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ON A CLASS OF GROUPS WHOSE LATTICE OF NORV AL SUBGROUPS
Is DISTRIBUTIVE

13Y

FEDNANDO FUCGI T

In [his paper we will study the class & of finite groups (¢ in which every
aprmal subgroup is unique of ils order amonyg the subsroups of G. Yhe -
groups are a proper sithelass of the class of the finite groups for which the
latlice of normal subgroups is distribulive (DLN-groups); in fact, M. Curzio
(12D has shown that €7 is o DLN-group, il in  different normal subgroups
have differenl orders; thus one canregard U as a class of groups that strongly
verifies the DEN-property, The DLN-groups have been examined by many
anthors (see. for inslance, the recent paper [7]). The soluble U-groups have
been studied in 1958 by M. Curzio ([3]) who provided for them a characteri-
ration in ferins of normal and Sylow structure. An interesting class of U-
groups — groups in which any two subgroups of the same order are conju-
gate — has been studied in 1972 by F. Gross ([6]).
| In Lhis paper. by means of the delerminalion of the soluble radical
structure of an U-group, we provide a charvacterization of the L-groups in
terms af group exlensions, This chavaclerizalion reduces the prohlem of the
cdlassification for non soluble U-groups o the case of semisimple ['-groups.
T this context” we show that the steneture of Lhe centreless CR-radical of a
semisimple U-group is bounded by an arithmelical condilion, that, however,
Lis nol sufficient Lo assure that a centreless CRR-group, verifving that condition,
s the centreless CR-radical of a semisimple U-group. A restriction on the
number of semisimple U-groups (now isomorphic), with given centreless CR-
radical. suggesls a classilication of the cenlreless CRR-groups.

All the groups we consider ave [inile. For Lhe finite simple groups we use
the notation of 1],

b, Strueture of the soluble radical of an U-group

L1 Lel & be an U-qroup and S ils soluble radical. Then

(i} for cach pe=n(S). the Sylow p-subgroups of G are eyclic,  elemeniary
thelian or quaterniona ;

(ity S,=G, s normal in G, where w=[per(S) | S, non cyclic};

(i) every elementary abelian, non eyelie, Sylow subgroup of S is isomor-
Phic 1o a chief faclor of G

(v S has a Splow fower confaining S, ;

(V) there exisls a supersoluble immersion of S in G. (if and) only if the
Sylow subgroups of S are cyclic.
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Proof. We proc i
. J ecde bv i ] e o : .
y induction on |G| (11 semidirect products Kb Q. where: Q=0 IV ix a group of odd order

(i) Let p be a prime suc . .

o Ifh(: ‘il]hd!qj'flml]l]lL .suth 'tlmt 0.(Gy#1, Since O,(f7) is unique of | Jivizible by 30 with egelic Siylot subgroups 3 O : K= Aot Q is the product of the

evelie, clemzintm'\" ah?li'mpsnroq e\lm‘y Sylow psubgroup of 0, “H“%cl (,,'".n. its  pqnonical homomorphism fo— KM, with (WM ]-=35, and o moenomorplism
then that so are als 2 e naternional ; the induetiv : o Ones are pfAf—AULQ

al so are also the Sviow . : ¢ hypothesis ags : Nt . . .
he Sylow g-subgroups of G, for each f)'~IEr:r.\') q!!:i‘h"rns (11 semidirecl products 1 C{y P where: PP is an elementary abelian p-
) ey ] dme. n>1) 3 U is a soluble Uogroup with p=[U; @ L
p prime. n=1)bisd ol groujf po=flly dlies

(i) Let N be a mini

: Lo e wal nermal subgr - wup (of order p
@ SH), e wmal subgroup of G, s . group (of erder pe. . !
(1 (5)). The statement Tollows immedi . such that N <O(G) | —GL@. ) is an irreducible represcntation of U on GE(p) (with the identlifica-

S K ately fr - -
lzlr:lcli}-i?r)fni)i.r.f.‘};n? two cases 1 N is not cyvelic, iigdr:;;;”n]\'ii!i\].IIKI}I‘C[n.c hypothesis | jion Aut Pe=GL(n. p).
and INSI 4G adc(g i:hcn- (Ni=p&o. By inductive it\'l_'rclllfll(i,s-(i:J‘\f).l ,f,:\.lltip“‘-m, Proof. Let G be a soluble U-group. 1T G is supersoluble, then, by (i) of
oy nd 50 G=NN(S,). Then the stalement fl")“-()\\-\-(’ ?Cl Se=G, | 1.1, the Sylow subgroups of (rave cvelie. Let then G be non supersolnble and so
‘ s obviously jf §,1.1) G,% 1. 10 G has 1o clementary abeliau, non evelic, Sylow subgroup. lhen

N is the onlv minimal nor :
bv arsuing as hnrevi rmal s ubgroup of G (conlained in S); . L
we o};gtl:irsf;]f;]?f‘éo::lﬂg 4] l]lilli!_n:‘!' normal 51(11){{!‘[0'::;:(2 :I;'I (I?') ;\.;:!}-herw.s(}. (3] G, === and so. a::ﬁ-p}.;\}(}, G s (_»h\'it"ﬂtﬁl}' of type (I7). Let then ¢
i id so LS, ANS, =5, G. ’ 1 L#EN, | possess al clementary abelian, non eyclic, Sylow subgroup. it G is an A-
sroup, by (ivy of 1.1, there exisls a Sviuw subgroup G, minimal normal in G,
wilh psw. I G is nol A-group, by 1.2 G is 2-nilpotent and so. as (i, <G, we
sbtain again, by (fo) of 1.1. a Svlow subgroup (i, minizial normal in G, with

. That being stated. it Tollows. abviously, that G is of type (I1II), if we
pul D=0, and U =0, Vice vevsa, il is easy to verify hat the groups (1),
(11) and (IThH ave U-groups.

1.4, Let G be a non soluble L-group and S its soluble radical. Then the

Carder of 8 L8 encil (i andy only if the Sylomw 2-subgroups of G are quaternional.

| n fhis case 510.((Ni=2.

‘ Proof. Let. |5 be cveb. Sinee (7 is not solubie, Lhe Sylow 2-subgroups of
(¢ are nob evelic : on the conlrary, are cyelic the Sylow 2.subgroups of S:
| otherwise. by (i) of L1, the Sylow 2-subgroups of G are contained in § and
<o, by Feit-Thompson theorem. G is soluble. which conlradicts the hypothesis.
‘This § is 2-nitpotent and 5o the Sylow 2-subgroups of G are not elementary
abelian., We have then (D)) of 1.1) that the Sylow 2-subgroups ol G are qualer-
picnal, The sufficient condition and the last parl of the proposition are well
tnown results, independent of the hypothesis that GG is an U-group.

1.5. Theorem The non soluble U-groups are lhe following ones:

(I'y semisimple U-groups

(11°y non split group exlensions of a group of prime order p by a non so-
luble U-group U. such that the Sylow p-subgroups of U are cyclic, if p#2, di-
hedral (in case = V. if p=2;

(T1I'y semidirect products Ub<q P, where : I is an clemenlary abelian
p-group (of order p*y p prime, nz1); U is « non soluble U-group, with p-1U1;
B U—GL{(n. p) is an irreducible representation of U on GE(p) (with the identi-
fieation Aul P=GL(n, p))-

Proof. let G be a non soluble U-group and & non semisimple ; let S bhe
ite soluble radical. If (G has a normal subgroup G, in particular if S,#1 {(iv)
ol 1.1}, (i is obviously of type (I G, is minimal nermal in G). Let then G
have no normal Sylow subgroup and let P be a minimal normal subgroup of
G contained in S, Let [Pi=p (p prime), we have that the Sylow p-subgroups
of P are eyvelic. if p#2, whereas, il p=2, are dihedral : thus G is of type
{11). Vice versa it is easy to verify that the groups (II'y and (I1I') ave U-
groups.

: 1.G. Corellary. Let U bea semisimple group with dihedral Sylow subgroups.
Then cvery non split group cxfension of a group of order 2 by U is an U-group.

_ (ii7) Let N be a minimal -
s L : al normal subgroup of ¢ N ). The |
q-subgrou;}o?(gfﬁmisq aissu:es.ihfat every elcmcntalr_\' al)c]iillllllclll(y;? i’gﬁ((l)é e
follows obviously ‘f‘ fao:llloi Phic to a chief factor of G/N and so U Wk
e ”}, If we recall that, if N is not cvelic '\’ES‘:']) ((!;: atement
. . . - e J E SR ’ i
that o) U-0'|"j()uol:;b:[glr?lcn .(;)' (tf) and (fi7y (independenlly of the hypothesi
subgroup of G and N .,» i‘(( (2‘3 . l(;]d(}{();“m?(?h |Gl Let A be a lnilliln:llpl(l’oriﬁ?;i
that Ne=G. or INI— a2 d 1h B with peo). We gel, by (i) and)(iii
In the first Cg;eri}l]e—b-{' :ml the Sylow Z2-subgroups of s ,al%]é\ (;(:l)alzzrl'd'l(W)‘
P e S t;: Clg(?;lt fo‘llow.s obviously from inductive hyp [:Lmlgl.
subgronps of G 1 & Ge ‘g ow Z-subgroups of S, which are the ‘i\?]' %S]S.
Nc(Gz)/Ca(Go)’ is a Faiton _e_QUatcrmona]. If these ones have m‘dcr‘>‘8w“ 5
the previous case E)n t%l S '.t follows (5,,); < C(Gy) and thus we “"d”-then
inductive h"POlh'egS LctOthe: hand, if G, <G, the statement follows fr e
sobgrom, s GIN co.nt'a(: I,he_n QE:G'QQG and let /N be a minimal ::m ‘S
e e ined in S,/N. Il L/N<O,(G/N), with p;é:) “Ic_-_r;mal
again in the previous casc. Let then 1/N<0,(G/N) and so L ey clic of order
- Let,l < <~SM ,<( ) <‘]G and we find again the previous case(;l_er
o ) Let TeSo 'i_he..i.nd<.S,EjS( S,-+,_/S,-.|=p, prime) be a supersoluble
groups ol §/8, are cvelic, I,herlllc‘s(l)\ Zr?g)l:(thfﬁm Sylow o o
recall that the Sylow p,-subgroups of G are cfclisg ]r)(:"\q:’xl';{)grr‘:)il:)}r]l;or i

, il we
1.2, Let G _qr - y
S be r‘m U-group. ‘If(I is nol an A-group ' . then S, is 2-nilpolent

G, 6. \\'if.i’l p;u!m;;:ecd ,)by induction on |G|. By (in) of 1w1 there exits.'

hesis. Let then P-. 2 %#rﬁf-the,§tatc"’°“t follows from the inductive hy %E—

if G, is abelian, G is }A e{t_“mmp.son theorem ([4]) G is soluble an)dpso
ther that G ~b ( 3&n group, which contradicts the hypothesis, We e'
otherwise \\?1_] ‘SV [‘D. We obtain obviously the statement, if C .(G)'—gll
, ath ll“nilnﬂ] "Ol'mal ‘ill])ﬂ'[‘{ . 2 <o \M2) SHE

- . i al subgroup of G and N=G_, the i i
ypothesis assures that NS, /N is 2-nilpotent, then so is s 1(:e ey
» 1 so is S, 1oo.

1.3. Theorem. The solubl
3 : ¢ U-groups are the followi :
(I} groups with eyclic Sylow subgroups ; o

1
An A- is
And-group is a soluble group with abelian Sylow subgroups
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Proof. Tt follows i i
LIt s immediately [rom Theor o
' . 2 1 N orent 1.0, il we rec: ssifi
callonﬂnf"gluups with dihedral Sylow 2-subgroups ([5]) el the clasiti
i.: h_om;', remarks on the seluble U-groups o
‘rom the Theoarem 1.3 easily : N
. 3 easily {ollows that there i icli
S ’ : P ags) ws the were Is no reslriclio j
nog)'m nlt_.l;:-l:ﬁlh: :)lf a .‘tﬂ]l.ll)h‘ ‘( group. Neverlheless, if a soluble . ‘(‘l!'](ilrln: (l;l]'o
. ;l_(ﬁm[ En.imll?ll.‘]ls; if (;1m\ olves (s, its nilpotenl lenght is al 1:091 ;n .,;q
[ e ) § ab mon A-group (n=1)* ; tog L is cnongh (o e
e Al ) L el =1) 7 ; to gel Lhis. it is enough |
vee the II.(1(: II_I?OILHI 1.5 assures that the only soluble group dual n iu' s
no F“.l ig.,‘)ml]?, 15, up Lo momorphisms, €y (@~ ST.(2 :")) \\']‘ch' ni; Wi
c!ai':sific,;ff‘ rom this vemark and from Theorem 1.3 we can easily ul)l‘]'ml(.llt
b ’l‘ll(:(l-lm('): the ;.f;lulnl(} ilgmups. Z-dueal miniimal non ‘l;"-l‘(]]I]J‘s e
o ‘oren. e soluble U-groups, 2 i o -
3 orer s, 2-dual minimal 1 A-yr '
up to isomorphisms, the following ones : , el o droups, urq
(@) C><q Qu where ® is the '
o Qe where © is the product of () ] '
: ‘ e canonical h phis
. I fi ! oinon
C,) ((I};()Cs)—(.‘;. and a monomorphism C,— Aut () ; TP
semidirect productls SL(2, 3) ¢ P o D
] l s SLE. DD Liehere: Pois an el g eli
ror . ! y : $on toelementary abe
n-g ‘l!’ p primez » and & is an irreducible representafion of S1.(2, 3 . f{_{mn
'I . Semisimple U-groups S o GE).
n order Lo invesiigs ; .
i glg:‘gul]l)l\:‘s{lgdic- :h(lﬁlruclurn of the cenlreless CR-radical of
- » we provide Lhe following le a, w : f
Pl ogroup, we pro ving lemma, whose proof is obvior
group . of & 7 'Iﬂ G=G, G, If I is a subgroup of G, there exists a lls:'
B\lj . anr‘ « suhgroup ., of G, such that |1I' =11, 11, e
e < 3z Ave pavt e N 1 . . . o
5 f;m(l"l (11 we h'.{\c castly the following proposition,
([_.)....C ; 1= Gg.”lhr fellowing rondifions are equivedend
. ’(', }sm{;fr’:;;uc of ifs ui'fdcr among the subgroups of G (i=1, 2); :
¢ has no proper subgroup of index P i
) G ¢ £Xoegual e g 3
of G}(‘(-I.#le’ 2 f { o the order of « subgroup
tily Gy has no non friviad s
g fal subgroup of order
of @ subgroup of G, (i#j=-1,2) poar ol
Let G=H,x ... 9 i
-8 \rc;-i[i]m l.l..‘. = ‘H, .(‘!> 1) be a direct. decomposition of (. \\l'c'\\'il] '
prbpe]- L vent L ! IEI L0 d(-'l-md_cx“ condition, il =1 or : for every non emptv
subset J of [1.{], with G, I, and G,= > I, G, and (5, verifv Suue
] i€ S
of theL(:t“”}"{dI]f“! conditions (fi) or (iii} of the propesition 3.2
(1), e ;.‘ a (-cn]ho](-:,\ CR-group and write ' R, - WAy {I=1)
”;mp, " Rolf ‘]1]- vy 13y .'1]|‘;e 1hofclmr:u-lvrislivnl!\' simple r:h:n';lcl(-riclfic :ub’
l : Vi ; verifies the Lorder-indexe iti v will
e : : . -indexs o « will say
that h; verifies the .o.-i~ condilion ntition, we ol
3.3 Lel G be g semis =
b L semisimple U-group and R ils : X ]
: st [ ils centreless € R-re :
Ry, ., R, bc"!!w characterisfically simple characteristic o ral
() Ry is minimal normal in G, for each i--1 {

1

equal fo the index (in' G)°
3 ]

fmel, 0 I LR we have R = 3 L. j and 1. o i
i s il i

(Zy If 12 is o clay : 2

. -4 a clavg ol prappe. (e class 17 vy ehe e . 3

defined, inductively, as fnllows ; s Paoof the ndual minimal non P-yroups. |18
3

wiHh n<m and

il

s n =1

A
I’U-.. PG I

no1 a
and &N Y Iy Tor carh P N.<ih
i

A
(e 1D,
[ =0

Al

Hemisimple groups {see. for instance,
-

subgroups of G. Then':o
?"') R overifies the (o-iv condifion. ‘ ' ‘:
roof. Lt 1. s a minimal normal subgroup of G. we have L < R, {or s‘omel: 1

. - i b
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W Follows that ts2 0 U=
wad 1

i U where Uy s the simple constitwent ol 1.
CpAd) is nok nni.quv of ils

,.('._I(I,) ¢ and o one of The subgroups f. or
arder among Che subgroups of ;. which conlradicts the hypothesis o thus (i}
is proved. The (i) Tollows hmmedialely from propositzon 3.2,

Nremark. 10U is immediate to observe thatb, il eenlreless Cli-group ve
condition. then so does Lhe diveet produadd of tls non isomorphie
uts, whereas e converse is nol troe On the olher hand, it is
here exist simple groups (for inslance AL thal, when
verifving the oL~ condition, Toree

pilivs The Lo-ie
dmple constitue
piEy 1o verify that t
onslituents ol a cenlreless CH-groap.
i to be characteristically simple.

: Problem. Can the arithmetical condition TR
he somehow characterized in tevms o strueture b
hor has not found a satisfaclory answer.
23 and Lhe well known classilicalion of Tinile
8 3.3.18) we obtain the Yollowing

for a cenlreless CR-

[ariiug.
The aut
From the propesition

theorem.
3.5 Theoreny, Lel (0 he a semn
Inn R< Aull where:
i) R is a centreless CR-group thal ve
3 (ify Gilan R acls fransitively (hy mear
normal simple subgroups of cuch characle
grop of I
! As il is well known (sce, Tor instance, [3]. 2.5, 1. the nunber of the non
whose centreless CR-radical s isomorphic
is equal to the aquinher of the conjugacy
{his resull and from Theorem 3.4 we

isimple U-group, Then, up lo isemorphisms,

rifies the wo.-i> condition ;
15 of conjugalton) ot the (non frinial)
ristically simple characteristic sub-

isomorphic semisimple  groups,
1o a given centreless CR-group R,
classes of subgroups of Qut K. Irom
immediately get the following proposition.
8.5, Lel I he a contreless CR-group amd lel [,
[Hu.\'.ﬁ;{’.&' of subgroups of Out L. fhat acl [ransitive
"yrmrp.x' of cach characleristically simple characleristic
ember 1y, of non isomorphic semisimple L-graups. w
is isomorphic (o R. is at mosl {y.

The Theorem 3.4 does not characterize the se
fact. Tor a cenlreless CR-group. that verifies the Lo~
Hollowing occurrences 1s possibie.

lat ; Every aulomorphism group of .
s an U-group : equivalently. wilh the nolation of
ond : IR is centreless CR-radical of some seinisi
automorphism groups of R that vertly (ii) of

be the number of the conjugacy
fy on the normal simple sub-
subgroup of R. Then the
hose centreless (R-radical

e

misimple U-groups. In
condition, each of the

that verifies (£) of Theorem 3.1,
3.0, uy—dps
mple U-group. but Lhere

enis! Theorem 3.4 and are nol

-groups ; equivalently, O<tuy- [

! 3rd: R is not centreless CR-radical of any semisimple U-group ; equi-
valently, =t

i Throughout Lhis paper a centreless CB-group will be said of 151, 2nd or

rd kind, if for it the Tsl and or 3rd occurvence holds.

. The Tollowing example shows the existence of centreless GR-groups
of 3rd kind, that verily the Jo.-i0 condition.
Example. R=L,(8)" < L,(16) s d cenirele

ss CR-group of drd kind.
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Let be Inn R AalR )
wither o= and G/ Inn R acts trasilive
: .|l.1g| m\zi:: ;:( i.f:(:\l-'-_ Then (¢ (-(Jl]lililih,;t 17 :"‘"'i(v H“rll’:\{l]l\l ;’“_ ;:fﬂ'nu\nl simple
~ Sy 1. N 15 the noralizer i N ) of or A
R T S wializer in Inn Lu(16) of one of ils Svlow 2-':11(?))
o N | = T N =17 28

o
(LIRSS

N L.(10)
and so (5 s nob an O-group
One can di y
8 cellv verify that in R i
The Tollowi > i (BIRLE in 1 the .o.-i° condilion holds
the simple (n \H.]g_lf u_.sull. shares inlo cenlreless Cl-groups of : ’[(!5:) .
ke \(j):l ; )(-(hun) groeups, K 1St or S ki
. 3.6 4 simple (non abelion) group i
if and andiy if the § . ) group Is « cenfreless CR-group o il kil
l’ruojl' {l.fl'{"i:?!.lfn‘:‘n .sz;b_qnmp.\'.a,f is ouler rmlonu-r})hivﬂ: q:{nu Jfarh[ M”‘d'
U-group and 50 t'.b(\l'i?m?lp-“ group of st kind, every subgroup of[()ulpf’{ .{]fhr,
e ‘.cr;‘], ].«:-L R);m ¥. the Svlow subgroups of Out R are eveli YIS ap
g . " be shiple and the Sviow suhgroups of R ha
s an aulomaorphism group of R O groups of Qul R he eyelie
group. there exist different ' Contaiiiily fan k. and 6 is nol an y.
|HI=“\'| Suppese “m’ nt—lhl.lhgl'()llllh I and I of €, such [hat ”4»}{11 %
el g . Without loss of g A
since |M/R) divides ]\']flu n.‘.s of gcnm.dlal}, (i ITIW and assume R:Irnar]l’d
as those of /1t “('. h'n'e/ ”} ]}m/(l _l he Svlow subgroups of KRR zlu'v ¢ '“]‘.'
nRj=|G: [\'i-_vl.(" ) | (‘)“L/]{"\’.l{\ RIR and so G=—HK K. 1 follows I;élll‘{}-tlsi!
divides the ul'ldm’ ol s mmi.'- u“tm ! f}us a proper subgroup whose ilid\ex
izadcoaNt s outer automorphism gr : ‘ i :
i ael o)) v classificati
| fllll]l(;. Tn(lp](, groups excludes Lhis urvnrrcnc: bi butthe elassification
J.6.0. Corellary. The allc ] " ‘
‘ 455 rnaling gr s of degree =3 ]
CRegroups of i Rl g groups of degree = 3 and £0 are cendreless
Proof. It follows i i i
. N ows impmedialely [rom 3,6, 0 . :
A s ; m Aot if we recall thal, for each nzj
J.6.2. Corollary ] . o
B2 ary, .4 simple gro ]
. ) s group, that is e N
Chiegronp of 1ol i, rod, is nol of Lie fype. is o cenireless
Proof. It follows ]
M : ows al onee from 3.0 ¢ 3.0 ©ust
of Tinite vimple sraups. boand 3.6.1, by using Lhe classification
The next pr ik i
. b oprepositions provide so
L nest, L0Ine necessary uflici sanditi
for 1';(;[113;(1(55 CR-group Lo be of 1st or 2nd kind or sulficlent conditiofg
3.7, A(noen abelian) characlerisii y si e
. . clerisficelly T
T A y simple group is a cendreless CR-

Prog). Le - |
of. Let R he a characteristically simple group and {then R x[r

(n=1). where U;~0" sim ;
. i simple (non abelian) (i- . il
L1 e o an) (i-=1,....n. R lriv —
H(‘llt;li.;(i). I.I‘(.(lll.](]ltl()ll and the wreath producl. U~(€, (C )(,\ i\l' !H?.m!l-‘ “' e”.[_'es
;1uf1’i-ci2:1[i Tog])(?.nl." whase .(lc“m,'lcs-“ CR-radical is E;0|n‘$r|ﬂ1|cut: 1(')1(}19]l ”-)']tb';l
tion) G-=C, 1]1’”12{ 11]:"-‘1["!1.7'(‘:;:1 ﬂ;}f&gr(m};. -\}Sh”mo {with ;)h\-iot:; id(l':::iflic;s:
W H T e X _“' ___-hll('llml = K. We AT
R RoALV KRR ond 50 JGn KRGO M| R : RAR PRy lha\gln.fr\'”R
s 1. On the other hand. by Lemma 2.1, for each b=t :?lhlei\. L\\nl tc[
: . =l .. ‘¢ exisks

a hl]b“l'()l[]] '!- ()l' 'i . "o,
: o osuch that [Kn Ri=| =« Ul . - n
f [ i and we can assume {7, =Kn Uy

We have Lhen, wi S N i a
en, With |U;: U, e=r, (i=1. ..., n). that 117, divides 1 and so ri=1h
i=]

1
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e ———

for some F--1, ..o Without loss of generalify, we can assume ry=1, that is
ni=- | .

{= K, We have then, with C,n AR cand o) ==m. thal Livle Wy
-

fe= I, Thal being slaled, proceeding by induction

s, i moon. we have
i< K. Th Tollows, obviously, that (=K and se

an nlan we easily ohtain that |
(i is an -group.

3.8, Let R=U" {n.
(1" non abelian stmple group). Then :

(iy Outli=1,

(iiy nisaprine nol grealer than [he smadlesl index of @ proper subyroup of U.

Proaf. (i) Since R- (s of st kind, we have that Out R=Qulli~ 5,
i an D-group. 10 Tellows, obviously, as Oub U is soluble (see, for instanee,
[1ht hat Qutli=1.

(i} Since I is of st kind, we have that AN, the normalizer of an -
evele in §,~O0uti is an U-group. and so. as N is isomorphic to the complele

a evelic group of order n. gt is prime, IT 0 is greater Lhan the

iofomorph of
cmaltest index m of a subgroup of (7. let U be a subgroup of A, isouorphic

1) he o characieristically simple group of Isl kind

to U Wit Re= U (U= Uoi=1...) and denoted by G5,  the stabili-
i1
serof 1in S, Aullf asn

| < T, % b U =00 =R

awe can wstine 0= (i, We hove Lhen

contradicls the hypothesis.

e
e so Aut R is nol an L-group. which
§ does nol hold, Consider,

it is casy verify that the converse of 3. for

mstance. M3
3.9, Let It be a non characteristically simple centreless CR-group of st

hind, Then, denafed by Uy, o U, =1 ils non isomorplhic stmiple constifuents
and by hy ..ong the respeclive mulliplicilies, we have:

(iy n,=1. Jor each i=1..., 1

(iiy the Sylow subgroups of Out U, are cycelic (i=1,
"Outl,| are pairwise coprime;

(iiiy R verifics the o.-i." condiliot.

Proof. Putm< ... <. since Ris of st kind, we have that S": W W

S ~ < AutR is an U-group: it follows. obviously, n,=1, for cach (=1,

{1, M n=n,>1.we have. as ftis of 1st kind, that AulR~Autl, > .. X
s .\ul‘U,_l‘,\’.‘“\lll.U,wS_._. is an U-group andse therefore is AutR/AutU,~4,=
~ At K., oAt [/ ~Cs; but this iv false, hecause 20 Aut ;| (Feil-
‘Thompson theorem).

(ity Since R is of 1st kind. we have that Lhe
Out U, <. xOut U, are U-groups ; it follows, obviousty,

(iif) 1t follows from Theorem 3.1

It is casy to verily thal Lhe converse ©
for instance, 1,2(8)‘/{1,2(32).

An obvious partial converse of 3.9 is the f[ollowing proposition.

2.10. Lel R be a direct product o non abelien simple groups rirwise
nont isomorphic. If R verifies the .o0.-i.~ condition, then R is d centreless CR-

group of 1st or 2nd kind.
Proof. Ohvious, if we notice that

v ) and jout Ul ..t

w7

subgroups of Out R
the statement.

[ 3.4 does nol hold. Consider,

R iy an U-group.



I

t.

b

Tteecived T2V 1171959

Cfeross, )

Pazderskio G

NEFERENGES

Copwax, L ML Gertis, 1o 1. Noele ' LT
i rmin, “\.|_ \. _\[,:,1,'::t,_:.:c.,{{:f-I.';:.,?;m:;{;s..-,(;l'(ll...ll‘l:;l.,- f:~l-\\'. ;)\I'[-'..r-,l|]\r]l.lr:___-nl oA Malsag,
D \!{:1 . L] 11,‘,?)‘ 'uﬁ_ 1 IT)_ | refivolo oe § soltocrippd diGn greeps finido, [ticerepe
CHeil W h(; :::,r]; ;\“r{:””.vfu (r‘_w mtm. Mo, Aecad. Nazo Linerk 23 (Judhy, 1T 43
B fl!!'n:n. 7750, ol Bility of grenps of edd order. Pacific ). \!':llh.aiz:i
Sfrarrensteing b Waller, The charucicrizafion of [inde gronps with tihicdray

Syloar 2 subgreatps, . Abgel rac 2 E965), 8D
Fiaite groaps ik i

LN I iel any tirn primor i V
e il!]?'_;-! .“.I(-r .;”qh':_qrmr.r.,\ of the saiie arder are cqn.

P i 1 S : 3
i gronps for wihich the lattice ef normed subyroups is distributioe. Beid
: ERCRIET - Bt

ial.

sur AMgebra reomietrie 37 N i
Nt “_ﬂ hll |L;| nd (r((('.ln.lll]l' 21 (1087), 183-=200. i
P Db S0 — 0 Course in the Theery of Groups. Springer Verlag, Berlin (1052
; EES HE ]

Dipurtimento dy Motematica o Applicaziond Renata Caeciopnals
Vi Memzacunnone, 8 G
AOIGE Napoli, Haliv

FERNININ TUCCILILL
K

ANALELE STHNTIFICE ALE UNIVERSITATIT LAl T, CUZA"

Tomul XXXV s 1ol Aatemalicd, 190, I 4.

ON T-DIVISION RING
BY

TR DUTEA and Mo G AT AT

I. Introduction. N. Nobusawa [13} in the year 1964 defined T-ring
s Tollows : et M and I' be two additive abelian groups, 1f there exist mappings
from M 17+ M to M (images Lo be denoted by axb, a, b= M. ae=T") and from
oMo P I (images Lo be denoted by «afB, o a e M), satisfying, Tor
Al a b,oee=M and o, £, vED:
N, wa(bBey=a({abBe - (dab)Br;
(oA 8)b - b 4-aBb. aa (b -0) = uab e

pel

N, (t-hyae= aoe -Fhar,

N, @ aytr =0 Tor all g, b e M implies that =0

(hen M is called a T-ring.
Laler in Lhe year 1966 B
ditions for Nobusawa's U-ring
Lol M and T be Lwo addilive abelian grouw
from M w1 M Lo M (images Lo be denoted by aob, ¢
ceM and o Bl

B, : ax(b2e)=(aab)Be;

B,:same as N,

arnes [1]slightiy weakened the defining con-
and defined T-ring as follows:

ps. If Lhere exists a mapping
1, he M, oeT), satis-

fving, for all e, D,

then M is called a T-ring.
Usually, the Tormer onc is called Nobusawa's T-ring and the latier one

i calied Barnes” Tering. The class ol [-rings conlains not only all rings but
Aleo Tleslenes' ternary ring {7]. Coppage [3]. Luh [11]. [12], Kyuno i1
4. [10] studied the structure of T-ring and oblained vavious generalizations
ol 1he corresponding parts inring theory. The first author [1]. []. [6] also stu-
died some properties of Barnes’ D-ring and introduced the notion of I-field.

In this paper we have studied further some properties of T-field. Also
we have introduced the nolion of I-division ring (using Barnes’ I-ring) and
studied some properties ol it. We have oblained some necessary and sufficient
conditions for a T-ring to he a I'-division ring or Lo be a T-field. Also we have
eslablished a relation belween the I-field and the operator ring of a I-ring.

2. Preliminaries, A -ring M is said Lo be conmulative if ayb =byd for
all @ be M and for all v=

A Poring M is said fo be a T-ring wilh divisor of zero if there exist
elements a(==0). b(==0) in M and an element (=) in I such that ayb=-0. =



