 lines in the net the (3)
formula becomes :
(5) =7ty et (0420} it jo—ritig g V=g

In order to facilitate the application of this method, the so-called asvm-
metrical techniques of Saulicv have been used, namely :

(6) =ity (U F7) w4 g =(0—r) u; 4ri,,,
which is explicit if applied from left to right and
(7) =t g (Hr) 2 = (1—r) o jobru, ’

which is also explicit if applied {rom right to left. These two mcthods {6)
and (7} are also called semi-explicit methods: We can now ioin the use
of these two methods in two adjacent knots, using them simultancously
In the group of adjoining knots {ik, (j+1V &} and {(i4+1) 4, (j-+1) &L
Thus, in the point {¢h, (j41) £} the solution is computed with the relation :

(8) _r?£‘+1' _1+1+(] +f) ”l‘, _,+1=f’1(,-_ 1, j+(1—r) ’”;‘ i

while in the point {(r+1) %, (j-+1) £} the solution is computed with the
relation :

(9 =i, g HUFr) tign, jor= (1—1) 1ty j+rt,2
Rewriting relations (8) and (9) under the form of matrix we
get :
(1o et o = P il B el
L+r —r
—r 1+
to give the inverse matrix : [1 A J
1427 r 14r

where the matrix[ ] is non-singular and can be easily inversed

So, the matricial relation (10) can be written cxplicitely as follows :

. LLERNIRY } 1 [fFr » 1—r 0 ][‘& j | [nu_;. |]}
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and after calculation, we get :
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that is
13} T =l 1| ¥h o S RTINS i Bty KT PR R e
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and :
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alternatively ide ¢ cplicit and stable met-
13) and (14), when used allernatively, provide an exp 1d s .
%10(} \\'cl‘fﬂugtcd for the parallel computation. The problem arises to (lct(ﬁ—
mine the u values in the points adjoining the 0 and 1 boundarics of tI e
domain. but thev can also be determined with (6)-type formulae for the

boundary on the left, that is

1
(15) Uy -1——+—r[-ruul sjertrite, (1=} 1y 4]

and with {7)-type formulae for the boundary on the right, that is:

1 . :
(16) Hopr, sar=—— [P, gprFFim 2, g {1—7) tm_1, ]
‘ 14-#
to .1 and u, . being known from the boundary condition (x,=0
an=1}

We have applicd these methods to problem (1) considering the
initial condition :
2.x for x=[0. .

fx)= {2( i —x), for xefs, 1),
and the boundary condition:

go(f)zb {8)=0,

For this problem (studied by Smith _(1965) and thoroughly presen-

ted by Ixaru [3]), the analytical solution is known : )
8 = 1 ., [uwy . YT

(17) u{x t)=— Y, — sin (E)sm {(nmx) s

w2 LD n?

for anv 1 =0.

which, obviously, tends to 0 for {—oo. . _ .

Ve have chosen this problem to more easily simulate the paralleh_s‘r.ri

on a serial computer (FELIX C-256), because f(x) is a .symmetrl‘fa

function depending on #=1/2, and the solution preserves this symmetry
for any 12 0. )

i : : 0, 11, 1=[0,1]

‘e have confined ourselves to the square x<[0, 11 0,1

consid\gr?ng ;};0’] ; £=0,001 ; hence »=0,1-20,5 neccssary for the stability

of method (2). The times we get are given in the table:
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I Necessary Time
T in Scconds
’ Serial Parallel
(2) 39 23
{6) and {7) 39 5;
(13) and (14) 41 26

We have also compared the results we obtained with the

coming out of (17), for a few points in the domain at l_ssallalytlcal results

uc ;
#=023 or ¥=0,7 05
t Method e :
: A\Sumc".lcal SR Numerical Analytical
R olution . Solution . Soltitio;x
0.1 {2} 0.24723
(6) and (7) | 0.25027 0.24441 3'3823%
(13) and (14) [ 0.24909 e 0.30211
(2) 0.033895 — e
0.3 1 (6) and (7) | 0.036638 5 P02 1897
) 0.03
| (13) and (14) | 0.036197 9 o 0.041968
2) 0.0047303 :
0.5 | (6)and (7) [ 0.0053632 LR
: 0.0047165 .
(13) and (14) | 0.0052597 0.0004831 00083
(2) 0.00066266 i
0.0008 1909
0.7 ﬁg) and (7) | 0.0007851 0.0006552 0.00096738 0.0008
(13) and (14) | 0.00076428 0.000942 uus0oss
(2) 0.000092654 :
0.9 | (6) and (7) | 0.00011493 s
. 0.0000910 1
(13) and (14) [ 0.00011213 ’ 0.000 13852 b-oootizs

point \Zr?dh;?o%hﬁieg x0=70£ :rlnotatlg because f(v) is not derivable in this
S I v =0, 5 to draw a compari t ¢
ximation in these points and the points withpxrs(?g_ etween the appro-
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SYNTAX ORIENTED DATA PROCESSING
BY
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Introduction. Developing a program, the programmer aims for it
to accomplish a certain computation. By writing code, he assembles various
computer operations. In other words, while being preoccupied by svntax,
the programmer musi constantly think in terms of semantics. By being
fully awarc of the differcnce between a symbol and its meaning, between
an operator and an opcration, between a program and a processor which
executes it, or in general terms, between syntax and semantics, the pro-
grammer has in mind, explicitly or not, the relations between the syntac-
tical structurcs of a program and the semantical ones.

As far back as 1961, Itons suggested in {1] the existence of such a
relation in the compilation process. Today. a widely accepted idea is that
access to semantics is accomplished exclusively by way of syntax. This
being the case we can use it in the design and implementation of many
data processings.

This paper scis out to classify the most frequently encountered syntax
oriented data processings, to introduce models for these processings, as
well as solutions for their implementation.

1. Syntax and semantics. We shall consider, in the following, that
the main formal operational model in the study of the programming lan-
guages svntax continues to be the context-free grammar (CFG). In what
concerns semantics, no such formal model, similar to the one mentioned above,
exists, at least not in terms of suggestiveness, conCiseness or £asce in handling,
although scveral such proposals for models have been made (2], (3], [4],
ctc.).

Irrespective of the formal model chosen for the semantics, one can
casily ascertain that the syntax of a context-free language (CFL) is allways
richer in information than any semantics of the language and any such
associated semantics actually makes the language “poorer” in terms ot
diversity of cxpression. For example, modifying the cffect of a program
{in other words its meaning) can be obtained exclusively by modilying the
program text, thus its syniactical structures. In contrast, different syntac-
tical programs (i.e. with nonidentical texts) can have identical cffects.
In formal terms, if L is a language (i.e. a subset of the set of symbols over
an alphabet) and D the domain of scntence evaluation, a language semantics
is an application : L—=D.



