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A GLOBAL INVARIANT OF TIHTE SYMPLECTIC MANIFOLDS
BY

V.o obLoly

Les M obe a compact svmplectic manifold with the fundamental 2-form
0, ie Q0720 where dim M—2n and 10 . The sel of ol all associated me-
tries on M (the Riemannian melrics ¢ on M such that g(N. JY), QX.Y)
where J s an almost complex structure) is infinite dimensional and is totally
ceodesic in Lhe sel of all Riemannian metries on M (see [3] [1]). The associn-
ted metries and the corresponding almost eomplex sltroctures are obiained
by the polarization of £ with respect to arbitary Ricmannian metries on M,
NI the melries in o2 have Lhe same volume elemenl do oblained from 7

Tt is well known that in the case of Uhe almost Kachler structures (e, g
defined by the associated melries on svmplectic manifolds) the nontriviad
sealar invariants involving the first and second order derivatives of the assoeia-
ted melrics are | N2, INQI2, B, R where N is the Nijenhuls tensor field of J,
v O is the covariant differential of © wilh respeet to g and R, R are thescalar
and e-scalar curvatures ol g ([11]). Moreover, these invarianls are related
by lhe formulae

«w that R. " are the only essential invariants defined by an associated me-
tiic on a symplectic manifold. In [3] the authars have shown Lhat the assorin
ted melric g is a critical point of the inlegrals [ Rdv. f(1} R"yde on M if and
only il the Ricci tensor field commutes with J,

In the present paper we prove the following result,

Theorem 1. If M is « compuel symplectic manifold then the infegral

1 J(R+ e
M

15« constant on the set of all associated melrics.

Thus I does not depend on the associaled Ricmannian metrie g used
lo vel R, K ;ilis a global invariant of the sy mplectic mantold (M, £), We
shall prove the theorem by showing that that the variglion of [ in cf is zero,

1. Some fundamental formulae. Let g{f) be a smooth path in of repre
| sented locally by g, a0, ... 2%, {) and define the lensor field 1 on (M. g(h)) by

ulx. b
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Nexl. from g(f) we get easity the (ollowing tensor field on M :

; , o 1 )
(2 n "7:”‘" . ;(A,-l)’_;-r.-ljl)’f—«d"'[),-,-).

C

s W . ’ H 3
where 'I ii are the Christoffel symbols of the Levi Civita connection V of
g{1). We have nsed ¢g{f) to raise and lower the indiees.
Ihe local eoordinate expression of the curvature tensor field of V is

y el h L R h T
Ry =60y —¢; U+ DAL, —TATE
and from this expression we get
. Riy—v,D} ¥
it kij i Jk—v;D:.l.--

Using the definition of ¢*/ we have gg”z-—-D”
ot

Recall also thie following formulae obtained f i y
L e rom the property of g(1)

Q,ye=girls =
gt = —JiQn

where

Q-‘J___]’.‘lykj___]ighi g”_.]?Q_Mz Q,-,,Ji-'.
Ellhn],: '}_;:—:thyhi:’__Q}hgih:gjhﬂih=_yhfﬂhi

gt
JiQnt

‘]!f']'.';'_"sj- ging™ =3, Qn.Q“'=3{- QY=g Qg

In these formulae, ;.. Ji denote the 1 i q i
ae, §2;,. Ji ¢ the local coordinate expressions of
and the smooth path J({) corresponding to (1) I )
The tensor field D,; satisfies the foltowing relation

(B9 D Jii= Dy
because of the property of g(!) to be associaled. We have also
(3" DYJ = DM,

Remark the properties ¢'/D;,—0, D4 =0. Then we get
_ d
{H —Ji=—Di =1t

dt

From the property of © 1o be closed we have (see J11}, {3

'6)) P =V I, V=0

so that the local coordinate expression of the Nijenhuis tensor field of J,:a-.

becomes
N = 275V JE—V ),

The local coordinate expressions of the Ricci tensor field and the scalafl

‘urvature are
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Finally the s-Picei tensor field and the s-sealar cursvatore are given by
! ! 3 kiogl 3 PR | 31 YA
R I _15.1 / ]‘I,‘””-E.l“n[j. i -—I{UU ’ !IHJ'-.(-\"_ s
5 g D)
Rencvk the following formulac
{6 R dili= 1 B QM =2RG 00 Ry e LIS L
9 The variation formnlac. From the definiticn of the scalr cnrvature
we gel

113 o ) ;
(1" — DR g (VLD Y DR — = TR =V (g DY)
df

o thal
‘7 i 3 ij
i7) —\ Rdv R, DYde

dt ] A
sinee The Tast terny in Lhe expression of d Rl s o divergenee and comlribule
nothing to the inlegral,

Due to (3. (6) we have R;DY 0 so thal

i : ! 1 Ao P
L O VS UL o LU 1Y S 1) S D R o LI
di 2 dt 2 df

VL D =N D, JE— N (VDRI

Then. using the Green Lheoren we gel

%\'I."du—.-\‘V,I)""".Hf.V,,den:.S( DRGNS DRIV, T do,
¢ . . .
The first terin in the last integral vanishes since, using {(37), (O) we have
DA S — DTN NS = DN TN O
we DN AL T — - DY Y T
The last term may be transformed by using (5) and the Ricel identity
Rin})

RSN, e — DRIV, VOV = = DRI
& i i i ;

R (DIELIN DY R QY He= R D2 D FRI= R 14

Thus we gel
d

(%)
daf

\ Rdv S R D7 dn,

s Lhal
dl

— =i,
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Ihe theorem 1 is proved.

If the svmplectic i :
— R and ymi manifold (M, Q) carries a Kaehler metrie g then 1" —

1--27 Rdw.

Moreover, if i '
sver, 1If n>1 and 3 is Einstein then I is conslant and

) T=21R vol M,
Fhus I is not a trivial invariant of M,
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DEFORMATIONS OF £-MAN TFOLDS
BY

VALENTIN BOJU and LOVIS FUNAR

In this paper we oulline some properties concerning the topology of
J-manifolds and their deformations from the geomelric point of view. An
important queslion in the theory has been: what is the relationship between
smooth 4-manifolds theory and the theory ol algebraic surfaces ? The bira-
tional morphisms between two complex projeclive surfaces are completely
understood by means of two basic ones: the blowing np and the blowing
down which behaves well from the differcnlial point of view except for a
codimension one curve (the exceplional curve). IHowever of great intecrest
should be the study of the almost regular maps i.e. the maps which are diffeo-
morphism between the complements of two measure zero subsels. Our setup
will provide some information conecerning conlinuous deformations of almost
regular maps in terms of Lhe topology of Lhe underlying manifolds. First we
shall give a hrief description of the homolopy theory of d-manifolds.

[ We are concerned with closed, oriented, simply-connected smooth
manifolds, Any such manifold M has an orientation class (M)eHM, Z)=
~Z. Cap producl with it induces the Poincaré dualily isomorphism 0 [M] :
CHIAM, 2y T (M 2D, Because =, (M) =0 we have, 11,(M, Z)=0. By the
Poincare duality it Tollows that H.(M, Z)=0 and that H (M, Z) is a free
abelian group ol finite rank. Furthermore, Poincaré dualily induces an inter-
section paiting gy Ho{M, Z) < H (M, Z)y—Z which is symmetric and now-
singular, This then leads to Lhe first invariant associated to a 4-manifold:
the algebraic isomorphism class of the pairing (J.(M, Z), ¢ap). The isomor-
phism classification of such pairing is more of less understood : Let (A, 4)
he a unimedular, svmmetric pairing, Its rank is the rank of the free abelian
group .1, Its index I(g) is defined as follows. Over R the pairing can he dia-
sonalized i. ¢, there is an R-basis xy, .., T, for A®R such that gz, 2)="0
For ij. We set ply) Tor Lhe number of @; for which (. x>0 and similarky
we define n(y) as the number of x, for which g(x,, 1)<t Since ¢ is nonsingular
p(g) -+ n{yg) is equal to the rank. We define I(q)=p(q)— n(q). The pairing is said
Lo be positive (resp. negative definite if n{y)="0 (resp. plg)=0)- Lasily we say
that ¢ is even il g{a. @} =0 (mod 2) for all e = A, Otherwise the pairing is odd. The
Dasic result in the classification of unimodular pairings ([S]) savs: il (g
is indefinile it is determined up to isomorphism by its rank, index and parity ;
9} there are only linilehy many delinite paivings of a given rank, There arc
“ome relalions among these invariants Py <vank A, I(y) =rank A (mod 2)
and for ¢ even I{g) = 0(mod. 8). Subject lo these restrictions all values



