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INFINITE PLANAR DAGS
BY

DOREL LUCANU

1. Introduetion. The isomorphism between the partially ordered set
of dags as terms [1]and the partially ordered set of planar dags as functions is
proved. ll{(* pariial order we introduce permits Lo define infinite termns as being
1.u.b. .of.dxreclod sets of ideals of directed sets. We show thal the set of infinite
terms is isomorphic with the set of infinite planar dags as functions.

2. Preliminaries, 1n this section we give the notalions and the definitions
used in the paper,

[w ].denotes the set of neonnegative integers.
(o] clcnqles the free monoid generated by [w].
it =[] then |z denotes the length of z .

. il'lRCXx X is a relation and A< X, then R |, denoles the restriction of
O .

if S'is a finite set, then /S| denotes the number of the elements of S.

A magl_noid is a partial algebra — )7, ®, 1, 0> where M=y ()2
P.q=[w]>, . is a partial binary operation called sequential composition ‘:g)
15 a Lotal binary operation called paralle] composition, 1 €3} and 0= )0 are
two special constants and moreover the following conditions are satisfti'ed:

M) Yp g g’ = [w]: (pgds <p', g Y= MEn M2,
(M2a) Vp,p,q, qe {w]VasM; vbern:. abe Meg=p'Aabe iz,
(M2b) -is associative,
(M32)  ¥p, p', q. ¢’ S[w] Yae Mg, Ve M2 a@b M1y,
(M3b) @ is associative,
(Md) Va, o', b, beM . (ab)®(a'b) = M ={ab)@(a'd)=(a@a’) (b V),
(Mda) Vp,gefw)Vas . 1972 =gl$9=y,
(Mdb)y Vaen a@V=0Qu=u,
where a®’=a®...®a (p times).

By a” we denole the element ¢®—a...q (p times).
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3. Terms. In this seclion we recall the m_agmoid gffneratoc[ by a biranked
alphabet and we prove some propertics of this magmoid. .‘

Definition 3.1. A biranked alphabet is formed by «a sgt z arf s,u:\x‘afmi._x- and fwo
mappings, arity, coarity: T—[w] Denote by T2 =the sef 22 ={oceXjurily (¢)=q
. . oL ‘ N
e mlarf!titi}lis(c}gnpg; we assume that a biranked alphabet contains two special

vinbols 1=}, 00X}, ‘ -
A Ilcfiniliu]n 3.2. The sel of well-formed expressions on L is the sel L{¥y=
) (L{EY : p, g = [w]) recursively defined by

i)y Zrc LX)y, ) ._ N

%ii)) ‘vgwEL(Zq‘.)g., ‘v‘w'EL(_E_)g.J: {(tww )srL(.‘.,)g,\‘ .

(i) Ywe LZR. Yo' € LE) : (n@w)< L(._a),,:,,-. . "

Definition 3.3, The relalion = is the smallest equivalence on 1(X) that salts-
fies the following axioms

(C1) (a0, w,= W (10,05)

(C2) (w0, @w,)Dw,= wl@(”’z@’”a) )

(C3)  (w,0,) @(ww3)= (0, @) (_ivz®w2)

(€4 (1@..-hHw=uw(l®..1)=w

CH IQuU=w@0=w i o,

ECB; w, =y \w.= w.'a/\wlwzsL(ZI)=>w§wg. Wiy

(C7)  w,Sw Aw,= w=uw, @W,= uh QU .
1f we L(X) then {w] denoles the equivalence class that contains w.

Definition 3.4.

(i) il wyw,e LX) then [w,] [iu.a]l; [glwg]],

i) Y, w,€L(X): [w,]|®w.]= 0, w, ) . ‘

i’ruposiltiouz 3.1, The algebra {ILZ)=,., @, [V ] [0]>b1s g magmoid.

We make the convention to denote [1]by 1 and [0.] LA _

Definition 3.5. We say that weL(X) is connected 1[ there exisf !;o l'w,, uf;
=J(X) such thal w=ir ® w, and w,#0#w, Olherwise we say thal w1

. r d' I Al .
dlsmnl’::zlfosilion 3.2. Consider we L(Z), w disconnected. Then there exist Wy,...
%) connecled such thal w=un®... @Ws.

!U,.EL}JE‘))O?? We proceed by structural induction on w.

Basis. If w=(5,®0,), 6,. 0, = L, then w,=0,, w,—fc:z.w' .
Induction. Because w is disconnected, there exis . ’

N i ive is Lhere exist wy,..., W, Wy,....40, EL(Z)

hat w=w’ @w’”’. By induetive hypothesis Lhe W)aer 10, : S L)
::(;?m::ycted ?uch that w‘:(ay,’@.:.(@w”)@(w, ®...®w,). Now Lhe conclusi
follows applving the associativity. I -
’ Rﬂ:l:rrk. The decomposition given by Propesition 3.2 is uniquely de
termined up to associativily. . .

Definition 3.6. The function depth : L{Z}y—[w | is defined as follows

i = 1) = 0.

(i) depth (0) = depth(

il s — £0, 11 : depth (c)==1 and _ \

83) Vc\?‘iéL(i{) : if}w is[::nnnected then depth (w)- min {(!;pth ([-::lgej;
+ depth (w)fw=w,w,} clse depth (w) = max {depth (w)/l <i<n}
WZw,®...0w, (by Proposition 3.2).
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Proposition 3.3. Consider w,. wesL(Z). If wi=w, then depth (un) =depth
(w.).

The proof follows immediately from Definition 3.6.

Proposition 3.4, Lel we L(X) with depth (w)>1. There exist w,, w, = L(Z)y
such that w=ww, and depth () depth (w), i=1. 2.

Proof. 1t wis connected then there exist w,, w, such that w=mw,w, and
depth (w)y = depth (w,) - depth (). 1 depth (w,)>0, i =1, 2, then the coenclu-
siun follows. 11 there is i such that depth (10) = depth (w,), then we repeat the
above reasoning for w,. 1f wis disconnecied then there exisl Vypeowo B, connecled
such thal w=r,®...@u,. depth ()= depth (r;) for sume § and depth (v)= depth
(w), 1<j#i<n v, connected implies there exisl v such that o= vl and
depth (05). depth () depth (v), Now W@ QU@ Q0= 1, Q... ® 01} ®
®...@n, .(tr1®...®n;®...®rr,,)(1®...®u,-“®...®l). Il i is the only subseriplt
such that depth (v;) =depth () then the conelusion follows. Otherwise wo repeal
t he above argument for all subscripts for which we have equality.

Erample. Consider g, € X1, €2 =(c,®1®1) {(((5,@0.) 7.)®a,). Then
W= (o, @1 ®1)(‘5!®‘71®”(02®51)-=—((0'1®])("1®Ul)52)®61 and depth(o, @1 ®1) -
=1 deptl{((5,®a,)0,) R0} =2, depth(w) =depth{{(a,®1) (o1 ®a,)0,)) = 3.

[very equivalence class of L{X)/= can be specilied by a cannonical
element (normal form) which is computed by means of Iwo rewriting svstems.
The first system transforms a given expression into a sequential composition
ol subexpressions with deplh €1. We call these subexpressions elementary
expressions. ‘The second system eliminales (he elementary  subexpressions
with depth = 0 and imposes a certain strueture for the elementary subex-
pressions with depth = 1.

From now on we assume that Lhe operation . has the applicalion priorily
greater than ®. We also assuine that the expressions of L(Z) have the number
of the brakets maximum reduced by the associativity and the priority rules.
For example we write wr,w, @w, instead of (0,02 )10) @y,

Definition 3.7, The rewriting system () contains the following rules :

(i) Y, w,, wi. wy = L(Z) w0, Q@uww, = L(Z)=

10140y @10y - (10, @y (w0, @ wy)
(1) Yw,. w,<L(X), Yiwe L(ZY : wuw, € L(Z)=

w@ww, 5~ (w®uw) (12'@w,),

0, Q@ — — (i, Q) (w,®1°¢)

Propositien 3.5, [1] (S) is noefheriun.

Proof. Define the function nbp : I(Z)—=[w] as follows

() Vo€ nbp (5)=0

(i) Y, w,eL(Z): nbp(ww,} ==nbp(tw,) +nbp(w,) -1

nbp({u) (w,)) =nbp(w‘\ +nbp(w,)
nbp(w, @w,) =nbp(w) +nbp (w,).

The conctusions follows from the fact that w —5~ W' implies nbp (w)>
=nbp ()= 0.

Definition 3.8. Consider u, v L(X). We say that v is « pseudo-normal

form of wif u "-"-"_{-_)—ﬁ r and does nol exist we L(X)suchthal v .
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Proposition 3.6. Consider uy, v, ve L(Z) such that v u, = L(2).
Then vis a pseundo-normal form of w,u, iff there exist v,. v, pscudo-normat
forms of u,, respeclively u,. such that vep,u,,
Propf. We note thatl 2 rule o = B can be applied o wyu, il o« is a
subexpression of u, or u,.

Definition 3.9, The rewriting system (S') conlains the fotlowing rules :

(1} Yu, v, 0 & L(Z) preudo-normal forms: uv & e Ml u = ®
19°@uy, 1=0,Qo@ule= ), 1 =1, Qo ®u, and v'=v, @1 @,
(i} YueL(X)¥ pseudo-normal form: ula« = U

(i) VueL{Z): u®@0 5 W and 0@u — .

Proposition 3.7. (S°) is noetheriun.

The proof is given in [1].

Definition 3.10. Lef v, w, = L(X) where v is in pseudo-normal form. We

say thal w is a normal form of v iff v —-— w and does not exist w' such that

|8
¢
Y ———— 1,
151

Example. Consider g,= I, 6. <X Then
(:1®1 @01) (0,1 @01) (0. @0, @01)o 77—
(0:91®0)) (6:@:051) (0: @1 ®6:)0,—77~
(6:06100,) (6: 81 ®0a1) (6:@183))5.-

Theorem3.1.[1] If u 5 » ‘_:,,P w, ' — o —(:s"-‘._’ w', u=1', vand v’
are pseudo-normal forms, w and w' are normal forms then w=1w'".

The dual normal form is defined by replacing in Definition 3.9 uv—u'v’
with u'v"—uv and 1199~y with 17 ?u—u. In[1]is proved that the dual normal
form has the same properties as the normal form. For example, (6,@1@0,)
(0. ®0,80)a9,, 0., 6, =X, is in dual normal form.

Proposition 3.8, Consider u, veL(Z). If v is a pseudo-normal form of u
then v=v,...v, where v, € L(Z), depth (v)<1, 1<i<n.

Proof. We proceed by induction on depth (u). The basis of induction,
depth (u)=0 or depth (u)=1, is obvious. Assume now that depth (u)--1. By
Proposition 3.4. there exist u,, u, such that u=u,u, and depth (it;) = depth{u),
i=1, 2. Now we apply the inductive hypothesis and Proposition 3.8,

If ue [(Z), then NF(u) denotes the normal form of u.

Theorem 3.2. Consider ue L(X). Then NF(u)=u,...u, where depth (1) =
=1, 1<i<gn.

Proof. We apply Proposition 3.8 and Definition 3.9.

Corollary. If NF(u)=u,...u, then depth (u)=n.

Proposition 3.9, Consider n, v,e I(X). Assume (hal NE(U)=Uy...ly,
NF@)=v,...v,, m<n. Then NF(u®v) =(u; ®v,)...(u, ®@v,) where V1<i<m: uj=
=i, and Ymgign: uy{=1®...@1.

Proof. We have u@v=ui.tly@0y..0,=(U,@0,) (Poilly, @0, 0,)= .05
= (4, @vy).. (1, ®1,) =w. Obviously w is in normal form.
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Remark. A stmilar result can ba obtained if m>n,

Definition 3.11, The sef of terms defined on X is T(X)=L(Z)/=.

4. The set (T(Z). <.

Definition 4.1, Consider a, b, = T(X), We say thal acb iff 30, 1" T(X):
b=« orb=0@a@b" or (b=U'b" and ac b or (b=b" @¥b" and {(a= b or as b'')).

Theorewm 4.1, Consider u, b= T(X). Then asb iff 3b,, b,, b,= T(T): b=
=(b,@u®by)b,.

Proof.=>. Assume that acb. We proceed by structural induction on b

Basis. It b=ab" then b,=b,=0, b,=b. If b=b'@a®V"”’ then by =b’
by=b" and b,;=1®...®1.

Induction. H b='b" or b=0"@®V"" and a= b’ then by inductive hypothesis
there exist by, by, by such that b =(b; @e@b2)b;. If b=0'0"" then we get by =1,
by=Dby by=0bb”" und if b=0"@b" then we get by, =Dy, b, = b @b, b, —
—heI®.Q1.

The proof of <= follows immediately.

Corollary. If a=b then depth (a)< depth (b).

Proposition 4.1. {T(X), € } is a direcled partially ordered sef.

Proof. < is reflexive. Yae T((£)?: a=ul®'=az v
=is antisymnetric. If e and b= a ther by Theorem 4.1 we have a=
(@0 @)t =(, @0, @U@V,) 0, @) t, =(¢, @0, R @b, R at,) (1 ®.... ®b:®...
®1)us. I follows ¢y =t,=b,=b,=0 and a,=1®...®@! and b,=1®...Q1.

& is transilive. If a=dce then by Theorem 4.1, ¢=(c,@b®c,)e;) =
=(1@{0; @u@b)b:; @), =(¢, @V, ®u @b, ®c,)c, and hence ace.

T(X) is directed. Il g, b, & T(X) then a@b< T'(E) and moreover ase®b
and b= a@b.

Proposition 4.2, Lel a, b& T(Z), u, ve L(Z) such that a=[u}, b=[v] I
aS b (hen

() NF(u)=u,...u,, NF()=v,..v, and m<n and

(i) Ylgism: y, s,

Proof. It a=b there exist w,, w,, w, such that b= (W, @U@, v, Assume
that NF(w,} =v,...0,., and NF(w,) =,"...v... By Proposition 3.9 we have NF(w,®
Quw,) =(1Qu, ®r7) (2:®u, @v3)... . 1f we denote by k = max {m,n',n""}
then by the uniqueness of the normal form we have NF(w, Qu®@w,) =0,...v,
and v, =0, @, @y, ¥, =V @U, @y ... . Now m< k< nand u,= v, 1Sicm.

Proposition 4.3. Lel ae T(Z) such that coarily (a)=p . Then

(i) 0= a and

(i) Vighkgp:18cq.

The proof is obvious.

Definition 4.2. T(X)¥ is the completion by ideals (of directed sets) of T(Z).

By Theorem 5.13 of [3] T(Z)* is algebraic (inductive) and complete.

5. Planar dags. We give a functional definition [or dags (dirceted acyclic
graphs). Then we deline a partial order on the sel of dags and we show that this
sel is jsomorphie wilh the set of terms defined in Sections 4.3.

Definition 5.1, An equivalence relation ~< ([w]')? is called length-preserving
right congruence (pr-congruence } iff

¥
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(LPRC1) Yz, y, z€fo]*: s~ y=saim gz (~ is ¢ Fight congruence)

(LPRC2) Vi, je(w]: inj=i=j,

(LPRC3) vz, ys[o]*: o~ y= 2| = |y|

Definition 5.2, ([ ]*, <) isthe sel of string on [w] lexieographically ordered.

Definition 5.3. Consider ~ « Ipr-congruence and fr|. [yls]s e, We
say tha! [x)S[y]) iff 1x|='y end maox frlsmax [y

Remark. {[w]*/~, =) is a partially ordered set.

Definition 5.4. A planar dag domain is a pair D~ where Do [e0]" ~
is a lpr-congruence and moreover the fellowing conditions are satisfied -

(PDDO) Vic|w]:ieD=i>0,

(PDDY) Vi.js[w]: Ii<j and jeD=ie D,

(PDD2) Yrxs[oVielo): rieDsyel (1) is prefix closed)

(PDD3) _a) VasDIrt(r)e(o | Vie[w]: rie Del<ic rt(x)
b) Vi, ye D : 2~ y=srt(x) =rt(y)

(PDD4) Yz, yeDVIigii(x) Vi<jsri(y): [aijs(y/]

(PDD35) YreDVIgi<jgirt(x): [xi]=[zf ]

Definition 5.5. Consider {D,~ > a planar dug domain. vr=D and ne fo].

(I) Slict’,,(D): {yéD' ly | =”} .

(i) depth (D)=sup {|y//yeD].

Note that a planar dag domain {D,~ ) defines a graph ¢V, E» in the
following way : V=D~ and E= {{x], [zi]>/xeD, 1< i=r(x)t I is eviden-
tly that (V, E) is a directed acyclic graph with multiple ares and this moti-
vates Definition 5.4. Now we can define r’(z) as being the indegree of {x]

Proposition 5.1. Let (D, ~ > be a plunar dug domuin. Then for any nefn]
slice,(D)[~ is a maximal chuin.

Proof. We proceed by induction on n.

Basis. If n==1 then [l1]€[2]c....

Induction, Assume that stice, (D)~ = {[z,], [x:]...} and [T ]ef2,)e...
is a maximal chain.

By (PDD3), (PDD4) and (PDD5) we have [x,1]<...c [xyrH(ay) s (r.] )s...
S [rort(a,)]) < ... that implies slice,y, (D) is a maximal chain.

Example. Consider D/~ = {{1}, {2}, {1,1}, {1.2, 2.1}, {22}, {L.L1,
La.1, 211}, {1.2.2, 21.2}, {2.2:1}, {L.1.1.1, t.2.1.1, 21113, {1.2.2.,
2.1.2.1, 22113}, Then [l]=[2]. (l.1}e(21]=(22) J221]¢ [2.1.2] <
S [221] [21.1.1]c [22.1.1], Pictorially we represent {D,~> by

1)
S
el N\ 12gl\[%ﬁ’ﬂ

122512211~

e
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Definition 5.6, Lel X be u biranked alphabel. A Z-planar dag is a
triple. 8= {D.~.d} where {(D,~3% is a planar dag domain and d is a
function d @ D—2 which salisfies

(PDY) Yo, ysD: v~ g=dia)=d(y).

(N2 YrsD:d(ay=Zy and o> lsr{x)y=p,

. (PD3) Ye=D:d(x)=Xy and slice 1 2)#E Pt () =y

(PDE) veeD: (Ygis|r]: diy)=1)=d)=1

(PD3) VnzL: slice(Dy=[ax; U ..U [x,JA depth (D)= 1= non d{x,)=...=

=d{x,)=1.

11 £ is Iinite then we say that § is a finite Z-planar dag.

Irample. Consider (D, ~ ) defined in the above cxample and d given
as follows: d(1) = d(2) = g, & X, d(1.1) = d(2.2) = d(2.2.1)w——ud(}.2.2)-
=d(1.1.1.}=gq,= X[, d(1.2) =d(1.2.2.1) =g, € ¥, d(1.1.1})=c, X% Now we
represent (D, ~,d) as

We make Lhe convention to represent — instead®of —1 —. For
example, the dag

02
/ \q" will be represented by 05\
0
\1 / U] L

In what follows we use the following denotations. PDAG (Z) denotes
the set of all X-planar dags and FPDAG () denoles the set of all finite -
planar dags. If 8= {D,~, d} is a Z-planar dag then dom {(3)=D, con () =~
and fun (8)=d.

Definition 5.7. For any integer k the function t, : [@]*—[w]* is defined
as follows

() Vielo]: t(i)=i +k

(i) Yris[o]*e: zstem f(zi)={(2)i

Definition 5.8. Consider 8, (D), ~,, d,>, 5,={(D,, ~,, d,) = PDAG(Z).
We say that 8,23, iff there exisls ke [w] such that

71
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() Vre[o]*:zeDy=i(x)eD,,
(i) Vz, ye D, : a~ et (T)~ o1 ()
(ili) Yxe D, d(a)=d, ().
Example. If

<1”Ll7’1>\ <), {13, 2 — <1, >\
111
. ne; > <2111
J‘I - 4'11]-0-2 >'._ ‘-[{%11],0'2 hd JE e12 ]'ﬁ \( 211 ’/ E.Z‘ll'n
\ / <121, B>\ / [22_3.0'2
12t E s <2210 >

then ;= 3, with k=1

Proposition 3.2, (PDAGE), € > is a partially ordered sel,

In order to prove the following theorems we need a trick, Denote by
PDAG'(Z) the set of objects obtained by replacing (PDDI1) with

(PDD1") Inefo]Vi,js[w]:

We also denote by <’ the relation obtained by considering in
Definition 5.8 objects of PDAG(X). Now <’ is a precrder on
PDAG'(X). Moreover 8;<'8; ifl Lhere is §&; such that 3,='8; and dom
(3y=dom(8y). con (~3)=con{~y). graph (fun(3))< graph(fun(8,)) where =’ is
the equivalence generaled by <'. We denote embedding(d,. 83 with §).
The Z-planar dags are “canonical elements'” in the equivalence classes of
PDAG'(Z)/=". If § is a direccted subset of PDAG(E) then we define ‘§=
{!8 «ePDAG'(Z)/d«= S} that salisfics

(i) ¥6eS§:5=8

(i} ¥8,,8,€8: 3, € deedom(’8)) = dom('8,). con('8))ccon('s,), graph
(fun(*& NS graph(fun{‘s,)). Denole by (1S the canonical element of the class
defined of & where dom (3')=U{dom(8)): 3;€'S). con(3)=u {con(3;): 3;e
< 'S, graph(fun(8)) =y {graph{fun(3;)} : 8] ='S>. Note that the above unions
are well defined by (ii) and S is directed,

Theorem 5.1, (PDAG(Z), < > is complefe.

Proof. Let § be a directed subset of PDDAG(E). We prove that (OS=
=[ ub(S). U 3«8 then '3=embedding (§. OS) and hence §<[]S. This
implies that (JS is an upper bound of S.

Let 3 be an upper bound of S and denote by S, the set S,= {8, e PDAG(E)
{8, 8}. Because 8 is an upper bound of Sit follows S= S,. This implies ‘Sc ¢S,
and hence [AS< [3S,=3.

Theorem 5.2, FPDAG(E) coincides wilh the sel of the isolated elements
{compaclsy of PDAG(L).

Proof. We first introduce a denotatien. 1f 8= PDAG(Z) then the n-th
approximation of §, frunc,{8)= (D™ ~ " (1% is defined by the following
algorithm :

begin

k=1 K

ADD: =.TRUE.;

D™ ={1,..,n}nD;

while k<<n and ADD do

ngigj and j=D=ieD.
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begin

ADD: = . FALSE.;

E: ={zxieD/re slice (D™} i€[w]};
if Ej~lgn then

begin
D =Dy E
ke b 413
ADD: = . T TRUE
end
end.
ST Lhen
FFor example, if frunc(3)=o0, //‘E
/(Tzi““/;ﬁ:s fruncy(8) =" U’\
o s
— \gi/ \G truncy(8) = 3 i
SN S
G
N r/ AN Py
l;__,.__.ﬁ ﬁ/%-‘_—-a
frunc(8) = "3~ ™~ i)
] e
frunc,(8)==8.n25. & ~o
O b
-

Denote by I(3) the set [{8) = {frunc,(8)/n€[w]}. It is evidently that I(3)
is direcled and by Theorem 5.1 § = h.b.(J(8)). Assume first that 3 is isolated.
Then 3= .lu.b.(f(8)) implies there is 8, &€ [{3) such that §= §,. But §, is finite
and hence § is finite, Conversely, it is obvious that any finite Z-planar dag
is isolated.

Corollary 1. {(PDAG(Z), © ) is algebraic (inductive),

Corollary 2. PDAG(Y) is isomorphic with FPDAG(Z)* where FPDA G(X)#
is the completion by ideals of FPDAG(Z).

Theorem 5.3. FPDAG(YY is isomorphic with T(Z).

Proof. Define @ : FPDAG(Z)— T(Z) as follows, Lel 8§=(D,~, d)&
e FPDAG(E). If depth{Dy=n then ¢(8)==[u,...u,] where slice,(D)={x,JU...U
U{xn) [®)s... €&, ]and u,=d(x,)®...@d(z,), 1€k<n By (PD4) and
(PD3)Y u,...u, is in normal form.

& is monotone. Consider 3, =(D,.~, d,>€FPDAG(Y), i=1, 2, §,=3,.
Assume ©(8)) = [uy... U, | D(8,) =[v,...0;]. Denote §,={ D}, ~}, d|) =embedding
(81 8,)- Then slice, (D)) is a subchain of slice(D,) and hence {u,j= [r:]
tghkgm. By Thereorem 4.1, v, =5@u,®n . Now O(8,)=[(t;Q@u,@v))...
(0, ®u, ®,)...v, ] = [(v1...0, @ Usoitly, @0;...0,)...10,  that implies O(8,)= D(3,).

Note that a X-planar dag is applied by ® in the normal form of a term
and hence @ is injective.

In order to consiruct ®7t{a), as T(Z), we proceed by induction on depth (a).
Il depth(a)=1 then a=[0,®...@0,] and we put D= {l,..,m}, ~= id and
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di)=a,, t==1,...,m. If M=ty Upltysq], Uy..itiyey in normal form, then D1(a)
ihscomputml by means of @ '(u,..u,)=(D',~". d" > of the following algorithm :
cgin
{Let typ1=0,®... ®"3,; slice( Dy=[yJu -0 {y, ] [ ]S = {4, 1}
fori: =1 to m do D=0
i:=1;ic: =l;
for k: =1to pdo
for j: =1 to arity(d’(y,)) do
begin
if ic > coarily(a,) then
begin i: =i4+1; ic: =1; end
Dy = Dy {zjjas g1}
ic: = U'|+'1 i
end ;
for i: =1 to m do
begin
D —'D-\_I Di B
for each {x,y>eD,xD, do z~y;
for cach r& D, do d(zx)=s,:
end
end.
Theorem 5.4. PDAG(Z) is isomorphic with T(X)#.
Proof. By Theorem 5.16 of [3] there exist @# and & “¥such that the follo-
wing diagrams comunte ;
FPDAG(Y) ——PDAG(T) ~ FPDAG(X)# T(E)— - T(L)#
i :
qf,‘-\ ¥ o \ ‘ ki
= ) S

T(Z)# PDAG(E)
Because @ is bijective if follows that (P#)t =@ 1#,

G. Conclusions. The results proved in this paper transfer the fundamental
properties of partial trees [2]. [3}to dags. By Theorem 5.3 the set FPDAG(X)
1s structured as a magmoid if we are sctling 8,8, =0 1(d(s,) . ®(3.), 3, ®8,=
=0HPBY@B(3,), 1= ({1}, {[1]}, {<1,1>}), O=(D, D, b3, Now  is
an isomorphism of ordered magmoids. This isomorphism can be obtained also
in other way : we first structure FPDA G(X) as a magmoid by defining the ope-
ration. and ®, and then we find the isomorphism between the two magmoids.
This way we consider more incovenient.
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A HIERARCITY OF UNARY PRIMITIVE RECURSIVE
STRING-FUNCTIONS
BY

LILA SANTEAN

1. Introduction. Let N be the set of naturalsi.e. N = {0, 1, 2,...}. Consider
a fixed alphabet A = {a,, a,.....a,}, r> 2 and denofe by A4* the free mionoid
generated by A under concatenation (with ¢ the null stringy. The elements of
A* are called strings ; if reffering to strings, < denotes the lexicographical
order induced by g, < a,=< ... < qa,.

Denote by Fne (respeetively Fnc ) the set of all unary number-theoretical
{respectively, string} functions. By I, Suce, C,, Pd we denole the following
number-thearctical {unctions : I(x)=x, Succ(x}=x¢1, C(z)=m, Pd(z)=
=z--1, where r——j= mox (z-y, 0. By I4, Succf. C4, o™, =, we denote the
following string-functions: I'(w)=w, Sucef(w)=wa, (1<i<r), CHw)=u, ofe)=
=qy. oun) =wia, il 1<i<rand o(wa,) =o(w)a,, n(e)=e, ~(a(w))=w. Further-
more one uscs the primitive recursive bijections ¢ : A*— N, ¢ : N—»A* given by
c(e)=0. clwa)) =requ) i, 1<igr, and o(0)=e, ¢(m-1)=a(c(m)).

To cach f in I'nc one associates the string-function s(f)< Fne, defined
by s(f) (w) =r(f(c(w})) and {or cach g in Fnc one associates the number-theore-
tical function n(g) defived by n(y) (x) =c{g(c(x))). It is easily seen that for every
string-function  g. «(n(g))=¢ and for every number-theoretical function f,
nls(f ) =={. For example, s(Succ)=c, n(IN=1. s(Pd)==.

A mapping fiom Fuc” to Fne is called an operator in Fne, and analo_
gously for Fne ;. We consider the fullowing operators in Fne and Fnc ¢

sub (f. gy="~ ilf {,g. he Fnc and f{g(x))=h({z);

diff (f, gy=4 il [ g. heFne and W(x)=f(2)~g(2) ;

it (Hi=h il [. heFnc and AO)=x, h(y +1) =/{A(y)) ;
suba(f, g) ==h iff {, g, he Fne, and {(g(w)) =h{w) ;

¢ —ity, (f}=hill {. he Fuc, and h(e)=w, h{o(u)) =f(R(u)).

To every cperalor ¢.in- Fng, é(cp) (f)=s'(¢(n(f)_)), for every feFney:
analogously, forevery eperator §in Fuc,, n(8) (g) =n(0(s(g))). forevery g= Fnc.
For example, s (it;)=c —it ;. n{o —it 4 ) ==itz . g

2. Ackermann-Peter string-function. The primitive recursive siring-
functions were introduced by Asser [1} and studied by various authors

(see [47, [6], [8D.



