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CONVEX OPTIMIZATION BY THE UNCONSTRAINED MULTIPLICA-
TIVE BARRIER FUNCTION METHOD*

BY

VINCENTIU DUMITRU and FLORICA LUBAN

1. Introduetion, Let be the following constrained minimization problem
minimize f(x)

subject to
(1 g:(0)20, i=1,.,m,

where f and —g,...., —#,, are convex functions of class (2, from the n-dimensio-
nal real Euclidian space R" into R, and let be

X={zeR" | g{x)20, i=1,..., m}
Int X={xeR" | g(r)=0, i=1,., m}
Nt={reX|f(®)=u*},

where u* is a priori known optimum objective value of problem (1), that is
u*= {min f(z) | r= X} _

We assume that a) Int X#9; b) X*# X, [(z)>p* for x€ Int X; ¢) X*
is a bounded set.

For solving the problem (1) as an unconslrained minimizalion problem,
when f(x) and g(2), i=1,...,m are linear and the oplimum objeciive value
u* of this problem is available, ITi in [5] has proposed the convex multipli-
cative barrier function

© Fa) =(f(2) =)™ T 0a)

defined for z< Int X.
It is readilv seen that, under the above assumptions, we have F(x)>0
for relnt X, and if the sequence {z*}< Int X and z*—»y<e X —Int X, y&X*,
where [yjl<w then lim F(z¥)= +c0.
Rweon

In the following we shall study a generalized form of (2) for the convex
problem (1). Before that, it is worth to mention that the Iri-Im ati line

* The results of this paper were submilled for preseniation {o the 1£-th Symposium on Opera-
{innis Rescarch, University of Ulm, Seplember 1389 and delivered in a conference al the Info— Iasi
on the 21-th of Oclober 1989,
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of research is not singufar but in the movement generated by the qguestion
of Klee and Minty [I1}on How good is the simplex algorithn (1972),
where it has been shown thal the simplex wethod can grow exponsntially
with the problem dimension in the worst case dus to {he combinatorial comple-
Xity of traversing the boundary of the feasible region. In the atterpl lo aveid
the combinatorial complexities of vertex following methods, from the very
carly time von Neumann (I#H7), A, 1. Hoffman ef al. (1933),
K.R. Frish (1957) have proposed methods which lraverse acioss the
interior of feasible region.

1979, Khochiyvan {10]provided thefirsl resulfsin the ailempt
to develop a linear programming method with polynomial worsi-case compice-
Xity, by showing how (o adopt the 1970 ellipsoid methad for convex oplimiza-
tion of Shov {14] to linear programming. In 1984, Karmarkar [7]
gave a new polynom:al-time algorithm. for linear programming, which is an
interior feasible direction method of minimizing a potential function bv a kind
of gradient projection method in a projectively transformed space. One vear
Jater, Iri and Imai {5} in 1985, have proposed a multipiicalive penalty
function method for solving Jarge scale linear programming problems. The
method, substantiated after in o series of papers [6] [7] [8]1s a simple New-
ton - like descent algorithm for.minimizing a multiplicative penalty convex
function defined on the interior of 1he feasible region. The aigorithin is shown
to give local superlircar convergence Lo the optinunn and. under some assnmy-
tion, global lincar convergence.

In this paper we are commming back on the path of ITri-Imai. from
lincar lo nonlinear, in an attempt to use their ideas not 1o solve the linear
programming problem lul also any nonlinear convex problem of class C2
Moreover we are able to show that the Iri-Imati multiplicative harrier
function approach can be extended over a large range of paramelers that
covers also the earlier 1963 H uar d’s method of centres [4]} for convex
optimization. In this respect in [1] we introduced the gencralized Huard -
Iti function:

(3) B(x)=(f(x) —")? . (I g(2))", for o < InL X

As we just have mentioned. for p==1 we oblain one of the distance function
used iterativelv by Iluward in its method of centres {4] to maximize
(—f(x)} over X, while for p=m+41, g= —1 we obtain the Iri’s barrier function
to solve in one itcration the linear programming problem.

2. Basie theorems, Lct us define the function

By =if(r; —u=)" (g, (a)? for z.= Int X and ¢=0; p>1 -~mq.
i=t £

For this function: as in {7}, we can prove the following basic propositions
for the use of O(x) in sulving convex problems.

Proposition 1. If &(z*)—0 for {a*} < Int X then the dislance belween x*
and X* converges fo O (and hence, if there is an unique oplimum, the sequence
converges fo it).

8]
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Iraof . 11 the set of points [o¥} is bounded, so are the 94x*Y's. Therefore
®(r")—U tmplies (f(x*) —1*)—0, and, as N*#£ X and flry—p*>0forzs Int X,
the distance between 2% and X* tends to 1), -

Let us assume now that the set of points {2¥} = Int Xis nol.  bounded.
Becanse git0") can hecome  large, (f(a*) —u*) does not converge o 00 even
if plat)—t. :

IFrom now on the proof follows the proof Iines of Lemma 12 [rom []
Let 2% be any peint in Int X and lel D= {zif(2)S {(z°) +¢, =X for some
e=U, be a bounded sct and hence a compact set {3]. '

By ow assumption N*= {2/f(x)< u* = inf [(2), 2 =X} is nonemply and
bowided.

Consider the point ¥ far enough oul in the sequence so that ©% 1. Let
=¥ be the point on the boundary B of I where the line conneclting 2 and
r¥iutersects 1. (Note that B is compact also). By definition of D, 2% x*. Lel
»¥ he the scalar where, for Qb 1,

wk !
R T (R U PO kaiukl I
o ¥ —zof

Ciéarl}' W) as koee. _
The [unetions g,(2), i=1,..., m. are concave functions of re R, thus
)] 70252 Mg x®) +(1 ~1g29 >0, i=1..... m.

Henee z¥e Int X, but since z¥ is a boundary point of D, it must lic on that
portion of the boundary B< Int X and such that f(z8)=f(z°) 4.
But {(x) is a convex function of xe R*

)R+ =2 ()= f(@)p (EIUANED)

i
= eI o 1.2
Henee
(5) f(2%) ~p*3 f(a0) ~pu* +;

Since ¢ =0, (f(x*) —u*)— 40 as 2¥*—0 (k—0). Because r*< Int X and from

(1) we have

e g4(2") —(1 = ") gy(z%

ky o
O=gdz ¥ =g¢(x_°) 4 gz%) —gdz )=>

;\.k

=gz —g,(2°)>0, t=1 ,... m.

Let us denote @ <d?=max (g(z*) —g(x"), i=1,..., m. (Thisexists because
B is compact). Hence #EB '

{6) 0<g,(:1:"‘)<g;(m°)+;d—i. i=1,.., nm
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Finally, using (3) and (6) we have
" 1 2\ ” dﬂ 2
D) =(f(z) )"l (ﬂlm(:c")) > (e =+ S /(igl(m(xn)i.-)—i)).
= \P

lim (f(t“) "":‘J'* + :A) el (AFyme

Koo » —— lim oy
m d? q T A%2 kawm (X
lim | IT {2 4= (Hld*)
E-son{in=] ).k
»
lim — == J-oC,
" Ko ()i‘)* -mq
(11 e
izt
because }F—0 as k—oc and pi>14-mq. Thus lim D(2¥) = -+¢  contradicting

our assumption that ®(z*)—0 when {#1<= Int Xis nol bounded. The proposi-
tion 1 is proved.

Proposition 2. If lhe sequence [x*) converges lo the optimum of prqlalﬂn
(1) in a cerfain closed polyhedron S suchthat X*< Sc X*U Int X, then lim @) =0,

Ry
Proof. For any xe§ with (f(7) —u*=¢, £>0 and small enough, and
gy=0, i=1...., 1, since S is a closed polyhedren there cX}sts a flxcfl_-(';(lr,
such that g(a)z+ for each i. Then 0= d(xF)y< " ™)™ The proposition 2
is proved. )
Proposition 3. Tf (f(x) —p*)=0 is @ convex funciion of x<lInl X, whrn:
u* is « given constant, and if g- (Fyyeem )0 @b concade funcfions of x=IntX

then for every ¢=0 and p=>1-my the funclion O(x) =(f(x) —-;*)”[(vlillg,(n-)y
is a strict convex function of x<Inl X. b
ntd 1 i .
Proof. Let us denote ®= Il hf;= 0. From [2), the function ®isa striet

i=1 FLE
convex function of hj>0,j_—..1 vy m41,if Say>1and m numbers [TOnl @y, Emt1

j=1 . .
are negative numbers. 1t foliows that if we take, for instance at=p=l, wy=
= g0, j=2,...,m1, Iy=f(x) —u* hy=g;_1 § =2 ML then for p—

"

—mq>1 the function O =(f(x) - *)? (11 gi(x))*is a strict convex function of
i=1

) —u®0 and g 2)=0, i=1...,m
e At; D is nondeg;'(ea)sing of the convex function (f(z) —u*) =0 forrE Int X,
and @ is nonincreasing of the concave functions gi(2)>0, i=1,.. mflorzs IntX
from the convexity of composite functions theorem it results that the function
@ is a strict conv ex function of x& Int X. See for instance [12]. The Proposi-
tion 3 is proved. ‘ . -
From the above propositions it results that starting from a given imitia
interior point z°< Int X and minimizing the strict convex function ®(x) \\'1t.‘h_
a conjugate-gradient type algorithm or a guasi-Newton type algorithm we m?
find a sequence of points ', 22,... in Int X such that the sequence riD(_.r )
O(x),... converges to zero. Then the limit point z* of the sequence {r¥lis a
solution of problem {1).
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3. The substantiation of the multiplieative harrier function approach to
the nonlinear convex problem. In this section we stindy the case ol solving
the nonlinear problem (1) with unknown optimuin value using the multiplica-
tive barrier Tunction

(7) O, 1) =((@) =711 ()"

defined for we Inl X, g0, p=>14mq, uf<p*={min f(x)jr= N}

I'he function (7) has the following properties:
a) (v, w*)=01s a sirict convex function for x< Int X, for any p¥<p®;
Py If fafle Int X, and 2f—pe N—Int X, y& X*, where j[yll<oo, then lim
M(ak, wh)=s-oc, for any p¥<u*; kem
¢) H fa¥le Int X, ub<p® forevery b and (x*, W)= (g, w*), where y= S, and §
is a polyhedron such that X*= S= X*u Int X, then tim inf ®(x*, u5)> 0.

fs o

The property (a) follows from Proposition 3, the properiy (b) follows
from the fact that ®(zx, u¥) is a bartier function, and the property (¢} foliows
from Propositien 2.

In the next we shall show that for the convex programming problem
(1), if the set X* of solution points is bounded, a finite minimum of ®{x, %)
exists for every w¥<cu®.

Proposition 4. For p¥<<u*, k==0,1,..., there exisls an unique optimum
solution x*(;¥) which minimizes ®(z, u¥) in Int X annd [V, D (z, £5) ]2 poyury=0.

Proof. 1f X, the sct of {feasible points, is hounded, then it is obviousty
that in Int X for any uf<u¥, the isocontours of ®(x, u*) arc bounded, since
d(x, ut) is infinite at every boundary point of X, except for x& N*, and (1)
is continuous in Int X,

If the set of point {xF}< Int X is not bounded the proof follows the proof
of Proposition 1 from this paper.

Thus 2 finite minimum of ®(x, +*) exists for every pFep*.

As D(x, u¥) is a strict convex function of 2 Int X for every pwrap®
then the finite point 2*(u*) is an unique minimum solution of ®(z, w¥) in Int X
and [V, D(x, 1*) Lewrrun =0

Proposition 5. Let z*= Int X be, the solution for i=Kk, L1, of min ®(x, u')
for v Int X, with p*<p**1 <u*, Then Gk, ph) <B(a¥, u) and f(a*) <
<f(x*).

Proof. As z¥e Int X is a global solution of min ®(z, ¥y it implies

xelnt X
®) b(x¥, pF) <®(att1, ub).
Also xfle Int X being a global solution of min ®(x, pr) it
g g
implies rem X
(9 Dz, whH) <D, pth),
On the other side
(10) DG, )~ gy = LE) =T () )7 o,

(1 gy
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hecause (T g(x*))?>0 for x¥e Int X, and p**1 0% jmplies (f(xF) —u* )7«
]

= (f(x*) ’:'_!J.k)”. From (0) and (10) we obtain @M oM hod(eh, Ny«
—p(ak, uby.

To prove the last part of the Propasition 3 we multiply (8) by (9) and
hecause of positivily of ® we oblgin:

T E TR T T e T B C L NTL IR | TR LA T
o (D — wHTEEN = w2 ) e ) —utty?

i ax*)? gt I gi(ah)y® . gty
t==1 P |

= ([(2%) —uh) (fF ) —pF ) (f(F 7)) = ) (f(a¥) —p )= uh(frh) —f(at)) —
= F (@) — ) <0 = (f(24) ~f(ah) (W1 —u¥) <0, But p*t>uf thus
s <fiah),
The Proposition 5 is proved. '
In the following we shall show how we can oblain a sequence {u'}
meonotanically increasing to n*.
Let us define the W olfe dual associated with problem (1):

(11) max Lz, u)={(z) —ug(x)
{20} €Y

where Y={(z,u) | = R", usR?, V L{x, u)=0}.

Proposition 6. If p*<p*, k=0, 1,..., a*(u*)=arg m!in rfb(;r. uFy.
rent .

(12) ulw ") =q(f(* (")) —u)(p - g:(x*(w5))).

i=%1...m, ¢>0, p>1-+4mq, then (x*(u*), u(u*)) is « feasible solution lo duul
problem (11) and

(13) (f=™ (") —uH < ma(u* —uH{p —ma)
Proof. We shall write explicitly

[Vz(D(JJ, :J.L) ],_....Ja(:_,k:=0 and [VIL(.JS, u)]xa—-x'{u-“)'—'"o'

For the gradient of @ in x*(z*) we have

: ) () =)
[V, 12 Jemar iy = [q,(m, o5 (V1) — 3, ‘; "q(r) v,ga-cz)]m* L=

As O(x, W)>0for z« Int X, pF<u®, it results

[vt@-F LD 0] -0

o1 pgia) o 2% (48)
For the gradient of the Lagrangian of (11) we have
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»

(]1) IVII‘('I" ”) }! l'fllklzlv.!‘r(:r)__}': “ivxgi('T) ]l=--' ok 0.
1:¢]

Obviausly uu®) =¢(f(x) - py, (x)>0. i=-1...., m for =.r*(‘r,f‘;] is a solution
for (1-5), and (r*(u*). u(2*)) is a feasible solution to dual problem (11). Replacing
r*ufy and u(*y in the Lagrangian of (11) we obtain )

I ok, K Py
L(e(uf), u{nh))y =t flr*(uh)y — o, —- “qu(—l—%—(%*))—;‘l )g,(.r*(;.f.’-')}
(].-)) il p N y',‘('l' ("-'))

) ) —-1yp )
=t 4 ) —n,
+

From the duality theory, for u*={min f(x) [x =X} a*(uh)-the primal
feasible point and (a*(x*), u(af))-the dual feasible point, we have

(16) L (u?), u(ah)< uh< flar(ab)
and replacing (15) in the left hand side of (16) we get

ot L () —u) <,

As g0, p>»14-mg>0 it resuits

(p—mq) . fa*u¥) < pu*—mg . ¥,

ar

[ () —p* < ———e(a® -,
p—my
‘The Proposition § is proved.
We note that by suitable choosing o ¢ >0 and p=1 +mg>0 we may
increase the convergence rate of Lhe algorithm.
Corollary 1. Starling with y* = «* and then taking

(17) wh s e e - mg) (fa*(uh)) —at)p,

for q=-0, and p==14-my=-0, where m is the number of consiraints, and ¥ (ub) =
argmin $r, u*). the sequence {u*}, k-0, 1,..., is « slrictly increasing sequenice
relnt X

lue_u*.

Lroof. As (p —my) (f(x*(u*)) —u*)/p =0 lor any z*(ur)e Int Xand ubop*
then w™*t—u¥ =0, and hecause k4 = L{a%(u?), uF)=p¥ +H(p —mg) (f{2* (b)) —

~#%)/p, from (16) it result that {u*) converges Lo u® when (u*) converges to the
optimum of problem (1),

We are now in pusition to give an algorithm for solving the problem (1)
in the framework of multiplicative barrier function with unknown optimum
objective value,

Algorithm
STEP 0. Heration k: =0
STEP 1. Let u® be given such that p°<u*. If f(x) is bounded from below on
R* then p®w { min f(2) | rTER}.
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1f x* = argmin f(z) belongs to X, then a* is the optimum

s€eR"
point of preblem (1), STOP.
Else
STEDP 2. As starting point determine 2°< Int X. If such a point is not readly
available it may be obtained as in Section 0.
STEP 3. Find a*(u¥)— argmin Oz, uF), starting from z*e Int X
relnt X

STEP 1. If (f(z*(u")) —ub)= <. <0 then STOP. Else
STEP 5. 2% = 2*(p%)

uk 1 =k (p —my) (f(@*(¥)) —uh)p

ki= ka1

GO TO STEP 3.

4. A sum type barrier funetion, The Tri-Im ai mulliplicative barrier
funclion may cause compulational difficulties as m, the number of constrainls,
may be big. As a consequence we introduce for solving the problem (1} a new
type barrier function, namely

(1s) 4 w9 = S (@) g )

defined for xe Int X, and w*<p*={min f(z) [ r& X}, ¢>0, p=g--1.

The function (18) is in fact the sum of Iri’s barrier] funclion applied
to each conslraint and (18) has the same propertics (a), (b}, (¢) like hinction
(7). The strict convexily of [(18) follows from Propesition 3 for =4, pi-g--1,
and from the fact that the sum of sivict convex functions (f(a) —u*)?/(g.(x))¢= 0,
i=1,..,m, for & Inl X is also a slrict convex function of ¥ Int X.

Proposition 4 remains also valid for ¢(x, u¥), and thus for pFeu*, k=
-0, 1,..., there exists an unique oplimum solution #(p¥) which minimizes
Gz, p¥) in Int X and [Vod(®, p*) Jemzqun =0

The sequences {$(FHu*)} {f(&(*)} are monotonically decreasing sequen-

ces and the proof is the same as the proof of Proposition 5, where (1 'ﬁ(g,-(:c'))")
is replaced by T (1/(g(2))?)- o
Pmpositio::n';'. For any p¥ such tha
pF<u*e={min f(z) | v= X}
and

)= argmin 4@ W)

f(p ) =g (Eh) —)(p(g (2R -_5(11(94(1"(#"))")))’ i=1,.., m with 4=-0,
p>1 4, the pair (#(p*), u(u*)) is a feasible solution to dual problem (11) and

(19) (") —pr< gl —uwH(p —9)
Proof. Taking the gradient of ¢ in #(p*), we have:
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(v RUEH uF) e xun =

= [ty = ¥ap@ L - e g ] =0
‘ ' W ON I 1 g L
It follows that
Vof)— Y g{/ () Tffk) V.9:(2) S
vl opf S(x a+3 |
Plgd)) «'§ (gi(x)) ser X (uk}

For the gradient of the Lagrangian (11) we have ulso

(20 [V L(E ) Jomgty = [V (0) — 2 0,V g0 Lo g =0
1

L]

"

Obviously #(u?) =q(f(x) —u*)/p(gix)™ .-§ (g2

is a solution for (20), and #(u*), f(p*)) is a feasible solution to dual problem
{11). Replacing (F(u), @(w") in the Lagrangian of (11) we obtain

(). (et = ety —t — LD -

=0, for x=a(u'),i =1,...,m

! egn (g@(pH)"
y : ; (o NPT .
(21 L () = ) ) = ()~ =
. .Z: (y.(.f(;;k)))aﬂ(f"(l(r‘) f(a(")) —w )
=uh ”—p‘ T () —u)-
From the duality theorem it follows that
(22 L(E(e?), b)) < wr< f(3(h))

and replacing (21) in the lefUside of (22) we obtain
wr - B (1)) —uh) <t
r
which 1mplies
(p —IE(WN< pur —g*
and finally we get
. ( ‘
FED)E = (et =),
p—t
'The Proposition 7 is proved.

Using (21) and starting from u” < p* we can obtain a sequence {p*} strictly
increasing to u* with
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W =L(F(Y). @) =pt H(p—g) ((FHu") —uh)p.

_ Making the corresponding changes in (he sequential algorithm proposed
in bef_:llun 3 this can be used to solve problem (1) by using the un(-urislr{]in >
function §(x. u*)} given by (18). : S S

Cmnpzn"in_q (13) and (19), we remark that the second shows a hetler
convergenee foranultiplicative suin type function (18) to an u|;timum(su!utiun
to prablem (1) when (07 is strictly increasing sequence Lo o, ‘

3.00n the Huard's multiplicative barrier funetion, 1{ 1 (3) we take p2 1
g=1 we obtain one of the distance function used iteratively by ‘I[ llll,!d
in his mcthod of centres [4 flo maximize (—fx)) over X (

. ¢ - . =
(23) OCe, w) =(=f(a) —(~u*N?IT (g ()
e
where ' =f(2%) for a°e Int X.
For k=1, 2..., wF=f(x* (@) and p¥(ut-1) = argmax 0(x, u*"1) we oblain
telnt X '

x* the problem’s solution as a Yimit poinl of the v ¥Ry b e

same procedure as in Section 3. : 1e sequence x*(u*) by using the
We shall denote as above 4*— Imin )| xeX . *

~ {max (—f(@)) | s X} ; { f(x) xe=X} and thus —ut =
Proposition 8. If u¥—f(a*(u*), 2*(u¥) argmax M, uf) ufu?) =

=g =@ WP - gt ("D, i=1.m, ¢ S . ,

is a feasible solufi w)y i==loom, ¢>0, p>1 then (z*(u*), u(ph))

is a feasible solufion o W olfle Ju — Sl i

|z X3, and v olfe dual associated lo problem fmax (—f (x)) |

(24) [(x*(25) —a* < mg(u* —u®)/(p +mg)

Proof. For the gradient of ¢ in T*(uF} we have

(V0@ ) Loty = PV A@D U g ta( =)+ (E V0,11 ) =0

Je1
or
G(—1 @} ") (E Vg, 11 g))
il =i
— V. f(x) 4+ — ri nl),
P-EIQ’J __

It is eusily seen that

A (k)

o pegdEt(ph

Lagrangian of the Wolfe dual associated to problem {max (—f(x)) | x= X1
reEX]

and (x*(1*), u (u*)) is a feasible solution to this dual probi eplacing g
and w(u*) in the Lagrangian we obtain ' problem. Replacing & (")

u, =0, & =1V...m, vanish the gradient of the
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11 RA!
I _ ek b e ) )
L () () s (¥ () -t - i§ ; I—’“:’)-(TJL*))“ glr* () =
(2:)) :J_i' iy '}'-m’]’ (I-(.r*(p‘l‘)) __E.LI')

p
From the duality theary we have

La* (b, u(u*Ngpr< f(x*(uh).

and replacing (25} in the left side, we obtain
ot P o)) —uy< .

P
From here we have

(p +mf(x* ()< pu® +mq u*

and tinally

(* —p7)-

fla*(uh)) —u*< ;
P |-I]’1([

The Proposition 8 is proved.

FFrom (21) it resulls that the Tuard’ s method of centres has a very
good convergence Lo the optimum when using the multiplicative barrier function
23y and [ —u*} is o rapidly increasing sequence to —u*.

6. Obtaining a strictly feasible]starting point. In order to find a strictly
feasible point we propose a procedure in which the barrier function is applied
to ¢ 100 Tied preblem with known oplimum objective value, For e=(1, 1,.., 1)
we sel s;=gie). i=1,...,m, =1 —s,;if 5,<0 and §,=0if 5,>0, and let us define

the maodified problem
(26) min {2 | g(x) +grz 0, 120},
roR
Then 2" =e. 2°=1 is an initial interior feasible point for (26} and problem
(1) has feasible solution if the value of objective function & is zero.
The problem (26) can be solved by minimizing

D(x, 2)=r" Tl (gx) +g32)° with ¢>0, p=>14(m+1)g or
i=1

G, 3) =270k T2 (g, () LAY
13=]

with ¢=0, p>14q.
In our experiments we have stopped the procedure when it is found
re Int X
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7. Computational cxperiments. The algorithm preposed in Seclion 3
wns cnded inte Tortran -77 program nsineg quasi-Newton-Broy den -
Galdiarb-Tleteher-Shanmno method for winimization the hirries
funclions (7), (18) end (23). All Lhe expoerimenis were CXN caied \\"Hh dm.rl.)lv
precision arithmelics on Independent 102-1 of Department of Cybernelies
ol the Academy of Economic Studics.

Our purpose was only to show how fasl the funetion values of (7), (1.{\’)
or (23) modily as ileration proceeds and Fow the n.umb(‘_r of necessary .11(‘1“1j
tions depends of the parameters of Ihe barrier [unctions, Qur nu;ng:ncnl :vsm.l‘s
with small-size sample problems from some noulinear programining test pro-
blem collections are very promising. In the following we give the nume ileal
results obtained with the Rosen-Suzuki {13]test problen

min f(x) - r}4ai42x a2 b, —Dx, —2 a3 +7 0y, 81
a2 -2 —a — i = L s T 1850, —af 22 —al—2ai4r, -+ 100,
—2x§——1‘§—.t§——2;1‘,—}—.1t:-+-r.l+'5',;O. ‘The oplimum point 2% =(0. 1 2, —%}
and p*=f(z*¥)== —11. The starting peint 2°=(0, 0.0, 0) and for (7) and (13)
we chose y®={min f(?) | re}= —77. . . .

With the purpose of shewing the behaviour of the a\;oril.hn} m‘rda: on
to each barrier function, we chicose p=3. = 0.2, The computationai resulls
arc given in Table 1. From “Table 2 it can be seen that the pn}‘nmcters p and’ q
influcnce the convergence of the algorithm such that a great difference between
them gives a hetler convergence to the optimun.

Table 1
D . el
N 3 A AN
Barrler funclions Sc:;: 0¥ fx*u)) flas(un—u
alize l o | 77 _ 38,0204 5.9703
Tl}? gcm‘mhud i — 45,8235 — 13.6867 0.3132
Iri’s function } , 3.68¢ o
g 2 2 1 4114l — 43,0823 00177
p=.3, q:{}_ H ] o i
Final point: 4 1 — 14,0080 - 43,9035 ().?{10.2
(0.0004, 0.9987. 4 1 —440007 — 45,9008 ¢.00
2.00007, —0.9998) .
| ' ' o 42.0833 1,0164
LI S B . ? _’i?; 11153 _iiggi’w 0.0244
p=3, q=0.2 1 —44. 4115 | 4—‘ 3.975. s
Final poiat : ) --14_.00-16 v 13,9999
(0.0004, 0.9997, o : . E
2.0003,—1.00002)
g 0 - 0. —38.1171 2.8529
e TR 1 _as147l —43.2192 0.7807
p=3, q=0.2 ’ -y e
Final point : 2 43,7102 — 43,9051 S
. N " fyo — - g B ].
(—0.0013, 0.9843, 3 __43.9.).11. jjgggl R P
92,0054, —0.9958) 4 —43.9891 —43.9956 © . L1 0.
: - m e aanm

13 UNCONSTRAINED MULTIPLICATIVE BARRIER FUNCTION MFETHOD 300

Talle 2

~Nwmerical pesults with sum type function (For p == 3, ¢ = 0.2 see Table 1)

Parameters :(::; i flxs'h fla¥{fy) —®
p=d. ga=n 0 —77. —38.7781 02218
Finat point :
(000005, 904, i —45.1484 — 13.7976 N.2023
200002, —LOGIE) 2 — 41,0228 —43.9955 000441
3 — L0001 — 43,0905 (L0016
=1 0 —-77. — 32,8963 11.1036
1inal point : 1 —47.3075 —13.§426 1.5574
(0.0003, 0.0994.
2.0001, —0.9981) 2 — 44,1609 —43.9212 0.0788
3 ~11,0011 —43.9943 0.0056
4 — 43.0066 —43.9962 0.0037

Final Gonclusion. Our generalized barrier function B{x, u*) ean be used

for any p=1--m !l q|and g#0 to solve the convex problem as an unconstrained
andc,

1l ¢>0 then we have to use the Huard’s sequential technigue of
method of centres. I g< 0 then p is restricted by the inequality p>1+4m | ¢ |
aud still it can be vsed in the sequential algorithm proposed in our paper. So,
the main difference between the two methods scems to be a stronger condilion
on p, implying a better qualily of B(z, u"), i.e. convexity versus quasicon-
cavity.

However the convexity versus quasiconcavity quality of the barrier
function did not provide beiter computational results on the tested problems.
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