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d(i)=a;, i=1....m I a=[ug...u,u,., } ety in normal form, then D)
is computed by means of O™ (u,..u,)=(D’,~". @' of ihe folowing algorithm :
bhegin
;[)Let. Lf,l+1=0'1®i...®6:;’; slice( Dy=[m U0 [y, ) [nls .. g (g, 1}
for i: =1 to m do D=0,
i:=1;ic: =1;
for k: =1 to pdo
for j: =1 to aritg(d’(y,)) do
begin
if ic = coarily(a,) then
begin i: =i4+1; ic: =1, end
Dy o= Dy {zjjxefy};
ic: == ic1;
end ;
for i: =1 to m do
begin
D: =DyDy;
for each <{x,y3€D,«D, do z~y;
for cach reD; do d(z)=gq,;
end
end.
Theorem 5.4. PDAG(Z) is isomorphic with T(E)#.
Proof. By Theorem 5.16 of [3 ] there exist ®# and © #such that the follo-
wing diagrams comute :

FPDAG(E)——PDAG(E) ~ FPDAG(S)#* T(E)— Ty
%

q}\ PF q,—L\\ ‘ @1

B ! .
T(Z)* PDAG(E)
Because @ is bijective if follows that (d#) =@ 14,

G. Conclusions. The results proved in this paper transfer the fundamental
properties of partial trees [2]. {3]to dags. By Theorem 5.3 the set FPDAG(X)
1s structured as a magmoid if we are setling 8,.8, =0(d(8,) . O3.)), 3, ®8,=
=OOEB)@P(3)), 1= {1}, {[1], {<1,13]), 0=(D, &, b}, Now & is
an isomorphism of ordered magmotids. This isomorphism can be obtained also
in other way : we first structure FPDAG(Z) as a magmoid by defining the ope-
ration . and ®, and then we find the isomorphism between the two magmoids.
This way we consider more incovenient.
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A HIERARCITY OF UNARY PRIMITIVE RECURSIVE
STRING-FUNCTIONS
BY

LILA SANTEAN

1. Introduetion. Let N be the set of naturalsi.e. N = {0, 1, 2,...}. Consider
a hxed alphabet 4 ={ay, a;,....a,}, 52 2 and denole by 4* the free monoid
generated by . under concatenation (with e the null stfing). The elements of
A* are called strings ; if reffering to strings, < denotes the lexicographical
order induced by o< a,<...< a,.

Denote by Fne (respectiveiy Fne,) the set of all unary number-theoretical
(respectively, siring) functions. By I, Suce, C,, Pd we denote the following
number-theoreticsl functions @ I(x)=x, Succ(z)=zd1, C(x)=m, Pd(z)=
=z=-], where r——y= max {z-=-y, 0). By I4, Suecf, Cf, 5", =, we denote the
following string-Tunctions: I'{w)=mw, Suce(w)=wa, (1€i< ), CHw)=u, o(e)=
=ay. oQti) = Wiy L 1<i< rand o(wa,) =o(w)d,, =(e)=e, =(a(w))=w. Further-
more one uscs Lhe primitive recursive bijections ¢ : A*—= N, £: N~»A* given by
c(e)=0. clwa} ere@w) +i. 1€igr, and §0)=e, c(m-+1)=a(c(m)).

To each f in IFnc ope associates the string-function s(f)}< Fnc, delined
by s(f) (w) =c(f(c(w))) and for cach ¢ in Fnc one associates the number-theore-
tical function n(g) defined by n(g) (x} =¢(g(¢(x))). I is easily scen that for every
string-function g. s(n(g))=g and for every number-theoretical function f,
n(s(f)) =7 For exumple, s(Suec)=o, n(i) =1, s(Pd)==.

A mapping fiom Fune" to Fne is called an operator in Fne, and analo_
gously for Fnc ;. We consider the following operators in Fne and Fne,

sub(f. g)=h Ul [, g. he Fnc and {(g(x))=h(z);

it (f, gy=10 il [, g. he Fne and W) =f(2)=—g(2);

it (f)=hilf [, heFnc and h()=x, k(g +1)=F{A{p)) ;
suba(f, g)=h Hi f, g, he Fnc, and f(g@)) =h(w) ;

g ity (f}=h il f heFne, and Ke)=w, h(c(u))=[(h(u)).

To every operator g.in Fne,. s(9).(f)=s(o(n(f))), for every f=Fne,
analegously, forevery cperator 8in Fuc,, n(8) (g) =n(8(s(¢))). for every g< Fne.
For example, s (it,))=c —it, (), n{o =ity ,)==its,. ;

2. Ackermann-Peter string-function. The primitive recursive string-
functions were introduced by Asser [1] and studied by various authors

(see [4], [6], [8])
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In order to study the complexity of such functions, we use as a measure
of complexity the growth relatively lo the lexicographical order. To this
aim we usc the string-version of the Ackermann-Peter unary function defined
by Weichraunch [8] The function. denoted by A :.1*— A% is given
by means of the following three equations :

Aofx)=(2) (i
.:‘1,,4.1(?):14,,(0';) (")
Apgalo(x)) =An( A i (1)) (iii)

The following technical results concern the monotonicity properties of
the function A ; they generalize the monotenicily properties of the number
theoretical Ackermann-Peter functions (see [1]).

‘Lemma 1. For all nalurals n -and for all sirings x over A. we have
A>T :

Proof. We proceed by induction on n. For n=0we have 4 () =a(2)> 1.
We assume that A,(x)> x and .we prove the inequality A, ,(x)> x by induction
on x. For t=¢, 4,1,(e)=4,(a,)> a,> e Suppose now-that 4,,,(2)>z. We use
(i) and the first induction hypothesis to get A4 (a(x)) = A, (A,, (z)) > Ay ().
Finally, by the second induction hvpothesis. 4,4, (¥)2 o(x), we ohlain A4, i,
(o(x)y=> o(2). '

Lemma 2. For all naturals n and for all strings x over A, we have: A S{x)<
< An(a(2)).

Proof. For n=0. A4(x)=0(2) <al(s(x)) < 4 {o{1)).
Assume that A,(r)<<A,(a(x)). In view of (iii) and Lemma (1} we have
Anri(0(2)) =A,(A, 1 (1)) > Aprs().

Corollary 3. For all naturals n and all strings x, y from A*, if x<y, then
An(2) < Au(9).

Lemma 4. For all naturals n and for all strings x over A, we have : A, (1)<
<A,.,+1(I).

Proof. We proceed by double induction on n and z.
For n=0 we have A,(z)==0(x)<o(o(xr))=4,(z). Assume now that A, (x)<
< Agni(x)and we prove that A,+,(x) << A,1,(x) by induction on 2. IFor z—e, in
view of (ii) and the first induction hypothesis, we get A,+,(e) =A ()< A (a) =
=Au+5(€). In view of a new induction hypothesis, 4,:,(2) < 4,+,(1), we deduce
the relations Ap,+,(6(2)) = Ap{ Ap+1(2)) < A (A1 (1)) < At 1( Ao 2)) = A ppa{o(T))
(we have also used the first induction hypothesis, relation (iii) and
Corollary (3)).

Corollary 5. For all naturals n and m, if n<m, then A,(2)< A ().

Lemma 6. For all sirings x over A we have : A, (x) =g 0143 (¢),

Proof. We proceed by induction on 2.
For z=e, in view of (ii) we have Aj(e)=A4,(a,) =6(c(a,)) =0%(e) =62+ ().
Assuming that A ,(z)=6"*+3(¢), we have to prove that A ,(o(z)) =g?*iat#h+3(¢),
Indeed, using (ili) and the equality c(o(x))=c(z)4-1, we get: A,(o(2))=
= A dy(2)= Ay(o% D)) =t () =g “loten - 3(p).

Lemma 7, For all naturals k and n> 1, there exists a natural i (which
depends on k) such that A,(c*(x))<< Ap+,(n*(2)), for every string x with ¢(2) > i.
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Proof. We first notice that for every string © with ¢(x) >3k —1. we have

a5 ()< A=), Indeed by Lemma (6) we have A,(=5H(x)) =g2a=4 1 -3(p) =
gH R ) = GBI () > gkt (0) = 6F(a [)(e)) = o*(x). Consequently,

using Covollary (3} and Corollary (3), .1, (a*(2)) < A (AL (W< A, (A4
=40 = A= (2)), for all strings & with o(x) =31 =1. In conclusions, we
can take {=3k-1.

Lemma 8. For all nalurals n and strings x we have A,q,{(2) =A% (a,).

Proof. We proceed by induction on z. For x=e, using (it) we obtain
Apr(€) = A (@) = A7 @), Assuming thal A, (x)=A"+(q,) we prove that
Aua(o()) =A™+ q)), Indeed.using (iit) we get A597 ) e A0+ g)) =
= n("'Z[“H(a:)) ="1n(-‘4n'i 1(‘1")) -1n+1(c(3'))-

The menotonicity properties of the string Ackermann-Peter function
will be frecly used in whatl follows.

A. A\ hierarchy of unary primitive reeursive string funetions. We are
going to define an increasing sequence (C,)a=p of string-function classes whose
union cquals the class of the one-argument primitive recursive string-functions.

Definition 9. We say that the function f: 4*—A* is defined by limiled
iferation af ¢ (shortly, limiled ileration) from the functions g: A*—A* and
f: A*—A*if it satisfies the foltowing equations

fle)=e. f{a(x))=g(f(x)), f(x)< h{x), Tor every z in A*

Pefinition 10. For a natural n wedefine C, to be the smallest class of unary
primitive recursive siting-funclions which contains the functions A, 4, and
is closed under composition, limited iteration and s{diff) (the string-function
operation corresponding to the arithmetical difference).

Lemma 11, For all naturals n, the class C, contains the functions C4, I4, =
and the funclions [(1 < i<7r), sg and 5g defined by : {{w)=qa,, YILi<r, Ywes A*

e i w=e a; if Wwe=g

sg(w) = { Sh(w) = {

a, if w#e e if w#e.

Proof. 1t follows from the following equalities
CA =s(diff) (A,. A,), [;=Ae), 1<igr
IA=s(diff) (4o, 1,), sg=s(diff) (l;, %),
sg=s(diff) (I, sg), ==s(diff) (I*4, 1,),

and [rom the Definition (10).

Proposition 12. For all neturals n, C,2C,,,.

Proof. We shall prove by induction on n that for all naturals n and
ke Ap=Chp

If n=0, by Definition (10), 4,=C,, for every natural m. Assume that
A,eC, ;. We shall prove that A, ,=C, 4z,

Assertion. For every string x, A+, (¥)=[(a(1)), where f(e)=e¢, [(a(x))=
= A (g(f(2))) and g(z)=s(diff) (c(2), sg(x)). The equalities will be proven by
induction on the string x. If x=e¢, from the definitions of the functions 4,
and s (difty we deduce :
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[(a(e)) == Aa(g([(e0)) = Ay (9(e)) = AL (S(dTT) (a(e). 58 (£))) == A (s(AiTT) (a1, €)) =
'—"An(”l) - "1n"1(r)'

Supposing now that 4, (2) =f(s(2)}. we shall show that Apaala(n) =
f(7%(x)).

Indeed, fla(a(x)) = Ap(g(f(c{2))) = A, (g( 4 (00D = A (G (a(. 1,41 (),
$EC-L (0N = AL (S(IFE) (a( Ay (1), = A (C(dif(e(o(Au (2. c(a)) Ae(diff
(e( A (x) -1, 1) = Au(ele(Apri(21))) = A, (A, (1) =4, (c(x).

Using now Definition (10). Lemma (1) and the relations f(r) Anta
(o)< (B} Va1, v 4% we deduce that A i in Cuepuy as being

obtained by limited iteration from f and Aprgas. both belonging to (0, ...,

Lemma 13. For all naturals n and all funciions fin €, there exists a natural
K such that f(x)y < AX(2), for every string v in A*. _

Proof. We shall make use of the inductive definttion of ¢,. 1T flay = da)
then f(2) = Ag( AN < AL (A,(2)) and we ecan take b=2 IF fr)==A, (1), then
f()= A,(A (1)) and we can also take k=2, 1f f(ry< AR (2) and gy ALD),
for all strings xin A* then (fog) (1) =[(g(1)) = ARGy < AL (x)) ; s(diff) (f, g)
(D f(x) < A%(2);

Finally, if f is obtained by limiled iteration from g and k, h(x)< Ak 2
then f(x)s h(2) < Ak(x).

Theorem 14, For cvery class C,.nz 1. and cvery fin Cy, there rrists a natural
i (depending on ) sueh tha j(x) <A, (2) for every string x satisfying (X2 i.

Proof. Assume that fis a function in C,. n2>1. In view of Lemma (13).
we can find a natiiral 422 (which depends on f} such that, for every string r,
f(2)-A¥x). We shall show that the requested inequality holds for {3k,

Ifrom the monotonicity properties of Ackermann-Peter siring-function,
one can deduce the following relalions : A¥(@)= A5(A(x))g A* (4, (a2
(N < AT (A s (7F1(2))), for every string x with e(x)>3k— 1.

Intermediate sfep. Ay (2) = A% YA, 4, (x5 1(2))). for every siring z with
e(x)z k. We shall prove the equality by induction on r. If c(xy=k. then we
have 17,0 (m 1(2))) = AN (A, (7 (059 ((e))) = AEN A (7 1(a%(e))) =
=451 An+1(a1))="'15:. HAMa)) A l(al)=-'1f.“.,+!(“l) =Au(2).

H the equality holds for &, we can prove that A i (a{z})=A%1
(Apea(=41(2)))).  Indeed, A4 (A, (=% Yo (2)))) = A4~ Aqa(o(m*1(2))) =(A%-1
Ap(Ay a7 @) = Ap( Ay A, o FHaN)) = A (A sy (1)) = A, 1 (6(2)). and the
intermediaie step is proved.

Relurning Lo the proof of the theorem, we can now write f(z) <. 4%(z) <
<Ay (A7 1 (2))) = Ayey(), Tor all strings & with ¢(2)»>3k—=1 and taking
{=:3k--1, the proof is finished. S .

o
Theorem 15. The set| ) C, coincides with {he sef of unary printitive fecursi-
o # =0 S
ve slring funclions. ' .

* Proof. We shall make use of the characterization of the set of unary
primitive recursive string-functions obtained in [5] namely as the smallest
class of unary string-functions which contains ¢ and is ¢losed under the opera-
tions sub,, o—it,,, s(diff).
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It is obvious that every function in | €, is primitive recursive. For the
Ho= )
converse inclusion, all that remains to prove is reduced to the cosure of

U Gy to g —il,,.

=11

We shall show that if fe | ) €, is obtained by pure iteralion from

poaid

g€ U C,. there exists a function he | €, such that fis oblained by limited
BN IR

iteration from ¢ and h and, Uherefore, fis in (J C,. Indeed. let f be oblained by
#=0

pure ileration from g in Cp,. ni =0. We shall prove. by induction on the string

xthat fis majorated by A,y I 7 =¢, we have fle)=e<A,1,(e).

Stupposing that f(x)<A,+,(r) and using the definition and the monoto-
nicity properties of Ackermann-Peter function., we gel: fle())=g(f(x) =
= ‘111(’.( .I')) < A n("{n"‘l(m)) =A,-,(O'(.I'))_. _

Thearem 16, The funclion A : A% A% defined by A(w) =4, (1) is not
primifive recursive.

Proof. Assume that A is primilive recursive. From “Theorem (15) we
get a natural n such that A=(. By Theorem (14). there exists a natural i
such that A(x) <A, y(x) for every x with e(x)2i. Let x be a word satislving
the condilion ¢(a)=n -pi +1. We arrive at a contradiction since A(ry=d, (7)

dnrina(0) < Api(@) (see Corollary (5)). This ends the proof of the theorcn.
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