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PROGRAM DESIGN FOR THE NUMERICAL SOLUTION OFF AN
OPTIMAL CONTROL. PROBLEM

BY

VIOREL ARNAUTU

1. Imtreduction. The design of a program for Lthe nuinericalsolution of an
optimal control problem is faced. The control problem, which is considered in
connection with a class of man-environment epidemic systems in [1], is presen-
ted in §2 together with a numerical solution. The implementation of the algo-
rithm. starting from its mathematical foundations, is discussed in §3. A simple
Pascal-like language is used 1o describe different modules of the program.
The numerical behavior of the program is given in §4.

2, Statement of the control problem and the deseent algorithm. An
important class of cpidemics is that of man-environment type ; for such a class
of epidemic systems the environment. sustains the epidemic itself by a positive
feedback driven by the infections agent which is produced by the infective human
population. The habitat is represented by a bounded and open domain QcJRR*
with a sufficiently smooth houndary ¢Q=T'uT,, where T'; is the scashore and
T, is the tand boundary. T', and I', have disjoint interiors (see Fig. 1).

I,

r| o, o, | ... Qe i1,

T,
Fig. 1

We denote by u,({, x) the spatial density of the infectious agent at mo-
ment t= [0, T]and at point x=Q ; u,(l, x) is the number of infectious indivi-
duals. \ realistic model must take into account the fact that the sewage pro-
duced by the humman population is sent untreated into the sea and from there
the infectious agent goes back to the habitat via the seashore through some
diffusion mechanism related to the habits of the local population. The cor-
responding state system is given by (see also [1])

(2.1 f% (2, 8) —AU(T, ) etnsity(z, H=0 in Q=0 x(0, T),
[

2.2) G‘:? (2, 1) +anatta( 8, 1) —g(us(x, ) =0 in Q,
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(2.3) uy(z, 0)y=ul(x), u,(x, 0)=uvl(x) for x=Q,
(2.4) ?ai‘ (3, ) atia(o, ) = K*u, g K(x. o tyg(z. Hdx
' A
for (o, HeZ,=T,x(0, T),
(2.5) %ﬂ(c, £) =0 for (o, {) & S,=T", (0, T).
Y

— Equation (2.1) describes Lhe diffusion of the infectious agent into
the habitat ; we have a;;>0 and eg'is the mean lifetime of the agenl in the
environment,

— Equation (2.2) describes the evolution of {he human infective; we
have a,,>0 and ag'is the mean infectious period of the human infective ; ¢
is the “’force of infection due (o the agent. The shape of the function g strongly
depends on the kind of epidemics.

— The initial conditions are given by (2.3).
— the "feedback” at the boundary I'; is modelled by a lincar integral

operator (Equation (2.4)); we take into account the transfer of the infectious
agent generated in different parts of the habitat Q to the scashore. We consider

K(x, o. ) =) Ko(7. o),

(2.6) Ka(w,0) = ¥ 0 (@ndo).

where w(f) — the cost of the sewage treatment-represents the control of the
system, «; are weighls, 7, is the characteristic function of the subdomain
Q; and ¥, is the one for I';n 2Q,.

— Equations (2.5) states that the boundary T, is completely insulated.

The aim of the optimal conirol problem is to reduce the epidemic phe-
nomenon described by Eqns. (2.1)-(2.5) by reducing the boundary feedback
at the seashore i.e., by reducing the "'strength” of the kernel K. This corresponds
to the implementaiion of a sanitation program by means of a treatment of the
sewage before sending il to the sea. Its cost has to be compared with the cost
of the epidemic itself. Hence the following optimal control problem is consi-
dered
Problem (P) : Minimize

O(w) = fé fu(z, D)dxd! +§h(w(t))dt : ﬁf!(uz(:f:. TY) dx

for all (uy, u,, w) subject lo state system (2.1) —(2.5).

An existence result and the first order necessary optimality conditions
for problem (P) are established in [1]. Gradient type algorithms are derived
in order to approximate the optimal solution. Let us consider such a conceptual
algorithm ALG :

Step 0 : Let w™ be arbitrarely choosen in L=(0, T; R);
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Set j:=1; | . .
Step 1: Compute (uy'', uy’) solving
euf et —Aup a0 =0 in Q.
U6 asguy’ —g(u?y=0 in Q.
(2.7) uP(z, 0y=ul(x), u¥'(x, O)=u(x) for reQ,
gudtfav 4! =K*uf' on I,
autfév=0 on I,
Step 2: Compute (piP. p§") solving
5 p 6 AAPY —aysptl 9 (WPIpP =0 in Q.
epP |2t —aypyt ' [ Ko(x, o)l (e, Hdo=f"(uf") in @,
2 2 ]
(2.8) { pona, Ty=0, pfi(x, Ty=—U('(x, T)) for x4,
apPjev+api’ =0 on Iy,

-~ i 1= v
GP?‘,"CV: 0 on — -

Step 3 : Compute e ) y
) i ety i -
4« = V() =k (V") i;'.l a,(_\;‘uz Iaﬂ,}[}lﬁpl
Step 4 : 1F [d"'| <e
THEN Slop
ELSE Let wt+v: —w' —p5,d" be such that

P(wti+1hy = min Pt - 2d®) ;
p=0

Set j: =j—+1;
GO TO Siep 1. A T
T -ergence of the algorithm is discussed in . . )
11th r((::s)::l\t(s[l‘.bhes:t fim V() =0 and every (weak ) accumulation point w*of the

]
wil satislies VO(w*) =0. .
Sequm.'];.:elfnpl}emcmnli011 of the algorithm. The c‘r‘)mputcr implementation of
the algorithm is made using the follownng “heavy m[?éllies
1. STATE — solves the sthu} :‘ysti;gréb(tgi)e; éninAALé)
y v — solves adjoint sy 5 _ )
; i ?’i?:dule‘?otlt\) tl'bit“tll?e stjep &) of the gradient me‘th'od a'.c each interation.
The differential problems are discretized by finite dl![?rent;‘%“_sche;;x?
which are well suited for equations with positive values. Consider £2=(a, b) x

x(c, d) and the grids with equidistant knots
A= X, < Tyl - < Ty ==b,
=Y <Y <- - - <Yxn=d,
O=ly<l,<. . . <tagt1=T.



VIOREL ANNAUTU [

356
The corresponding arrays are XKNOT, YRNOT. TENOT and 1he
grid steps are DX, DY and DT respeclivelv. We introduce Iridimensional
arrays denoled  u for ny, v for u,, p for p; ana 1 for pyand indexed as u(i. j, 1)
=t >y, u, ).
The module STATE. The differentisl system (2.7) Is decoupled  as (we
drop the iferation index)

;:l (v, po ) —du(x. g by Lau(r, y. == in @,
P

! u(x, g fy)—=ui(x. y) for (v, y) 0,
(3.1 | fu

— (o, 1) +au(s, ) = SS K(x, y. o, ho(x, y, tydr dy on X,
- o
_C:E(g, fy=0 on X,
v
and
dv \4 :
(3.2) d_t(f. Yo ) bag(r, y, Oy —glu(x, y, fi1=0 in Q,

oz, y. 1) =05z, ) for (x. )=,

where (3.2) is an ODE in £ for each (x, )y =0, Since in [1]# is demonstrated
that the map w,~u, is a conlraclion between appropriate Sobolev spaces,
a fixed point method is used to sohve numericaily (3.1) 4(3.2).

Denote u®™ =u®(x, p)=u(x, y, f1)- The second equation in (3.1) gives the
values of u) and the first one is semidiscretized by the standard implicit
scheme leading to (3.3)

(3.3) —(a;, F1/ D TYyutrrn LApii=) uPIDT inQ, k=1,2... NT.

For every fixed k this is an elliptic PDE. These equaticns are solved ascending
with respect 1o time levels using the boundary conditions in (3.1)

(i41) (k+1)

2 (0, 1= 2 )=0 for ye(e, d).
¢x ox

Ay (k1

m.l?-y (, €) —onldiiy M

(3.4) N8
= —w(li4,} ¥ a ES W&, i, ey )dady for ze(a, b),
i=1 'Q'
Gutkril

—(x, d)=0 for xe(a. by.

The elliptic systems have been solved with a performant code (see Acknow-
ledgement). We shall denote it by ELLIPT. The corresponding boundary
values are slored in lhe vectors BD.L, DL, BDC and RDD respectively.
The right-hand side of (3.3) is stored in the bidimensional array RHS and

ot
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ELLIPT stores the solution in ihe bidimensional array  SOL. The system
(3.2) may he integraied mathematically giving

frsq

(B3) eE, ) =exp (—dgalay) (0 (a, .’I"'T*S XD (ar)p(u(r, gy, 7))d<).

The design of the algorithm is given in a Pascal-like language which
is siraightforward {we do not insist on the syntax of this Jlanguage® sinee
this is not tmportant for our goal}. We present first the array initializalion
which is made in the main program

INITIALIZE —ARRAYS-1 -
Begin
for i: =1 to A 41 do
for j: =1to N4t do
wi.j, 1) =UINIT (aknot (). yknot (j));
femp: =VINIT (xknot (i), yknot gy
onew (i, j, 1) : =femp ; -
for k: =1 1lo NT31 do
vold (i, j, k) : =temp
next k;
next j,
next i
for j: =110 N+1 do
bda {)y: =0;
bdb (fy: =0
next j;
for i: =1 to M1 do
bdd (iy: =0
nexi i
End ;

The function type routines UINIT and VINIT compute the inijtial
conditions given by u? and ug respeclively. We give next the design of STATE.
Only the “main“ parameters are included as arguments. Since the computer
program was writien in FORTRAN many parameters have been trapsmitted
using COMMON blocks. Let us explain that

EPS = vequired precision in the {=-norm for u,;

MAXITER = number of iterations allowed to the fixed point method ;
KODERR = error parameter
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—1 — the convergence of the fixed point method is obtained
=0 — otherwise. ' ‘
SUBROUTINE STATE (u, veld, vnew, w, EPS, MAXITER, KODERR)
Begin
Loderr: =0
iler: =13 )
while (koderr =0) and (iter< MAXITER) do
fcompule u(vold) solving (3.1)}
for i:==1to M1 do
for j: = 1to N4-1do

rhs (is j) : = —u(i, j, D/DT

next f

next i;

tor k: =1 to NT do '
temp : =RFCT (vold, E-+1,..%;

for i: =1 1o M1 do
bdc (1) : =lemp
2:}1? ELLIPT (chs, sol, bda, bab, bde, bdd) ;
fori: =1to M+1do
for j: =1to N-]—} (d‘o_)
ui, j, k+1): =sot (i, j);
rlgs j(i,j;t": L-—sol (i, N/IDT
next j
next i
next k;
{compute vnew (u) given by (3.5}
fand |jvnew-vold|}
err . =U;
for k: =2 to NT+1 do
fori:=1t0M+l do
for j: =1to N+41 do
rnew (i, j, k) := VFCT (xknot(i). y.kn.ot(j), tknol(1), vold,...);
temp : =ABS (vnew (i, j, ky—vold (i, j, k) :
if err<temp 5
then err: = iemp |
end — if
next j |
next i ‘
next k;
if err< EPS
then koderr: =1 |
else ifer: = iler3-1
end — while ||
End {STATE}; |
Two function type routines are called : |

~1
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RECT - computes the righi-hand side of the boundary condition (3.4) for

iy fixed : a Simpson bidimensional formula’ is used.

compules » given by (3.5) for fixed (x. y,) by use of a numerical
miegration formula.

1f STATE ends with koderr
solution of the state system.

The module ADJST. It is similar to ST4 TE. The system (2.8) is de-
coupled as (we use pinstead of p, and g instead of pa):

VFCT

I thenr arrays u and vnew contain the

P
! ?]:(.2-_. Y D HAp(x, g ) —aypla. y. )= —g'(u(x. y, MNg(x, g, ) in Q.

plr, y, Ty=0 for (. y)eq,
ol
B0 N 6,0 +apte, =0 on =,
G
(:—p 5. l’)=0 on 22.
év

NS

a7 _;_tq (7, 4, B) g, y, Oy=f'(v, (x. y, 1)) —w(?) ‘_E a; S pl, ¢, Hdx in (,

qglx. y, T)= (v (x, gy, T for (z, y)=Q.

The system (3.6) is similar to (3.1} .The main difference is thai we start
with the final condition p¥7*'=0 and solve descending with respect to time
levels the corresponding elliptic problems given by

(3.8) Apt — (a4 1[DT)p = —pFD DT —g' (utM)gd
' inQ, k=NT, NT—1,..1.
The boundary conditions are

P, gy =L b, 5)=0 for ye(c,d),
a;'c ar

(3.9 Z—P (z, ¢} —ap(x, )=0 for xe(a,b),
¥

op (x, d)=0 for z<=(a, b).
oy

The equation (3.7) is again an ODE with respect to { for every (z, 1) =Q.
Here [x; . v.;]==T\nQ, for i=1, 2,..., NS. Moreover we mention that for our
numerical lests we have considered f=0 and I(v)=v. In this case ¢ becomes
independenl with respect to {(x, y) and hence a vector is used to store the nu-
merical values. A mathematical formula is available to integrate (3.7) :
T

(3.10) o) = S 2 (w(5) exp(asy(t —7))dx — exp (@t —T)),

¢
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gl

(3.11) 7) =

‘ :‘
a; S P("‘! c, -:)d.‘r.
1
1.0

Note also that the weights {o,} are stored in the \:(‘ctnr _“']'.'H}'H iR
‘ The array P is initialized in the main program by
INITIALTZE-ARRAYS-2

Bnglnror (=1 1o Ml do
for j: =1 to N1 do
' pli. Jo NTH1) 0 =0
next j
next i
End:

¢ gi - i TST.
We give now the design of AD. ) .
SUBROUTINE ADJST (u, p, qold. quew. w. EPS. MAXITER, KODERR)

BEGIN
for i: = 110 M1 do
bde (i)=0
next i;
Loderr 1 =0 ;
iler 1 =13 o
i\'hil(‘ (koderr==0) and (iteré-.’\!;‘l)x{TLH) do
{compute p(gold) solving (3.6)}
fer k: =NT downto 1 do
fori:=11to M 41 do C
for j: =110 N41 do . i .
' i 1) = —(p(i, j.k 41/ DT +GDER(u(i. j, K))*
rhs(i, ) (p(i, j.k +1) )
next j
next i; '
call ELLIPT (rhs, sol, bda, bdb, bdc, bdd);
for i: = 1to M +1 do
for j: =1 to N-'—_:l'do
p(i, j, ky: =sol (i, )
next j
next i
nexl k; .
compute qnew (p) according to (3.10} +(3.11)}
%and || grew-gold || }
for E: =1 to NT+1 c:o )
temp : =QUADI(E,...): -
eta(;;:) : =tempww(k)xexp( —a  #lkriol(K))

next k;
est: =exp(—a.xT) s
err: =03

for k: =1 to NT do
num: =NT42—k;
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for index : — 1 to num do
tlemp : = L index-1 ;
yaux(indexy: = eta (ilemp) ;
tauz (index) : = iknot(itemp)
next lndex;
ans 1 =QUAD2 (laux, yaur, num, taux(l), Ty
gnew (k) : = exp(agext knol(k)y=(ans-cst) ;
temp : = abs (gnew(k)-gold(k)) ;
il err<temp
then err: = lemp
end-if
next k;
if err=llPS
then hoderr @ w1
else ter: =iler 4-1
end-if
cnd-while
End {ADJST};

GDER  — computes the derivative of function g
QUAD] — integrates v given by formula (3.11) ; its parameters are depen-

dent on the way the informations on subdomains Q, are
given. We have used an array IBMEGA (4, NS), where NS is
the number of subdoinains, IQ,=(z,;, Ts) % (c, d} then we sel
TOMEGA (1,1): = j,, where j, is the index such that
aknol ()= x,. ,:
TIOMEGA (2,0) : = J,, where aknof (j,) =7, ; ;
IOMEGA (3, i): = 1 and IQMEGA (4,iy: =N+1.
QUAD2 — computes the integral given in formula (3. 10). More precisely
b

QUAD2({, y, n, a. b) returns an approximale value of [ y(f)d!
[}

where veclor { stores the knots {t.} and vector y stores the values
yi=4(l). =1, 2,....n, for the numerical integration method.

The module I1ELP RO. Fitting the step p; at each iteration is the most
complicated point of the descent method. Such procedures are well known
from the literature concerning minimization methods. However, they are
considered for (finite dimensional) functions given by explicit formulas and
no compulational complexity considerations are made. In the case of control
problems the situation is much more complicated since o evaluate the cost
functional for a given control involves the computation of the correspon-
ding state. Hence the state svstem has to be solved. The cost functlional formula
contains usually an integral and the straightfor ward conclusion is that its
evaluation for a given control js time expensive. It follows that we need an
algorithm  which  determines ¢; using few such evaluations. Such an
algorithm ([3]. pp. 14 —15) is presented here : consider Flu;—pl)=min
{Flu; —pd;); 20}, We have to ininimize the onedimensional funclion
s(p)=F(u;—p d;) for ¢2 0. We approximate s by a quadratic polynomial. Let
3 be a starting value for the search process (in the case of p, we consider an
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actualized value of p; ;). Denole so= F(u), s,= F(u;— 3dj). s, = Flu,—
—23d,)) and S the polynomial which interpolates s with respect to 0. 8 and
23. We have

S(6) —(25%) 1(50 —25, +5:)% —(28) (350 —4s, o3,)p 5o
it s, —2s,45,>0 then
3s, —45, 5,
8 —2554-5,

*®

3
=3

is the minimum point for S and we choose p; such that

s(ps) =min (5(8), $(23), s(e*})
(it can be shown that *>0).
If 5,—25,454<0 then p* is lhe maximum point for S. Hence for s,—
— ¢, 45,€0 we choose p, such that
s(g,) = min (3(8), s(23)).
Moreover, in our case the cosl functional has the form GOlw) = p{w) + D)
where

olw)= E h(w(f))dt and Q(u,)= j;i[ uy(x, y, Thydxdy.

In order to evaluate ®(w—gd) for a given p we have to solve the state
system since we need also Lhe corresponding value of ¢. To reduce the comple-
Xity of this procedure we take into account the fact that  is linear and therefore

O(w? —pdy=o(w —pd) + v —ed(»),

where ul? —pv is the variation of u¥’. The first two terms are immediately com-
puted (via numerical integration methods) for every p. Let uf) —zu be the
variation of u. It follows that u is the solution of Lhe system

dujdt —Au4a,,u=0 in @,
u(z, 0)=0 for z€Q,
N8 NS
(3.12) 2uldv +xu=d? Y\ a,s ulf dz H(w —pd D) Y, ais vdx in I,

i=1 =1

Q, &,
dujdv=0 in Z,

(recall that d'¥ =V@(w)), while the system corresponding to v is approxima-
ted by

(3.13) { 20| 8t tagp=g'(ufHu in Q,

»(z, 0)=0 for zQ.

The system (3.12) is similar to (3.1) and (3.13) is similar to (3.2). Hence we
compute v solving the coupled systems (3.12) +(3.13) by a ”module” which
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Is quite similar to STATE i
S i . We call it HE it i
Now U(r) can be found. Hence we i G i i e

Gilnes of & witioind. e van compute O —od My for differe
s of & calling STATE for ecach new value. Only HI;"},]P[}(?I(;I;:
Tridimensional avravs U, Vv v
i H ays ! 5 " T & 4
PRO. Fhey are initialized i
ARRAYS-3
Begin
for i:.z 1 to M 41 do
for j: =110 N+1 do
CH(i,j,1): = 0;
VH(i,j, 1y: =0;
for k: = _] to NT+1 do
VRO, j, k) : =0
next %
next j
next
End ;

. d are used by the routi ¥
in the main program b_\}" 1!.\'}91E Illlln? ]{5?‘1;

The i . .
BEGIN main program has the following design :

{Insert here blocks INITIALIZE —ARRAYS _1/2/3

{Inserl initialization for W PN .
R : = = roinl ; OLD(*), WNE “l(*)r QOLI(*), ONEW(N T—;—I)}

Her: =1;
KODEND : — ¢ .
while KODEND = ¢ do
call STATE (u, vold, vnew, wold, EPS1, MAXITI koderr)

call ADJST (u, old
ol (ADIST. (u. po qold, gnew, wold, EPS2, MAXIT?,  koderr)

gold(k) : =

— (k) : = qnew (k)

czfll FIDER (vnew, p, wold, grad, TOL, koderr)
r{compute the l;-norm of the gradient vector d}
or k: =1 to NT 41 do e
ps(k) : = grad(k) 1 2

next &;

ans : = £ Y T
DL2: _QgOIRDT?((f:I}.\S‘i;M Pt

. {Convergence tests}

if DL2<epy

then KODEND - .. 1

else ifer; = ter 4-1 ;

if iter~MAXITER

then KODEND : — 9

else {Compute current value of gradient step p}

fori: = 1to M+1 do ’
for j: =1 to N1 do

+1, thnol(1), thnot (NT 41)) ;
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TADB(, j): = vnew (i, j. NT+1)
next j
next i;
PSIU2: = VALMED(TAB, DX, M+1.N 1)
call HELPRO (UH, VRO, VI, u, vnew, wold.  yrud. RO,

EPS3, MAXITS3. koderr);
for i:=1lo M1 dv
for j =1 1o N1 do
TAII. j): = VH(i.j. NT+1)
next j
next i;
PSIV . — VALMED(TAB, DX, M4+, N4+1);
roc: = RO,
0 = FI(®, wold, grad, PSIU2, PSIV);
while (FI(roc,...)> z0) and (KODEND =0) do
roc : = rocf4;
if roc*DL2<Ceps
then KODEND: =2
end-if
end-while ;
if KODEND =0
then zl: = FI{roe,..);
220 = FI(2sroc,...) 3
temp : = 0422 —2x21;

I
then RO : = roc;
cost: = z1
else RO : = 2xroc;
cost s = 72
end-if
if temp>0

then rolemp : =0.5srocx(3%z0 422 —4xz1)/femp

stemp : = Fl(rolemp,...};
if ztemp <cosl
then RO : = rotemp ;
cosl © == zlemp
end-if
end-if
fCompute wnew and the approximations}
f(UI, VH) for (u, vold)}
for k: «= 1 10 NT-41 do
wnew(k) : = wold (k) — ROxgrad (k) ;
wold (k) : — wnew (L)
for i: =110 M41 do
for j: = 1to N-1do
u(i, j, k) : = u(i, j, ky —RO=UH(, ], k)
temp : = vnew (i, j, k) —RO« VH(, J, Ky,
vnew (i, j, k) : = lemp;
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vold (i, J, Ky = temp;
VRO (1,1, 1) = VH{i. j, )
next j
next i
next k
end-if
end-if
end-if
end-while
EXND.
The meaning of the variable KODIEND is the following one :
— O — the slgorithm is still working (no answer)
1 - convergence obtained in the sesnse that the 7,-norm of the gradient
is Tsmall
— 2 — convergence obtained in the sense that the I-norm of Lhe difference
beiween iwo conseculive conitrols is Tsmall”
— O — he algorithm is not convergent, i.c., no convergence conditions are
satisfied after MAXITER iterations.

Note that the program can stop by nonconvergence or €rrors in a subrou-
line (see variables koderr). This possibility is not ireated in the above descrip-
tion of the program in order to keep it simpler.

_ The function FI(g....) compules the value of the cost functional correspon-
ding to the control given hy wold(x) —prgrad(x).
“The subrouline FIDER returns the gradient values given by

NS T
(3.14)  VO(w'D) (1) = =2/ (1)* - S affudi(a, g Ddedy . j"p‘l”(i, x, 0)dzx.
i=1 a LI

Of course grad(k) =Vd(w’) (). The integral over Q, is computed using a Simp-

son type formula. We mention also that it is easy Lo demonstrate that the

sequence {w'”) does not converge Lo zero (sce 3.14) since this would conlradict
the descent property of the gradient method.

— The function VALMED is compuling the integral over O from »(.,,NT 1)

using the values stored by the array TAB. A Simpson formula is used.

4. Numerical hehavior of the algorithm. The numerical behavior of the
algorithm is illustrated in the following table.

Bescent Number .ul -itcrntlons
method | (1)l J+1 1
- w — Oty — 0wt
itera- STATE | ADJST HELPRO L ey |
ton
1 5 3 4 0.246 -
2 3 2 4 0.217E-1 0.20F-1
3 1 2] 3 0.519-2 0.14E-3
1 1 1 2 0.319E-3 0.20E-4
[ ——

zE-p means x times 1077
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_ Note that the numerical results agrees with well known results on epi-
demies (a numerical simulation of the asymplotic behavior of the state svsiem
is also reported in {1]). They have been obtained in 6 sexadecimal digits/
number arithmetic on 1BM 4381 and IRIS 50, '
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SYSTOLI ARTRAYS FOR NUMERICAL INTEGRATION AWITH
ROMBERG'S FORMULA

BY

OCTAV BRUDAKLD

1. lutreduction. Numerical inlegration appears frequently as a subpro-
Blem in snuny scientile compulations and developing parallel architeclures
for such calculalion is of real nmportance.

Seme systolic arrays ([7]) implementing various numerical integration
melhods are given in [1 =3

In this paper, we present systolic implementations of Romberg's formaula.
We oulline The methnd in Seclion 2 and discuss the obtaining of the starting
vabies in Scetion 3. In Section 4 we present a (riangular svstolie array, while
Section 5 deals whith the design of fwo lincar systolic arrays. The extracting of
extrapolated values is discussed in the last seetion.

2. Uutline of the method. Let us suppose that we have 1o estimate
i
{ f(x)da. Rombery’s method of approximate integration (|6, p. 107}, [9, p. 114 ])
o
involves the following stages.

Stage 1. Compute the starting values

21

(2.1 TE=[f(a) 4-f(b) 4-2 ilf(a Li) R, 2,

with hy=(b - @)/2¥, k=0, 1., 1, where il fe("[q, b] then 2(M -1)<m
([6, p. 107]).
Stage 2. Solve the recursion

(22) T =T T 1), k=0, M —i~1, i=0,..,M—-L
I e -0 is the required tolerance then the computation is stopped if

(2.3) | TS 1=

for sowe ie= 01,23 -1}

In the upposile case, the process is continued for the next value of M.

3. Obtaining of starting values. Further, the clok Lick (CT) is the time
to performe a division or both a mulliplication and an addition. We designate
by f the time wich is a couut of the number of CT s. We supose that each pro-
cessing element (PE) of the nelwork is active during each pulse number, Also,
L(t) designates the value circulating through the port L during i-th CT (L{f) =



