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BEHAVIOURISTIC AUTOMATA
Ho THE SYNTHESIS PROBLE M
BY

SERGIU RUDEANU

0. Introduection, The theory of Mealy andfor Moore automala and the
Lheory of Rabin-Scolt aulomalas have developed  quite independently of
each other, although there are cerain obvious links between them. In this
series of papers we try lo explain Lhe relationships between the two types of
automata by providing a common generalization of themn and by recapturing
a few basie results of the two theories within (he new framework.

The first idea behind our generalization is that in the study of both types
of automata we are interested in Lheir behaviour, which in the case of Mealy
aulomala means the sequences of oulpuls produced by various sequences of
inputs, while in the case of Rabin-Scolt automata the point of interest consists
in the languages accepled by the automaton when various states are chosen
as sources. Another natural idea is Lo Lreat automata as heterogeneous algebras,
As a matter of fact both ideas have already appeared in the literature ; see
i5) pp. 296, 302 [3), [4 ] for the former idea and {1}, {2]for the latter. Howe-
ver our approach is different, firstlly because our aulomata are more general
and secondly because whereas we start with the behaviour idea as in [3—-5],
we use the universal-algebra tools as in 1], [2]. We hope Lhat this keeps
our approach close to the spirit of the conventional theories and may result
in teaching suggestions as well.

See the introduction to [7] for more comments and references to the
literature,

1. Behaviouristie automata. We summarize below the prerequisites,
definitions and results of [7]
A semiautomalon is a heterogeneous algebra (S, £, 8), where §: Sx IS

and Lhe set S is finile. The fransition funclion § is extended to § - SxI'sS,
which satisties

t1.1) (s, 1) =s,
(1.2 87(s, i) =8(3"(s, W), w,)

for every =S and w,, w,<I", where X* stands for the set of all words over
the alphabet X and 2 is the empty word.

A Mealy automaton is heterogeneous algebra A=(S, 1,0, 3, n), where
(5, 1,8} is a semiaulomaton and u:Sx1-0. The extension $Sx =0t
of the oulpul function u satisfies the identity
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(2) 2’ (8, 00,) = (s, WU (87 (s, wn), wy).

A Rabin-Seoll automealon is a quad 1‘u}plc 2 r---éb{.l ]I. S.lllhl, \l\ I(;:'“ﬁ(,r:’(’[fl;liggl;)
I i - tyv subset o 1t subse : ;
semiautomaton and F is a non-cmply sulb : LRl Sl
For each s= S, theset L(AU. s)={waI"| 3" (s, )=l st quaige g
f aulomnalon in state s. N ar o . e
» t}“I!\To'.\' let I and © be two fixed non-cmpty sels and @@ Q=0 a f:-x.;.dl
lially  defined function. By an  [-Q-® - qutomalon or a belr;av;;t:gmrr)t
artially . By R T s
Eutema[)on or simply an awlomaton we mean a S-tuple A=(S, f

where (S, I, 3) is a scmiautomaton and

B S0 .
{(the behaviour function) is a function such that for every s = Sandwel",
(3) B(5"(s, 1)) (@) =B(B(s) (). Bls) (0w")

s for all w f length far | =1, i N
hOldb'{’(l):c:“\;;g]r;lsaﬁjlc())mnl.a{-’(sg i1 0, 8. u) coincide with those behaviouristic

i i herwise
\ ‘hich Q=0" , @) =ty and @ is not defined otherwise,
gutorfm:litz; ffl(ilrdvblzglzzg)lr:(())f:):b((_t\oél) ls -)ES EZEI 1, tlm_tra_nsl’nrnmlmn is glveln
b '15(3(;1) (w)‘—;.L*(s"w) for every se S, wel', Also, Hab:p-hcul.l_automata E}S‘l .
S}F) coincide with those behaviouristic automata for \\‘h:ch. Q -t_{ \ 1}5
(I;(a: )=y for every z,y={0,1}, and § is [inile; the transformation
e a =18 (s, )y =F. . N '
. ﬂﬂ\{% }E'Ef')e(glj{)el.cl:td t(he a)lgebmic. background of behaviourisiie ‘mt(élmatg,
starting with the concept of homomorphisnt between two uutmr}alal, : S-._ (S:
1,Q Sb@) and W = (S, I, &, 8§, 1) by this term is meant a map i 53—
Sl’.lch that

{4 H(3"(s, w)) =3"(h(s). w),

(%) B'(n(s)=B(s)

hold for every s€S and we[I'. The corresponding concept of congruence of

an automaton is defined as follows : an cquivalence = on S such that

(6) s=8,=>8(s, )= 3(s1, 1) & B(s)==B(sy)

for every s, s, S and i 1. In particular if A: S— 8" (if S5—S8' is an automa-

ton lmxﬁomorphism) then the relation ker h defined by

{(7) s, ker sy = h(s)) =h(sz)A

is an equivalence (a congruence}. 'l‘heA quofier/l\l ,Q[:: QUEA of the :’l\ut’.\omIato‘r\;

2 by the congruence=is defined as U=(S, 1. Q, 3. ) where S=8/=,8:5Sx1—

N /\ A - . . . A A_

is the map such that 8(s, i) =3(s, i) and B : S—Q'" is delined by B(s)—‘tﬁ(fl).and
A source aulomaton is a couple (A, s,), where 2 is an auto_m.‘\ Ochable

s. =5 is a source or ceniral state, which means that every stale 1s rea

1] » &

from s ie. ¥ys=Sdwe s 8’(8n NJ). A source quiomalon hnmumo;phlsm }’l .
) M . fi L ! ‘
(QI S )--)m (m‘ S(;) is an aulomaton hOlIlOIﬂU]'l)hlhln h: Q,I —r Ql such that J(So)==so
3 V0 ]

! The latter condilion was mistakenly omitted in {7].

3 BEI!A\"IDERISTIC AUTOMATA ans

We say that two automata are equivalent, U~A', provided they have
the same sct of behaviours. i.c. {B(s) |s=S}={B(s) | sveb'l Also, we say
that two source automata arve strongly equivalent, (9. s~ (U, 55), provided
B(so) =8'(55). The main result in (7] is the construction of an antomalon (a
source automaton) having the least number of states among the aulomata
equivalent to a given automalon (source antomalu strongly equivalent to
a given source automaton). This minimal automaton is oblained as a (fuotient
automaton and is wnique up to an isomorphism. We have thus generalized
the well known minimization of Mealy automata and that of Iabin-Scolt
automata.

2. The synthesis problem, The synthesis problem (aterm which we horrow
from switching theory) for a funciion v I'=Q consists in finding a source
automaton (S, 1, Q. &, 8. 5,) which synthesizes . e, such that v=Bis). If
such an automaton exists it will he called a solufion and we will sav that the
synthesis problem is consisfent. In Lhis paper anecessary and sufficient condition
for the consistency of the synthesis problem will be found and in the case of a
consistent problem a solution will be actually constructed. The results will
be then specialized to Mealy and Rabin-Scolt automata.

The synthesis problem will be solved under the hypolhesis that the funec-
tion @ satisfies the identity

(R) DD, y), D, ) =Dy, 2),
to the effect that if d(x. y), d(x, ) and one of the two sides of (8) exist, then

the other side exists too and the equality holds.
Axiom (8) is fulfilled" in Lhe casc of Rabin-Scolt automala because

DD(z, y). Dz, TN =D(x, 2) =z ==D(y, )

and it is verified in the case of Mealy automata as well. For suppose Dz, y) and
O(x, ) exist, that is y=xy" and z—zz', so Lhat (8) reads d(y’, ') =h(zxy’, ).
Then the existence of either side is equivalenl to 2’ =y'z", in which case both
sides cqual =7,

Propoesition |. Suppose aziom (8) holds. Then every automaton satisfies
tdentilyy (3) for every we I,

Proof. 1f |w | <1 then (3) holds by the definition of behaviouristic
automata. If w verifies (3) and i =7 then applying in turn (1.2), (3) for i and
tor w, then (8), we get

B8"(s, wi)) (w') =B(8"(8°(s, w), 1)) (') =D(B(3"(s, w)) (i), B(8(s, w)) (iw'))=
= (P(E(s) (w), Bs) (wi)), DIB(s) (w), B(s) (wit'))=DB(s) (wi), B(s) (wiw"). m
Now associate with v the following relation ~con I":
)] Wi oy 52 VI & I v(10,10) =vy(w,w).

Proposition 2. The relation ~ 1s the grealest right invariant equivalence
included in ker -

Proof. Clearly ~, is an cquivalence and taking w=>x in (9) it follows
that ~.<ker - Right invariance. i.e.

(10 W~y = Yy eI wwe wow,,
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follows also ecasily. Finallv if = 1s a right invariant cquivalence included in

ker v and w,= w,; then for every w we have ww=w.ap hence war Kev v o,
i : this ¢ —~ . [ ]

that is y(ww) =y(w0) @ this Proves iy ~ ., . B .
Theorem. Suppose aviom (8) is fu![:!h.'rl and fel -2 f —>§2. Then .” B
(i) The symthesis problem for < is consistent if and only if {he following

condilions hold o

{11) D= (w), (ww) exists for cvery w.ow' s,

(12) D). ) =) far coery u e].

(i) When thisis the case. a solulion (‘211,'\/) is oblained as follows: Y= (5. 1.4,
%. a).where S=If~.. 3 S I'=S is defined hy

o & A\
(13) 8 (. mY =ww
and ?5: §5—=Q" is defined by
(14) E‘S(r:)) (" y =D~ (). ("))

Proof. Suppose firsl that (S, 1, €. 3. (3_. Sa) is a solutinn of the synthesis
problem for v. Then it follows from Proposition 1 that

B(3" (50, w)) (1" y=P(RB(50) (1), Blsa) (v’ ))= (), ~(n’})
exists, i.e. (11) holds. Then (12) follows [rom
() =B 5o} () =PU3 (50, 7)) (y=D(Bts0) (7). Blsa) () =D (2.). v(10)).
Conversely, suppose v satisfies (11). (12) and define A as indicaled in
the statement of the theorem.
If z?:t:)\” then w'w=w"w by Proposition 2. hence §" is well defined.
A A o~ ~
Moreover, 8'(::1,3\)=w)\=w and DN .
$*(w, wyw,) =ww,w, =3 (wiw,, W) =8 (8 (1w, w,), W),
therefore (S, I, §) 15 a semiautomalon. |
The map é is well defined because the right side of (14) exists by (11)
if 1w, =1 = ; Pr ition 2 and y(w,w)=y(w,w) by the
E f w,=w, then y{w,) =v(w,) by Proposition 2 and (w,
\:Ic:;!yld;f;niti(;n of ~Z. hioreovcr, it follows from (13), (14) and (8) thal
B3l ) () =Bl (@) =0, (o)) = D(D(c(we) {0
Plp(w), y(weww'))) =V(B(ws) (w), B(wy) (W)

A Y
~ - -
Thus ﬁl is an automaton and besides, » is a central state because §°(, w)=

-~ A A . A — B~ . —_ by (]2)_ B
=Mnp=w for every we S. Finally 8() (w)=P(y(»). ,f(_w)) T(u:) 3

" Irllulhzrcase }of Rabin-Scolt autcinata the function y: I —a{(é._l} iﬁ!:
be identified with the language Lo I® such that we Les{w)=1. Since
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Ianguage L(AU, s,) accepled by an initial-stale arfomaton (U, s0)=(S. 1, 3,
Soo F) is charaeterized hy

we LA s0)<8"(s,. ) = FeaB(s,) (10) = lesy(w) =1,

it follows that the synihesis problem for v becomes the problem of finding

an automaton (. 5,) with L(U. s,)=L. We now recaplure the following well
Kknown result

Praposition 3. (1) A langaage Lo s arcepled by an indlial-stale Rabin-
Seollautomaton if and only if the equivalence ~ | on I' defined by
(15) 1~ s>V & (W € Lesw o & 1)
is of fintle index.

(1Y When fhis is the case, the minimal automaion (A, Wy =(S, I, 5, », Fy

- A Py ~

which arcepls I is conslrucled as follows : S=If~y, 3w, w)=ww' Vwes,
Ywel', F={w wel].

Proof. Note first that (15) is nothing but the cquivalence (9) expressed

interms of L. Furthermore, conditions {11y and (12)in the Theorem are trivially
fulfilled for d(x, y)=y. so that the hehaviouristic automaton described in the

Theorem synthesizes +. Mareover, since (14) reduces to B(w) (') =v(ww'), it
follows that for every w,, w, s 1",

wy kerB woes(w ) =y (w,w)Vw e I e Wy~ Sty = 1y,
therefore ;)J_'kvr A{S =9, which shows that 9 is minimal by Theorem 2 in [71]
Now if ~ ;. olias ~,, is of finile index, then S is finite, so that (2, »)
becomes an initial-state Rabin-Scott automaton. where
F={30 w) we LW, N} ={w|wesL).
Conversely, if L is accepted by a Rabin-Scot! automaton (B, s,), then
since 3 (viewed as a behaviouristic automaton) has finitely many states, it

A~ -~
follows thul the set § of stales of the minimal autdmaton (2, 2) which syn-
thesizes y is a fortiori finile, ie.~.. altas ~,, is of finite index.
In the case of Mealy automata the svnthesis of a function vil =0
consists in finding an initial-stale Mealy automaton (S, 71,0,3,u,s,) such
that (i) = (5, wivwe I, We need some prerequisites.

Lenvma 1. Lol 0:0 « 0 =0 be defined by ®O(w,, 0,0,) =0, Vo, 0,s 0
Lel v: I 0" Then

I The jollowing conditions are equivalent
I (1) end (123
(i1 - salisfies
{16) 1) .
and there ts a function z : I x[ -0 sueh that

(17) Y(ww')=(w)e(w) w, we ] ;
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(iii) (16) holds and there is a function o : I' x [0 such that

(18) Hwiy=+(Wys(w, i) Yuel" Yiel.

2° When this is the case the following identifies hold
(19) e(r, M) =7 Vol
{(20) e(w, D=o(w, i) Yol viel,

e, iy ... in) == e(w, i,)e(wiy, L) ... (Wi ... ig_1,ip)

sl Ywel Vij..,,sI ynelN¥, nz2,
(22) v(w)=z(, w) Ywel'

Commenl. Note that (17) is equivalent to .
(17 (o), -A(ww'Yy—=e(w, w) Y, wel

Proof. 1°. (i) «(ii): Clearly (17) is a paraphrase of (11) while, (16) implies
(12) because ‘ : .
D (2)s (W) =D(A, hr(w)) =+(w).

Conversely, suppose (11) and (12). Then (17) holds, as remarked above,

while (16} follows from (17), (17") and (12);
() =v(hw) =v(2)e(d, w) =v(RYP((2), ~{0))=— (1) (10),

therefore +(3)=">. ' ‘

(ii) ¢>j(iii) : Suppose (ii) and define 9 by (20). Then (18) ht_)lcls. Cony ersel?.,
suppose (iii) and define ¢ by (19} —(21). Then (17) follows by induction on w":

1) =y =y(w)e(w, ). y(w) =r(@)o(w, D=r(w)e(, .

V(Wiyeo dn) =vy(Wir..dn_)p(Wirdy g, ly) =v(Wigeidy_ o) (Wheely_gy Tpo Yo (Wigeby_y,in)

=... =y(W)p(w, i,)p(wiy, iz)...0(Wi1...1,_1, i) =v(W)e(w, i) e(wiy, i,)...

e €W dy_y, i) =v(W) (W, iyeuoiy). ‘

2°. Suppose (16) —(18). Then taking in turn w'=> and w'=i in (17) we

obtain (19) and (20) (via (18)), respectively. Then from
iy i) =v(w)e(w, ip.iy)
and o
(Wi dp)=y(wiy. o ) e(Wiy.bn_y, D) =Wy o) 6(Wiyeeiig gy Ty 1Y e(Wigeoiin_1,in)
= =y e(w, ide(w, i) (Wi dp_q, iy)

we infer (21). Finally (22) follows from (17) with w=3, \'ia. (16):

Lemma 2. If the hypothesis and the cquivalent conditwrf:e in Lemuma 1 are
fulfilled, then a minimal source behaviouristic automaton (U, »)=(S, I, 0", 3,

B, A) which synthesizes y is oblained as follows : define the equivalence ker, e
on I' by
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(23) wker e w'sYwe Iy, w)=ze(w”’, w)

and lel w denole the class of an clement we 1" ; then

(24) S=I"/ ker, ¢.,

- V‘ A v M
(25) 8w, w)mww' Ywes vp'ep,
(26) B(w) () =c(w, w) Vine S Yore I

Proof. 1 follows from Lemma 1 and the Theorem that the behaviouristic
automaten (AQI.?*‘)=(I'/~Y, 1,03, fﬂ, 3.) constructed in the Theorem synthesizeS
v- We now apply Theorem 2in [7]to ("5,], )T) to obtain the minimal behaviouris-
lic source automaton (9, [)A.]) strongly equivalent to (QAI, ??). Let Sy=(I'/ ~ )/
ker f& and denote by [Jy]es,, the class of an element we I~

v Where we I*,
Then (U, 1)) =(S,. I, 0", 8or Bas [2]), where

So(lw]. w)=[8* (@, w) |= [0,

Bl ]) (') =A(0) (') =D (20), v(ww")) = e(w, w'),
Futher we note that

27) W s [ =[]
hecause

v v

Py
W ' e 1w kerye w' e Ywe Fe(w', wy—=z(w", wye Ve I* [3(1;:') (w) =

=B(0") (w)es B(6") =B(i0") o 0" ker B w el ]=[0"]

Now we claim that (VQI, 3:) consiructed in the present Lemma is @ behao
viourislic source automaton isomorphic to (Y, [i]). Forset h([w))=uw V[{S]E Sy
Tt follows from (27) that the map h: S,—Sis well defined and injective,
Clearly h is also a surjection and besides,

(28) A=,

S (h([w]), ') =5"(, w') = g’ h(lww )= B3 ([ ], w),

(29) e LY Vv A
B([w])) () =Pw) (w')=<(w, w)=Bu([w])) (v'),

’rher_e{ore

(20) Br([w]) =Bo([w]).

The bijeclivity of h and properties  (27) —(30) imply that the maps
8" and B are well defined and (AU, 2) is actually an automaton isomorphic to
(Us, [A]. This isomorphism shows that (9], ) shares the property of being
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A A
a winimal source hehaviourisiic automaton »tmnql\ cquivalent to (U, 1)
Bul the class of anlomala slrongly equivalent to (QI !] is precisely the class
of all antomala which synthesize - Therefore {‘11 )) is a minimal automalon
which synthesizes .

Lemma 3. If the funclion < is synthesized by an initiad-slede Mealy aulo-
muafan. then < salisfies the rquumh’nl conditions in Lenuna 1 and

(313 en. N=0 Y=l Yiel

Praof. The first stalemen! follows from the Theorem and Temma 1.
Besides. for every wel’.
() = Blse) () = (5. W),
henee [or every we ™ and i€ 1,

cwyelw, =< (wi) =" (5q, w1) = (50, WY{8" (50, U, 1) =) (8" (55, 10, 1)
Iherefore z(w, iYe=u{8"(5,. w). ) 0. . [ ]
Proposition 4. (i} A funclion v : I'—0" is synthesized by an intlicaf-stale

Mealy automalon if end enly if il saimfws the cquwalen! conditions in Lemma 1,
(31} and the equivalence kery e defined by (23} ts of funile index.

(ii) When fhis is the case. the unique (up lo an uumorphrsm)muumal inifial-
stade Mealy aufomaton which S‘l,'nth(’sa es v is (U, )) (S I l') 8 W, A) where
SwI'ker,z and the funclions 5 ,’ are defined by S(w m)—ww and

(. 'y == {0, w').
Proof. Suppose v salisfies the conditions in Lemma 1. (31) and ker, e
is of finite index. Then the automaton (Ql )) constructed in Lemma 2 is a

minimal behaviouristic automaton which synthesizes v. Furthermore S=
=TI"'ker,e is finile and since

~

v i ’ Ex V! L
w' ker Buw'ew’ kerjew’ = w0 =",

it follows that the minimal automaton (. afker p=(2, ») is unique up to
an isomorphism by Theorem 2in [7]. On the other hand

a(w) (iy=e(w. ) =0 VweS viel,
B(i) ()= e(w, wy=u'(m, @) VWSS V' el',

thereflore (QI 7\) is associated with the Mealy automaton (2. )) 1t follows
easily that the latter is the minimal Mealy automalon which svnthesizes v
and is unique up to an lsomorphlsm as well {a homomorphism of Mealy auto-
mata is defined by (4) and p"*(h(s). wy=u'(s. w) instead of (5), plus R{s0) =So
for source automata).

Conversely, suppose y is synthesized by an initial-state Meaty automaton
(B, s5). Then vy satisfies the equivalent conditions in Lemma 1 and (31), by
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Lemma 3. On the other hand (0. sq) s strongly equivalent to the minimal
3 W
automaton (U. 2) consirocted in Lemma 2 and since (8. 5,) has finitely manv

s hd
states, the minimality of (2. %) implies that S=17"f ker, ¢ is a fortiori [inile,
i.c. ker, ¢ is of finite index, <]
An ervample. Lel us conslruct a Mealy automaton which should
operate as follows. As long as an input signal is maintained, an oulput signal
ts produced every four time units; in the absewee of the impul signatl !here
is no cutpul signal (the rest position).

Thus [ = 0 ={0,11 and the function v is defined by
(32) SO LIRS ULl REERE VAN ARSI u)—-DJ"’(OOUI)“U'l SR00001 %0y
L A0001)Y9.070 " 72
for every po prevos P Qo fn SN, 1y, r,={0, 1. 2, 3}, e which satisfy

qs+ri>0for i=1,.. nand p,>0 for j=1,...1n—1 whenever n>0 (note that
wh=x for every we {0,1}").

1t [ollows easily from (32) that - salisfies (16). (17) and (31). Besides, for
each re{0,1.2,3},qeN and w, w «{0,1},
(0T "y =+ (10)0(0001)Y (17w} = {12) 0001 (1 Y e( 17, w') =
= (m)OCONT0 (17, ' )= (w0} (17, w'),

therefore s(w(}l"’” wHY=ce(l7, w') and sinilarly =(1**"7, w)=¢e{1", w"). This
shows thal {0,1}"/ ker, ¢ consists of four classes :

g, = {19 qeN 1y {wiiv  we {01, ge N} r=0,1,2.3).
Now Proposition 4 vields the inimal Mealy automaton, which
svnlthesizes the above funetion % (S, {0 1}, {0. 1}, 3., ), where S= {s,,s,.

53, §34 and it remains Lo construct 8 and . Smcc l”e 5, and wle s, (take g=r =0)
we obtain

3(s,, 0)=170=s,,
Sv(s,. 1}=1"1 =s,4, modulo 4,
and sipce
_(1,!_)_] 0001 =y(13)1 il r=3 and i=1,
| 071 —=y(11)0 otherwise,
it follows thut
a(s,, 0) = (17, 0) =0,
s D=etr, [ 1HT=3
0if r#3. ]

This paper was much influenced by the work of Gr. €. Moisil in
swilching theory, It would be inleresting lo relale the present study to the
theory of exact and normal programmes in {6]
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INFINITE PLANAR DAGS
BY

DOREL LUCANU

1. Introduction. The isomorphism between the partially ordered set
of dags as terms {1 ] and the partially ordered set of planar dags as functions is
proved. The partial order we introduce permits to define infinite terms as being
L.u.b. of directed sets of ideals of directed sets, We show that the set of infinite
terms is isomorphic with the set of infinite planar dags as funclions.

2. Preliminaries. In this section we give the notations and the definitions
used in the paper.

[w] denotes the set of necnnegative integers.
[@] denotes the free monoid generated by [w].
¥ x&[w] then (2 denotes the length of x .

if Re XX X is a relation and AcX, then R |, denoles the restriction of
R to .1,

if Sis a finite set, then |S| denotes the number of the elements of §.

A magmoid is a partial algebra <M., ®,1, 0> where M=y (M2
P ¢=le]), . is a partial binary operation called sequential composition, ®
is a total binary operation called paralie] composition, 1 € M! and 031 are
two special constants and moreover the following conditions are satisfied :

M) Yo p'go g e e <pogd# (¢ > MEn M2 =,

(M2a) wp, p',q, § €[w]VasMy Ybere: ube Mesqg=p'Aabe M2,
(M2b) -is associative,

(M3a) Vp,p'.g¢.q = [w] YVasME, Vhe ML a@b My,
(M3by @ is associative,

Q) Vo, o', b, V' € M (ah) @(a'h) = M =(ah) @(a') =(a@4') (bR D),

(Mba) vp, e {w]Vas M 192q=glstnyg
(MBbY VYaed: C@QU=0Qu=u,

where a®*?=a®...Qa {p times).

By a? we denote the element ¢®=a...q (p times).



