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_ Note that the numerical results agrees with well known results on epi-
demics (2 numerical simulation of the asymplotic behavior of the state svslen
is also reported in [1]). They have been obtained in 6 sexadecimal digits/
number arithmetic on IBM 4381 and IRIS 50. S
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SYSTOLIC ARBAYS FOR NUMERICAL INTEGRATION WITIE
ROMBERGS FORMULA
BY

OCTAY BRUDARLU

1. lutroduction. Numerical integration appears' frequently as a subpro-
Llem in many scientific computations and developing parallel architeclures
for such caleulalion is of real importance,

Some sysiolic avrays ([7]) implementing various numerical integration
methods are given in |1 =31

in this paper. we present svstolic implementations of Romberg’s formula.
We autline the method in Section 2 and discuss the oblaining of the starting
values in Seclion 3. In Section 4 we present a triangular systolic array, while
Secetion 5 deals whith the design of two linear systolic arrays. The exlracting of
extrapolated values is discussed in the last section.

2, Gulline of the method. Let us suppose that we have 1o estimale
{ f()da. Rowberg’s method of approximale integration (|6, p. 107], {3, p. 114 ])
)
involves the following stages.

Stage 1. Compulte the starting values

o]

(21) TE= 1@+ +2 X [(a-Hh)] /2,

with  hy=(b-a)/2¥, k=0, 1,..., M, where if feC"[a, b] then 2(4-1)<m
({6, p. 107 .
Stage 2. Solve the recursion

(2.9 TE =R TR T (A 1), Re=0,. M —i—1, i=0,.,M—1.
If e 0 s the required tolerance then the computation is stopped if

(2.3) | TH 7 =1 e

for some i {1,2,..,M -1

in the opposite case, the process is continued for the next value of M.
3. @htaining of starting values. Further, the clok tick (CT) is the time

to perforine a division or both & muitiplication and an addition. We designale

by ¢ the time wich is a count of the nuinber of CT s. We supose that cach pro-

cessing clement (PE) of the network is active during each pulse number. Also,

L(f) designates the value circulating through the port L during {-th CT (L(f)=
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=0 means that no value circulales at Lhis time). The nelworks presented in
[Y]—=[3] are able to compute independently the integrals (2.1) by using the
trapezoidal rule. A solulion which avoids the evaluation of ! many times for
the same argument value is based on the faet that ‘

3.1 Th=h,. S 2 k=0,1,..M
where S;=f(a)d-f(b), and
(3.2) Sp=Se1 2N,
2
(3.3) Ny= X {(2),
F=1
(3.4) H=a (2] —dhy, j=1,2,.., 200 k=120

] In the sequel we shall present a multirate systolic array [8 ] implemenla-
tion of (3). This preprocessing stage is accomplished by the pipe Pl depicted
in Figure 1{a). The definitions of the PEs forming P1 are the following (Figure 1
(b) —(f)). I, has two registers R, and R, whose conteats at the time f ﬂl'(‘h RN
and R (f). I C1(H)=1 then R,(I4-1)<< —R (f)/2and ¥YI{{4-1)= RO LR, (L --1);
otherwise, i.e. C1(H=0, Y1{14-1) =Y 4-2R,(0), R ()=R,({+1).

C1 C3 Ch C1
1 cog | }
piP2 HPal{Pisl—{P5 ]~ P1 [Rhlv1 x2 v2
Hin 'RQ
(Q) (b) (c)
C3 Ca €5
} } N
8l m |2 AR %S| ps I3
R H

'
H.
) @) )

The array P2 computes f and has 7(f) CTs as response  time and one €71 as
period ([4], [B]), ie. Y20+ T{)=f(X2()), {=0. P3 has a register R. C3(/} =0
implies R({41)= R() +X3(1), Y3l 41)=0; otherwise {C3({)=1), 3 pro-
duces Y3(--1)=R({l), R{+1)=X3(!).

R SYSTOLIC ARKAYS FOR NUMERICAL INTEGRATION R{:1]

"t works sa that if C4(fy =1 then Vd(f)=0 and R{{--1} - N4 while
for CA{) =0 it daes YA 1) = R() -2 XA4(f) and R(f 1) = Y +1)

P5 has a register f1 whose content is updated by using [, C5 (=1
imples YB(0 1) = N3(O* H{j2. while Y3((--1)=0 for €5 (f) =0,

Iet us analvee {he working ol PIL.

et {, be an initial lime. We suppose thal as a resull of a reset command
addressed (0 P1. il resulls B, =a and 1, =N, Let us define TS1= {{,+4-
AadEr =100

Lemma 3.1, If C1 (D=1.1€ TSI, CI{"Y=0. ¢ € TSI then Y1ty -+251—

Dajpeab, joot 280 k=T WML T CL (fa—1) = 0 then YT b

Proof. The proof is done by induction on k. For k=1. we have CI{{}) =1

and frem the definition of P1 L resulls By (41 =l 2=/, and Y1({,4+1)=

@l —rl. Assume that the assertion holds for some L=11hus R (f,+25—1)
= h,. Beeause C1 (4, =28 —13=1 it resulls Byl 5-2%) =), Q=i+, and Y1{, +
LoV by el

Now, because C1 (H==0, it results Y1{{ 4 1)= Y} -2, 1 P L
4264 9 thus Y1(f, 28 —1 j)=aftt j==1....,2"%

Let us remark that under the ahove assnmplions of Lemma 3.1, i X2({, —1}=a
then Y201, —1 - T{ Yy =/ (a). Y2(L, 3 T()}=[(h) ard YAty 25t Tif) 1) =
s f(0), j=T10 280 k=]l ML

Let s define £/ =1, —1-1-T(f). The working of P3 is slated hy

Lemma 3.2 1) €3 (1) =03t 1 -+2""0 =1,
=1, 201 and C3(fy =), f<lzf 41 4-9M g 1 2
then Y304, 43y =S, Y3(/, 225 4 =N, k=1,...3. and ¥3
< 1] 4N 2 AL -2 9 =1L A
The preofl is quite simple.

Analvsing the working of 4 we obtain immediately

Lemma $.3. If C4(6+3)=1 and C4()=0, fo-+3<l={L-2Y 3 then
YA(fy 428 L3 wm Sy, Km0l ML

Finally. under the above assumptions, P5 acts so that if CH(1) +2F L3y =1,
k=0, 0 ond O3 =0, L 4d<l<ty £27 43, (#1428 43, h=1,....07 —1
then Y3l 2% 4y =15, k=0....,}M.

OF course. lo do this, I*5 must veceive hy, form 1L before lthe moment
when S, enters X5, r=0....3/. I the h-values pass through d delays from P1 to
P5 then it is required that f,-+-280 pd<lo 427 43, h=1....0. Tt sufices io
take d= T(f}+4-3 in order to ensure the above condition. These PEs are not
drawn in Figure 1 a. As a conclusion we can formulale.

Theorem 3.1. Under the above ussumptions il results Ya(ty - T(f} +3 +25) =
=T, k=0.....21. _

The prool is a directe consequence of Lemma 1, Lemma 2 and the above
analvsis.

We renrark that PI begins its activity during the {, —1 —th Ct and pumpes
TH during the f, -+ T()+3-+2 —th CT. thus the enlire computation takes
T(fy 4+l -2 CTs.

4. A triangular systelie array. The precedence constraints (Figure 2 a) in
the compulation of T-values indicates as a natural solution the use of a trian-
aular svsiolic array (I'SA). Let us suppose that 7§ may be accessed one CT

k-

(

L ]\=]3[—:—1
n=0., hdd<t<
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before Tg*!, k=0,...,Af —1. The basic cell (£%)of TSA is depicted in Figure 2 b.
It works $0 Lhat Z(f +-3) =(ax2(f +-1) —r1(H)b where ¢ and b are the conlenis
of two registers A and I in 7. The structure of TSA (for M =d) is presented
in Figure 2(c). We suppose that by a reset command a{i--1. ?."}:tl!‘+1 and
i+, =1/ 1), k=0,... .M —i -1, i=0,....0 1.

. o 5 7, I3 I
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e

(d) ‘

Figure 2

Theorem 4.1, If I(t+k)=1% k=0,..,M then Zgy (-l -13(0 —
ST, ROt i iio,)...,uo—l. e e

Proof. Consider i =0. For each k=0,...,0 -1, because [,({L-k)= 1% and
Lipy(f -k 41y = TEFY, by applying the definition of P’,,. we obtain Z, ({ 4-k +-3) =
A TELTHY., (1/3) = T%. ' '

_Now, suppose that Z, (f+k +3)=T{, k=0....M —i. For each k=0,..,
M —i—1, Py, ;receives Tfand TH*'through Xi-input and X2-input during the
{4k 43i—th CT and {4k 41431 —th CT. It computes Z.+; ;. (¢ —}-k+3f-—i:3)=
=@ T —TH. (14 —1) = TF,,. ’

Remark 4.1. If § integrals are Lo be estimated by Romberg’s method,
we can adopt the nectwork in Figure 2(d). The array denoled by DEM is a
demultiplexer wich distributes the initial values T4 (s), k=0,..., M associated
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with the s-th integral, s=1...,8. Clearly, by applving Theorem 4.1, if I,({+
drkots V)= TEGs), k=00, M, 5=1....0S Lhen Zgy (4K s —143(i+1)) =
2 TE(8), $=1,...5, TSA has 1 CT as period.

If the appropriate extrapolated valuce is extracted from Py o, it resukts
Ihat the response time of TSA is 3M CTs.

Remark 4.2. 1 Lhe initial values are obtained by using the network pre-
sented in [2] or [3] then To-values, may be extracted not only from the end
of the pipe but also from intermediate points, because T-values represent
integrals estimated with sums having different number of terms. In this case
the eamputation of Ty -values may be dene so that T,'s can be pumped to
TSA simullancously, thus J(y=TE . k=0...M—1 and by vedelining the
hasic cel of TSA as Z(1 +2) = (ax2(f) —X1()d it results Z g (1 +2(i 1)) = T4
ke O M iy P04, M1

5. Linear systolie arrays. The basic cell (L) (Figure 3 a) of the first linear
svsiolic array (LSA1) depicled in Figure 3(b), exccutes T,y ({ +3) = (a Tyt +

1) — Toali)h, 120, where @ and b are the contents of two registers i, and
R, in 1. Let us assume that R, and R, in L; contain a; and b, where aq;=4
and b;=te, —1)", i=1,.., 3.

The correctness ol the working of LSA, is stated by

ipy
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Theorvem 3.0, If I(t 4-k)y=TL, l=un,..,
k=0,....0 —1 i, i=0,.. ,M—1.

Proof. For i =0, from the definitton of Lhe T.-cell we obtain that. L, works
so Lhat O, ({3 -B) =T - T A1)y — T3 1) (1/'%)—-(17“" T8y (1'3) and thus
fmm().J it results 0, (i—{—J—H.) =T k=0,.,31—1.

Now, suppose that O,(f +3i -}- I\)vﬁ 1A =0, M —i. The cell L, , produces
Oitoll 4 31 -k 3) =(apaOsll 31 -k 4-1) =01 43T A1) - byay =(17H1 THE .
(it 1)_-'1, 1 k=00, —i—1,

We remark thal the first Fp=-valuc of a new inslance can be introduced
after introducing of the last Ty-value of the-current instanee.

M then O (0 -F3(E =D -1y = TF,,

Anothier linear systolic arvay (I.SA2) implementing the computation
(2.2} is oblamed by preserving onl\ the first rowy ol I'SA and reciveulating
the output values (I‘I.L,III‘C‘ 3 d). Weuse the P’-ce]l {Figure 3 (¢)) obtained from
P-cell by adding the inputs (outputs) ., and B(d., and B,,), where
40! |(t a I) 23 -n({) H.mt(lﬂ"l)—'Btn(i). t>0 .

The new inputs and outpuis arc used to introduce the values of ¢, and
b;. Now, the compulation of T\-values is done by using the entire array. T,-
V“illlCS are obtained without Py (Py,..., Py_, replace the second row of TSA.
(sec Figure 3(e)), etu.

The working of 1.5A2 is stated by

Theorem 5.2, 1[ L+ =TE, k=0,...M, AL{3i +1) =a,4, and Bl (|

+3E2y=bpyy, i=0,..., M —1 and no ellemal signeals enler I-inpuds, then 1t -

F3(i+1) +fy=Ti,,. i__() ..... M—j—1, j=0,.,M—1.

Proof. Tt sulfices 1o iako Zigg =1, 1=0, M —j-1. j=0..3 -1,

in Theorem 4.1.

Remark 5.1, Similar resulls can be obtained by assuming that T,—
values enter simultancously LSA2 while the definition of I'-cell is mod;hcd
as in the final of the previous seclion. In this case the values of ¢ and b must
enler simultancously all cells.

6. Implementing the stopping decisien. In {his seclion we discuss the
manner {o implement the stopping decision (2.3) for the designs presented in
the previous sections.

ki
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Let us denote by M Lhe greatest M-value thal can he supported by

the above arrays. Wesupposethal Missufficientlv largeinorder fo ensure that
(2.3) is safislied. We recall that (2.3) referes to the values T/, j=0...h,
i=1....M, M< AT

Until now, we have supposed that (in the worst case) (2.3} holds for
M =M. The fact that (2.3) could be verified for A< A1 does not. allow 1o extract
the desired values before the moment thal they leave the houndary processors,
bui it may be useful in order Lo ensure al the least that the hardware involved
in the firsl stage of the computations becomes free as soon as (2.3) holds. Thus
one can avoid further evalnations of f(x) or the working of the pipe computling
T-values. Also, for LSAL, =1, 2, some terminal cells involved in 1he extra-
polalion process could be saved.

The implementation of (2.3} is doue be using the (-cell depicted in
Figure 4 a. 1 works so that r({ +3)=r,{ =DV T +2)— T(0) = ¢) where
e is the content of a register Re.

6.1. The ecase of TSA, From Theorem 4.1 and Remark 1.1 we obtain
Ty Zias ((4s—14h42). j=0... .h h=1,.2 and s=1,..,5. .

The test in {2.3) involves for each fixed ft and s the sequence of pairs
(THI. Ti0EY, j=0...,h—1, and therefore ihe implementation of (2.3) can he
done by connecling C-cells between two consecutive outputs Z, 5 4, j=0,...}.
(with Z, , =1). We obtain in this manne1 the pipe depicted in Figure 4 b.

The cells €, j=1,....h exccutes R= \/ (ITHY(s) =T} (s) | <+) in a pipelined

manner. IR enters as zero C; and |l¢; final value emerges from r,,, of C,. From
the definition of C-cell, R appcars one CT after the obtaining of T°(s). By
connecling A multiplexers to Z, o — output, k=1.....M, it is possible to give
an appropriate value on the contro! path passing throngh the PEs dedicated
to S-th inslance. This possibilily is represented by the bloc diagram in Figure
4 c. The values of the argument of the processed function enter through ARG-
inputs while INT serves to extract the final extrapolated values. Also (DE)
MUX are systolic arrays for (de)multiplexing,

6.2, The case of LSAL. By pulting Qy=1I, from Theorem 5.1 we obtain
T Q) -+R4-2f). j=0,.0,h, h=1,..., M.

We can use the pipe in Figure 4 b by taking O, instead Z;,, j=1.....h.
Intermediate r-outputs from C-cells may be added in order to have the answer
hefore iL appears at the right of the pipe in Figure 3 (b).

6.3, The ¢ase of LSA2. From Theorem 5.2 we obtain 77 =I, ,(f-+h +
+2f), j=0...,h h=1,.. .M and therefore we can connect the pipe in Figure
1(h) to the pins In,...,IM of LSA2 (Figure 3(d)).
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FIROM SYSTOLIC ARBAYS TO NEURAL NETWORIKS
BY

VALERIU B

1. latroduetion, With the advances marle by technology i1 is clear that
parallel zrchitecture are flourishing and that new solutions are heing found
to tmprove their alveady high performances. Talking about parallel architecture
we have to mention what has already been said : 7" Whenever a compuler de-
signer has reached far a lenel of performance beyond that of his contemporary
lechnalogy. parallel processing has been his apprentice” (IEEE Computer Sociely
Tutorial on Parallel Processing, R, 1. Kuhn and 10 A, Padna, Fds.. 1981).
The development of technology and Lhe steps taken in neuroscience and com-
puter science in the last few years bave led to a new and growing interest in
computational models based on NN (connectionist) models. These models
link animal brains and hehavior with our knowledge about parallel compu-
tatton and that on artificialintelligence (A1), The idea ol looking dircctly at
massively parallel realizations of intelligent activity promises lo he fruitful
for the study of both natural and artificial computatlion. The effort has heen
dirccled toward the biological implications but there are also important rela-

“tions computational theory, hardware and software [Hillis 1987, Palm

1685, Parker 1978).

In comparison with a compuler, the brain process the information quile
differently. The human memory is distributed, and the notion of program is
of no use. Qur knowledge and power of inference is due to many tiny neurons
which are connected one to another: when we learn these interconnec-
tions are modified.

Much of the recent work on massively parallel compulation has been
carvied out by physicist [Hopflield 1986] and examines the emergent
hehavior of large, unstructured collections of computing units.

Adaptation and learning are treated as ways to improve structured
networks, not as a replacement for analysis and design [Feldman 1986].

Animal brains derive much of their power from their very large fan-in
and tan-out : each neuron can be connected to about 10! of other neurons.

§2. Systolic systems. Although a SA or systolic system (SS) can be
simply viewed as a set of interconnected Moore machines, the exact specifi-
cation is slightly complicated. In what follows we will quote f[rom
|[Leiserson 1982)

U The struclure of a SS S(n) is given by a machine graph G=(V, E) of n
perlices inderconnected machines where the vertices in V represent the machines
andd the directed edges in I3 represenl inferconnections befween machines. The



