e R

An. st. Univ, AL I, Cuza™ lasi
Informaticd, 35 (1989)

SET LIMITED RELATIVIZATION
BY
MARIUS ZIMAND

I. Iatroduction. In striking contrast 1o the siluation in recursive
Function theory, the relativization principle does not hold in complexily theory.
For example. Baker, Gill and Selovay |1 Jestablished the existence of two
sels .1 and /3 such that P(A)=NP(.1), P(B)#NP(B). Such contradictory
relativizalion resulls are now common place in the study of complexily classes.
These resuils suggests that usual proof lechniques which carry over when
introducing oracles, like simulation of diagonalization, are of no use proving
Lhe separalion or the collapsing of the classes admitting conflicting relativi-
zation.

A more recent trend in the study of complexity classes is the develop-
menl of restricted relativizations with the property that any separation of
relativized classes implies the separalion of the unrelativized classes. To be
more specific, we state the notions of positive and negative relativizations.
Consider the problem C=?D, where C and D are complexity classes. A restrie-
tion R, placed on the way the machines specifying the classes  and I) access
the oracle, yvields a positive relativization of the problem C=?Dif the following
is true : C=D if and only if Cr(A) =D (A), for every set A. In a similar way,
a restriclion R yields a negative relativization of the problem C=?Dif C£D
if and only il Cy(4)s D, (A). Observe that if a positive (negative) relativization
exists, then finding a set A such C,(A)# Dp(A) (Cp(A) =D () implies C#
# D (C= D). If there is one restriction that vields both a positive and a negative
relativization of the C==?D problem, then it is said that this problem admits
a relativization principle. In this case one can solve Lhe C= 2D problem by
solving the refativized problem Cpu(A)= 24D p(A) for some set A. We con-
sider in this work the P=9NP and the NP =?%co —NP problem. Book, Long
and Selman [5] have developed the following positive relativizations for these
two problems: P=NP if and only if for all sets A, P{A)==NP,(.1). and
NP(A) = co-NP(A) if and only if for all sets A, NPg(A)=co-NP,(4),
where NP,(-)} denctes Lhe class of languages L such (hal LeNOP(1) is
witnessed by a machine M, which makes only a polynomially bounded number
of queries on all input x. In [4), a more intricate version of the above restric-
tion is shown to yield a relativization principle of the P=9?NP problem. Another
kind of restrictions which vield positive relativizations for various problems
are considered in [B]. They are called there qualitative restrictions because
they restrict the shape of the computation tree. For example, a nondele, minis-
tic oracle machine is confluent if for each computational configuration I all
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Gat ation paths branching oul from I cither lead to the smwme query
it;;f::f)lltlll‘[l}tl:tt):lltg d([) nol lead to queries at all. It is shown in I'(';)] Lhat ll_w) rush“'i;d
ce of an oracle A such that NPC(A)s NP (A) implies PN and N} #co-NP,
where NPC(.) denotes the class of languagf’,s_ accepled b_\'_ pol_\'uu.m'!.ul .lnn‘e
confluent machines. IYor more results on positive and negative relativizations,
the reader should consult the excelent survey of Book [2].

We propose here a new kind of restriction whieh yields what we (:'21“ set
limited relativization., An oracle Turing machine has access Lo the mzfclg I{‘
restricted by the set 6 the queries "y & oracle set 8% are answered by \.F.b
if yeAn 13 and by NO il y& An 3. Thus. M has the capacity of ans.\\.'e_rms l'o
qu‘estions “ye B oonly if yeA. We say Lhat a sct A realizes a positive rela-
tivization of the question C=?Dif C= D if and only il for all sets B3, C(‘A.l“ B)I—
=D(An 13). In a similar way we deline the fact that 4 rez}ll:r.c.s a negative rela-
tivization of the € =20 problem. Our goalis to cha‘ractenze.thc clazss oqu‘.ets“.'l)
which realize positive relativizations of the P=7NP and of the NP = .t’oi-.l\l‘
problems. If P# NP {NPs#co-NP) then it is easy tosec that any set A 1ea }i::,:es
a positive relativization of the P="?1\‘P(NP-_=_?(:0-NP). |')rol?lem. 11 p=
== NP (NP =¢o-NP) then a sel -1 realizes a positive relativizalion of th,o =
= INP(NP =?2c0-NP) problem if and only if every subset of A is sq]f-)"-pil.l'n:
table (sclf-NP-printable). We also construct t‘wo r.e. sets C and E)w)luch 1e1apu.(.
the following weaker forin of negative rel_aln_'lzatlons of t}_m P:.NI‘ and‘ N T
=?0-NP problems: P=NP (NP=co-NP}if and only if for all r.e. sets A,
P(Cn A) =NP(Cn A) (NP(Dn A)y=co-NP(Dn )). - .

The rest of this seclion is devoted to fixing the notation and terminclogy
for the main notions of interest for this work. Sets arc_gel?erally a§sumcd.to
be over the alphabel T={0, 1}. If A= X* then the car‘dmallt.y_ of A is do:lwlgl
by {|A]. For a string 2= X*, |x| denoles the length '(31 x. an an}'_' slet j|<g
and ne N (N islhe sel of natural numbers), let _<L_{J:|::.e‘-3 and flf\n'}lll
A1 set. SSE* is sparse if there is a polynomial p such that [|§ |[=§p(:f) for a
ne N, The class NP consists of the languages accepled by nondelerministic
polynominal time Turing machines and the c'lflss. P consists ol the Iangu_aga.as
accéptcd by deterministic polynomial _time l'uring m.f.lchmes. A sel 1 ls“m
¢o-NP if its complementary A is in NP. Oracle mnclunei are defined in ‘Ili
usual way [8]. For any oracle machine M and set l;;Zf , the notation | ’
denoctes thal M 1s using A as its oracle set, and TL(M') denotef t_ho language
accepled by M relative to 1. For every set {1, NP(A)={L(M*Y |M :? a 1;;)1'1-
deterministic polynomial-lime oracle mach.me} ':'md P(.1)=£L(_‘II ) Mis
a deterministic polynomial time oracle machine}. The class co-NP(.1) consists
of the sets having their complementary in NP(A). ‘ . .

A set A is sell- P-printable (seli~NP-printable) JI'L_hef‘e 15 a smgle-
valued function f computable in deterministic (nondel-ermlmshc) p,ul_\":wx;nal
time relative to the oracle A, such that on all inpuls neN, f40 )—T~
—z,8 2.8, r, where A% {z,, 2,1, A set .~l_ helf)ngs to I(I[Ing. pol).]
{(we say that .1 has small Kolmogorov complexity)if there exist an umi
versal :l'uring machine U and constants ¢ and &k such thm for every 1Et
there cxisls a string g, where y has length at mos.t ¢ log x and U gcnf:fla {::
x on inpul y in at most |x|¥ steps. The last nolions defined above rela
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less Lo the computational complexily of sets but rather to the complexity
of their intevnal organization (for delails see [3] and [9);. i

For the notions regarding the teory of recursive lunction theory (ltke
the priority method ete)) see lor example [8],

2. Results. Ouwr first goal is to characterize tie sets realizing positive
Felativizations of the P=9NP und NI - %o0-N] questions. We need the
following  definition. )

Definition, aj 4 sei 12 ¥* g4 fully self-P-printable if every subset 13 of
A s self-Doprinteble.

hy A set A< 2% s fully self-NP-prinduble if eoery subsel Iy of A iy self-
NDP-proateble.

The next proposition settles the existenee of fully self- P-printable sets
(and implicitely of fully selI-NP-printable sets) by showing that this class
coineides with K{log, polv].

Proposition 2.1 4 sef 4 iy fully self- P-printuble if and only if A & KJlog,
poly |

Proof. 11 A e K[log, poly] then any subsel B of .1 also belongs to K
flog, poly]. Ience B is seli-P-printable [3]. Now suppose A is fully seif- p-
printable and .4 ¢ K[log, poly ]. Let K be the complementary of Kflog. poly |
and consider B a subset of A, Be K and ecard (B=<")<log n for all n. Since A
i fully scli- P-pivintable, it follws that f3 is soll-P-printable which is equivalent
with e K'{log, poly ] (3], K¥{log. poly ] is obtained as K[log, poly | only
that {/ isan oracle transducer which use 13 as the oracle). Consequently for
every r< i there is yeX* pl<e. log 'v) and UB(yy=2 within |z|* steps, We
show that by udding a small number of bits of information to the input g,
we can completely avoid the use of the oracle 13 in the computation Uf(y) =z,
Let ¢y, g gy be the strings queried during this computation and ¢;,, Grovee i
be the sirings from the above list which are in B. It follows that m<|xi* (since
Uy —a within (/% steps) and s<k log (x| (since card (I35")<log n). Now
consider the transducer N which on input 8/,8/,...8j, simulates Ut (z) and
answer the i-th query to the oracle by YESif j= {1 farende} and by NO other-
wise, It is clear that N(ySi,8i....8i,)==2. It follows that 2= K[log, poly] which
contradicls Be kK.

We shall also use Lhe following result of Hartmanis and Hema -
chandra [7)

Lemimn 2.2, ) If Pe=NP and S is sparse sel, than P(S)=ND(S) if
end only if S is self-P-printable.

b) If NP=co-NP and S is a sparse sel, then, NP (S) =co-NP(S) if and
only if S self-NP-printable.

Proposition 2.3, Let 1 be a non-sparse set. Then there exists a set
such that P(An Q) N P(dn €).

Proof. 1t s sufficient to find a subset B of A such (hal P(B)y# NP(B).
The construction of B is achieved by a slight variation of Baker, Giil and
Solovay [1] construction of a sel I3 with the property P(1)# NP(D). Consider
the sel L(B)=1{x|3y, 'y|= x|, ys Ll Clearly L(B)eNP(B) for alt Bcx*,
We construet a subset I3 of A such that 1.(13)¢ P(B). Let {P.}, be an enume-
ration of polynomial time deterministic Turing machines with oracle. We
may assume that P; runs in time nf4i for all inputs of length n, for all n.
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Construction of B:

Stage 0. B(0)==0, n,=0

Stage i 4-1, i-20. Tuke n sufficiently large such that n7>n, and [ =nt i,
I P, accepts 0" relative to B(i), then let B(i-=1)=B(i) and ny,=n. 1 P,
does nol accepl O® relative to B(i), then let z be a string of length it in A such
that P,., does nol query the oracle abont = during this computation. The con-
dition imposed on -1 assures the existence of the string z. In this case let Bii)=

B(i —1)u {z} and ny,=n.

End of construction.

Lot B=U ;=,8(i). Itis clear that Be 4 and it follows by standard argu-
menls that L{B)€ P(B).

Proposition 2.4, Let A be a non-sparse sel. Then there exisls a sel C
such that N P(An Cys#co-NP(An O).

Proof. 1t foliows by a similar modification of the corresponding construc-
tion of Baker, Gill and Solovay in [U]of a set D such thal NP(D)#co-NP(D).

Theorem 2.5. a) If NP P then any set A< X* realizes « positive relalivi-
zelion of the NP = P question.

b) If NP =P then sef A< X* realizes a posilive reladivi zation of the NI’ = P
question if and only if A is fully self-P-printable.

Proof. 11 NP# P, we may take C=0 and then NP(An C)# P(An C). The
other implication is (rivial since the assertion NP# P holds true.

Consider now the case NP« P. For the implication from right to left,
observe that for any set C, An €< A and thus Ap C is self- P-printable. Conse-
quently NP(:in €)= P(An () (see[3]). For the other direction take into account
Proposition 2.3. It follows that A is sparse and hence, for any C2X*, AnCis
sparse. But it is proven in [7]that if P=NP and B is a sparse set then P(D)=

NP(B)if and only if B is self-P-printable. It follows that An C is self-P-
printable for all sets C€ X" which means that A is [fully-self-P-printable.

Theorem 2.6. 2) If NP#co —NP, then any sel A realizes «  positive
relativization of the NP=co —~NP question.

b) If NP=co—NP, then a sel A realizes a positive relativizalion of the
NP =co —NP gquestion if and only if A is fully-self-NP-printable.

Proof. Similar 1o the above proof, but now we use the fact that if
NP—co —NP and B is any sparse set than NP(B)=co —NP(B) il and only
if B is self-NP-printable ([7]).

We prove next the existence of sets achieving weaker form of negalive
relativization, in which the oracle sets are selected only from Lhe class of r.e.
sets, More specific, we construct two sets C and D such that P NP if and
only if for every r.e. set /A, P(Cn A)#NP(Cn A}, and NDPsco-NP if and
only if for every r.e sel A, NP(Cn A;)#co-NP(Cn A,). Since, as far as we know,
all Lthe oracles constructed in the literature to achieve the separation or the
collapsing of various complexity classes are r.c., it is natural lo consider the
weaker form of negative relativization specified above,

Theorem 2.7. There exisls an infinile r.e. sel C such (hat P# NP if and
only if for every r.e. set A, P(Cn A )#NP(Cn Ay).

We first prove the following lemma.

Lemma 2.8. There exists an infinite r.e. set C such thal for every r.e sef
A, either Cn A, is finile or NP(Cn A)# P(Cn Ay).
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Preof. 1. We consider an enumeration (A, )kex of Lhe class of r.e sets. Let
A, . denote the slrings cnumerated in A, within n steps, Let (Pp),ex be an
enwmeration of polynomial bounded deterministic Turing machines. W.l.o.g
assume that P,(x) works in time bounded by pdxy=|z|'+i. Observe that
pnYy < pa(n), ¥iz0, Vo,

9 The construction of € is done in stages, Keeping into account the
following objectives

I. If A, is sparse, then we make Cn A, finite.

1L. I A, is not sparse, then we make L(CnA)E{(Cnd,), where L(Cn
nAY={x Iy lyl=Ix|, y=eCn,}. Since L(Cn A e NP(Cn A,), we achieve
NP(Cn A ) P(Cn Ay

We denote C,— the strings entered in € by the end of stage m. The cons-
Lruction uses the finite injury priority method. The requirements are R{i, k):
if .1, is not sparse, L(Cn A4,)# L{ PN), and the order of priorities is R{j, n)>
= R(i, B)if {j, B < (i, k). (We use Cantor hijections (..., ... 1 N™"—N). During
the construction we keep the indicators witness(i, k) which either have the
special value "undefined” or witness(i, k)=z. The latler variant means Lhat
at the slage n when witness(i, k) is set z, z=(L(Cin Ag, p) —L(PCN4 )
U(L(PPNe 0y — L(C,N Ay o). We say that witness (i, k) =z is valid for requi-
rement R(i, k) at stage n. For each requirement R(i, k) we also keep a length
restriction r(i, k)= N4 such thal il al stage n we hiave achieved L(Cun Ay )#
#L(P¢N4. ) via wilness(i, k) =z, then r(i, k) = pf]z))- One can observe
that r(i, k) is the longest possible length of any queried word used in the compu-
tation of PNk u(z). Hence if at later stages no string with length less than
i, k) enters in € or A,, then L(Cn A,)= L(P¢N4y) via z.

The construction of C.

Stage 0. C,=0, witness (i, k)= ‘undefined’ ; r(i, k) =0, ¥Y(i, kye Nz

Stage n= (i, k, s». a) If i==% then go to next stage.

b) If card (A;.n Z")<max(k. py(m), m-+i), vm<n, then go to next stage,
¢) I witness(i, k)==: and z is valid for R(i, k) at stage n then go to mext
stage,

d) If n< max {r(j, k) | {j, h< i, k>} then go to next stage.

e) Let z be the minimal string (in lexicographic order) with the properties:
n> |z =max {r(j, | {j, hy<{i, k)>} and either

i) PCaaN4ia(x) = accept, or

i) PCaafifea(x)== reject and there is g, [y[=!x[, ye A, y$4,, for all
p<k with the property card (A, .0 Z[x)< pa([2]), such thal P, UviNtea(x)=
= reject, )

We sel witness(i, k)=, r(i, k)=|z|'4i and in casei) C= Cn., and in
case it) C,=C, U {y}

End of stage n.

Let us observe that if ¢) is reached, then there exists a 2 with the
required properties and this z is valid for R (i, k) at stage n. Indeed if there
is a x, |2 =m, such that an_ln*"l.-(m) = reject then there are at most m‘-i
queried strings. If A,, satisfies test b), then we can find a string y with

j — Matematlca
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Lhe propertics required at e. i i
putation of Praséss(a) i), mnong the strings not queried during the com-
_S.lncc, either case 1) occurs and then we L(PUR, =LIC
case 1) oceurs and then ref(C, 0.4, ) —L(Pen4, “) | S
I“ " 1 ‘ R ) - ..“ '..n wom ).
P(rl:m[ }{_f :11 l:ii: ‘»f,;;qrtlquc {f]itl! for every &or(i £ stabilizes al some valug
nee [- 3 Ay ds sparse. Ahere IS g such that card (Apn Xx < .
Henee beginning with stage my=max (m, i), .-1, t'!u((xq“:alc [(.'L"." L Js Telit), V.
80 r(r,rk) d;)es nol modify any more.” paREE s B
“act 2. If Ay is not sparse, then Yig k. r(i. I ili
tially. safiefiea i parse, then Yo b, r(ic L) stabilizes and Lii k)Y is eoen-
Proof. We proceed by induceti i ith .
nat it 127 e proceed by induction on 1= iy k3 Wil Ay 0ot sparse. Operye
e n—l. _A.kthen rii, k)y=0 al all stages, since poinl a) is‘l ney (?[I') “-b-e-. G
o the_ ('1,‘ > be thlt' snlnullvsl value with o, nol S[};H"s('.qn([ "'pdssv(i o
b (m)Sp%IbC sets \nl!u,-.—._‘k: Vi1, s and n,= N snuch that c-(':l-i :11“.‘ ﬂ‘\-‘.ri:id
E)fﬂ":ll <.. }m, = 1. s. ‘There is somc stage 0 such that r(j. h) q‘[.-(] : =S
o ‘F' tj, 1 < L KD (f there is such a pair then j>h oA s . }ﬁed e
u r act 1). Let m be such that card (A,n }.‘.”‘);m:;\'{k )‘ o hp;'ulsu and we
is grc;tgr than the stable values of (j. ). V(G h) <.<j '1]-';"(!]3; ’fl -—:-[") L
:]llnce {1 is not sparse). Let 1 of the form n=<i. k. 55 b.e -” (i ere is such o m
.EE plopertles nzm and A, ,nE%=4,n2" If ‘u.t this ]cl-m‘WSL siu,c_;:a A
R;lrl}?if(}:)“'l:i and”ut later .st:vges nznon =,k s‘-”>s 1gfe “(?O’ A, .s:)
T WL %) 8t stige nt. ihen M, ) dacs not modify itself e T
valid for R(i, k) o stage n— (i k s>, n”>n with wilness i k S
witness(i, ) il‘ ), ﬂ nwoor wxl,ness(.l, y="undefined’, {hen at lhih'-(l', ,,). no'e
" has‘ A l, 5 r[i ab:slgncd a value which remains valid at all fater 15 St.“gc- !
N ;l(i)nlg :‘lc:,s than m and r(j§, h) are stable for {j [;)k, ? é ” ,'.lg% (since
ovt,zr) qndl}"l./ltz (‘at la.Ler_ stages of the form (i, k. 1), pc‘;ini- .(f) jr: P
"|fhe( . ((; )llS sat:sflgcl ('see the observation before the ubn’strbulll?iL pa;sgd
e stabi;;}zelcllt}:)(:‘"qilw?j!i .;ulruéa‘r,‘J 1;_\' considering a step n'- at \-‘.hio‘;ln ?(‘_(,])_)
f O < (i, k). The existence of n° ¢ \ e
Fact Jlr foroA,, spar_se, from the induction hypothesis ri;l Aco;l'ws .(fllh(?l' Lo
Pacl o.llf Ay is sparse then A .nCisa finite set , » 15 mob sparse.
roof. L. g - .
a word frt){n flmij'sl i}:i::;l:h \t]:ja-t card (A,n Z*)< p,(m). for all m. Al stages >
RO with | ¥ S uced in € only for the sake of satisfving a rc;g rement
Cé(:ts o lj.-«m 1 less than L (h<k from condition ¢, if, the o‘i}l‘v q‘lnremcnl
1 pets new s“ungs, al'ld‘]éf.l fm_m a). Let m be a stage such that r( i ?Oml here
e al pairs (j, k) \'.mh_; and hless than k. Hence al n‘ tJ’ ) hav_e e
(;;, m)—+ 1, does a string from A, enter C. So €n Aﬂ ]q f'o'i )age Stpertor to
pact 4. If A, is not sparse, L(Cn A& P(Cp A f Cme
\ . o . - L
e J'rc;osof.[br}ppose there is some i with L(Cndy)=L(P" N4, There is 4
by Su al b . : B : Ry
satisfiecf L}‘ al k2 i and Ay =A, By Fael 2, the requirems ? y ‘1
, s0 L(Cn [1k‘)¢I‘(P?nAk'). But 4,4 «quarement Ry, k) is
4 3 . . ' SRR Tk .
f)act 5. Cis an infinite sel.
roof. Let i be such that L{P# [
. t 1 .( ,).:.Q, for all A, Forall A, that | sparse
orT]y btht’;mr:c?;lrtjmcnt R(i, I:') Is sa tisfied (Fuct 2). This czu’: bleiu.m: not b{).‘flrbt‘
numbei, u semu;:lmg]somc string in € at a stage of Lhe form (i, k dtl)COél‘lP lf’ i]Ld
¢ that are not sparse is infinite, it follows tl;a;, E‘.is lill;(f:i(nil::e
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Proof of Theorem 2.7. By taking A, =0, we obtain the implication from
visht fo left. Coaversely, let € be the set from Lemma 2.8, Fhen if P£NP and
€ A, s finite thea cleavly P(Cn A NP(Cn A L) If Cn A, is infinite then, by

Lemma 2.8, P(CN AD#ENPCN A )-
Now we consider the NP =Yco-NP problem.
Yheorem 2.8, There erisls an infinite r.e. sef D such that NP#co-NP if
and only if for voery r.e. scl A NP(DN A co-NP(Dn A ).
This theorem 1s an immediate consequenee of the lollowing lemma {in
the spme way Lenma 2.8 implics Fheorem 2.7).
Lemma 2.0, There cxisls an infimide r.e. sel D such that for every r.e. set

A, cither DAy s [inite or NP (DA st eo-NP(Dn Ay
The proof is similar to the prool of Lemma 2.8,

BIBLIOGHRAPTN
o Baker T GiEL g, snd Sotovuey H.— Delafivizations for the P= 7 NP question,
STAM J. Computing 4 (LO73% 401 =442,
. Powards o theary of retutivizetions: posilive
247, Springer-Verlag, 1987, 111,
Boeok, 1. Baleazar, 1. - Sets with
Tfermativa 23 (19863, G79—Gha.
1, Long T — Helativizing e 1P =T NP probiem, Liniv. of California at Santa
Barbara, preprint, 1086,
5 DBook. 1., Long T and Selman,
classes, S1AM J. Comput, 13 (1981, 161 — 187,
6. Book. i, LLong T and Selman, A — Quulitative reladivi
J. Compul. System Sei., 30 (1985, Je5—413.
7 Wartmanis, J., Hemac handra, L.~ On spoerse orucles separating feasible com-
plexity classes, Proc, STAGS-86, LNCS 210, 321 —330.
3 Soare, R.o— Tecursively ertineralble sets and degrees, Springer Verlag, 1087,
g, Zimand M —On relalivizutions with restricted pumber of accesces to the gracle sel, Math.

Systems ‘Theory, 20 (1987, 1--11.

D Baek I retativizutions, STACS-87, LNGS
small generalized Kolmogoron complexity. Acla

Buak,
A. — Quanlitelwe relalivization of complexity

zation of complexity classes

Receined 15.VI. 1959 Universitatea Bucuresti
Centrui de Caleml

Sir. Academiei 14,

R-70109, Bucuresti



