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I'he theorem 1 is proved.

If the svmpleclic i j
R and ymi mantfold (M, £2) carries a Kaehler metric g then 1 -
I—=21 Rdv.
Moreover . .
oreover, if n>1 and 3 is Einstein then 1 is conslant and

‘ T=2R vol M,
Thus I is nol a trivial invariant of M.
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DEFORMATIONS OF EMANIFOLDS
BY

VALENTIN BOLU anel ] orIs FNAaR

In this paper we oulline some properties concerning the topology of
4-manifolds and their deformations from Lhe geometric point of view. An
important queslion in the theory has been: whal is the relationship between
«mooth d-manifolds theory and the theory of algehraic surfaces 2 The bira-
tional morphisms between Lwo complex projective surfaces are completely
understood by means of two basic ones: the blowing up and the blowing
down which behaves well from the differential point of view except for a
codimension one curve (the exceptional curve). However of greal interesl
should be the study of the almost regular maps i.e. Lthe maps W lhich are diffeo-
morphism belween the complements of 1wo measure sero subsels. Our setup
will provide some information concerning continuous deformations of almost
regular maps in terms of Lhe topology of Lhe underlying manifolds. First we
shall give a hrief description of the howolopy. theory of 4-manifolds.

. We are concerned with closed, oriented, simply-connected smooth
manifolds, Any such manifold A has an orientation class (M) (M, Zy=
~Z. Cap producl with it induces the Poincaré dualily isomorphism 1 [M} -
CHIM, Zy—= T (M2, Because =, (M)=0 we have, 11,(M, Z)=0. By the
Poincaré duality it Tollows that H.(M, Z)=0 and Lhat T1,0M, Z) is a ree
abelian group of finite rank. Furthermore, Poincaré duality induces an inter-
section pairing g : H (M, Z) < H (3, Z)—Z which is symmetric and now-
singular, This then leads to the first invariant associated to a d-manifold:
ihe algehraic isomorphism class of the pairing (H(M, Z), ¢y). The isomor-
phism classification of such pairing is more or less understood : Let (4. )
he a unimodular, syimetric pairing. Its rank is the rank of the free abelian
sroup 1. Its index I(g} is defined as follows. Over R the pairing can be dia-
sonalized i. ¢, there is an R-basis xy, .., T, Tor A®N such that gz, x)=10
For i#j. We set p(y) Tor Uhe number of x; for whicl g(s x>0 and similarly
we define n1(g) as the number of x, for which ¢(x;, ;) <), Since ¢ is nonsingular
ply) +-ny) is equal to the runk. We define J{g) = p(9) — n(¢). The pairingis said
Lo be positive (resp. negative definite if n{p="0 (resp. plg)=0)- Lastly we say
that ¢ is even il g{a. @} =0 (mod 2) for all e €A, U1 herwise Lhe pairing is odd. The
hasic result in the classification of unimodular pairings ([S]) says: 1) if (1.g)
is indefinite il is determined up to isomorphism by ils rank, index and parily ;
2} there are only finitely many definite pairings of a given rank, There arc
—ome relalions among these invariants 1 I(g)j<vank .3, I(y) =rank A (mod 2)

and for ¢ even g} = O(mod. 8). Subject 1o {hese restrictions all values
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of the rank, index and pari i
z x and parify are possible. Returni i
set bt 7 . Returning to the : » 4P ] j s gi .
g Eﬂf)squ:l(;]g{l)l:c)b (I‘:;q;-mq"(;znaﬁd t'f'”)- iy F%l“ingl](gl')mlnl:g)li(rd\;; D(I h; reg;:)la’_}w of the deformation w7 13 given by its type, namely we set
e . n: Adhat two simply connecte ani sl wSDp e & ] i
isoln(j)\‘rp?xlii hsci);rr:i(;'t]?}t;*qmvalem if and only if their pairin;s z}; m:l‘?]l(:"o‘;ds ! 4. the map g foellas 15 !
. arly the group ol ho S Dhims ol 87 i x e |
surate ttl)) the group of ar.tr:mml-phil:m;nooft?lll)g irllmltlflef'):::lcc')tli?)?ll?’m.‘g 'Of J(I ore oesin e IS,ti_Lb( Mizz et
is an subgroup of finite index in the : Ty S A i
e p ol dex in the second). Freedm a 7 rmine .
“.;ngh?;:_l:ioir\l.ill.];hll)-s:lil.clasnfl(:utlun of simplv connected 1ln'n'in[iﬁ'olhﬂae“l:\ml?eu lies in L(F). Tere g represens e daerminant o B2 I .
) ' pairing oceurs up to isomorphism as the i 1 o Tt
sm as the intersee iri ) i 3 L : 174l < |
ction pairing and LX) is the Sobolev space of functions ¢ hmmgs 1§“|3’<P'| <o (This

on of unily argument as in [T, FUJ).
ditions given by Sobolev imbedding
Our primary question

e I.(‘.d 10]’)0]0@!'3'1' i i st I(] 3
’ ( L < 4 lﬂﬁlllrﬂld ('l J l toIrey i Il]) %
onnect ) B ; f a suntlar result i r
Li Irl ec ed \('I(]l]ill”;“ COm])]CM:.H S.ltlbr\'lnﬂ I (ZiHCﬂI'(‘ (]l]‘l“t\' }].‘]q h Ci .El‘li el
. ] i S 4 6 1 b Hh e S
g } 1 ld)' h E)‘u“ 15 even lhcﬂ H I lnilnifﬂl(l% I'(,"ll]j?i‘nlg!l ;,
ven h \ Ltehe If t e n 5 | b & A 1t

is defined first locally Lhen use a partiti

If L2 LY, L € (there are sufficient con
tinuous deformation.

are homeomorphi R

morphismn Eltleslcirli;f Ifn?rlx?ftl))l{:lt”rlfq]liqyi?:ld‘ then there are exactly two homeo- theorems), we say that 4 is a con

Arf invariant ie. exactly one is %‘Ml;] '.-,"_I:t. l]heses are distinguished by the is - what is the relationship between the various deformation types and the

with St carries a Snlooliﬁ;lru(vlm-:)! D) - }motm])le {or equivalent the product classical ones: topological, €= or complex deformation type (as defined in

_0, M is-a smooth, oriented 4-11:’a‘11if(?ll(liat(1]{:-?:1|{n:0} ed ‘(|D 1]) that if b (M) [FM]) 2 Our main result can be stated

valent over Z to the standard form (- 1)@ ... @(I_L 1‘;“3“-‘*(_3(1191'1 pairing is equi- Theorem 1. Suppose thai (here exisls a conlinuous deformation belween

Cﬂmlegteiivthel zfx}mvc result remains valid [D 2] < (Even if 3 is not simply the compacl smooth manifolds M and N, and one of the following conditions is

) 2 We define now an inter iar<e velation . satisfied

folds, If [: M—N is a map pli)l:(::ll]l;llg ;:gld(;jlﬁ‘guor (i(["-lf alence for {-mani- fl) H,(M), Hy(N) are finite and gy is negative definite.

2:(1 il)\?___ I?d\\_.}‘lfre A, B are measure zero closed sul)s[(]:t(:;l {)1111::1": lée{“'ee;l M =d 2 (M), Hy(®) are finite, has no 2-torsion and gy s of type (1, )

n be said about the oy : S, ets then in general nothi )

then choose a canon'izc;?i;)ﬂz:séy{t?i M Ende' h{;% e BN 5“"[:':‘1?% . Then M is homeomorphic to N.

Le. a;-a;=0, by b;=0, a;-b;=3, \\'i’j‘e]-é, the M)r:)lzl thf _h.omolog_\- H\(M, Z) Proof. Denote by Q/ the C=(M)-module of differential j-forms over M,

H(M, Z) 5 Hy(M, Zy—>H (M, Zy~Z ; then M- ‘]a He L:) the cup product I the differentiation operator on forms, 4" its adjoint with respect to the
I3 ooy 8y, by, b s difeo- ssual inner product on the space ol forms. ‘Yhen d--& is an elliptic first order

ator & of the Hodge theory. Is

._(v_____l)itf—n%g_' a0’ where

mozphic to R 1lowever i imensi o aaEs
er in dimension four it is known (see [I°, Q] that all J operator whose square is the Laplace oper
Denoting by (<

compact 1opological 4-mani o L
polog f-manifolds are smoothable in the complement of a jefined involution QU Q! by =(2)
3 defined an invoiun o1 V) y (o)==

tor defined by the metric.

single point and the homeomorphis
A Hreos . fd e 1o phisms between two of them are is i
;_‘q‘:ozltm;l:ifﬂ;nu;;ph[lsm:].(namecl flexomorphisms  after 1:;~:32d::]?":;())t?2m e 203>+ is the duality opera
3 se A, of codimension two. : . * £ we 4 )
0. On the other hand every blowing up | c@®Q! the -+ 1 — eigenspaces of ¢ one can easily check that d +d" interchanges
1 2 )
estriction of d-+d” as an operator

‘I [N LAY E
u m\(’l Kz;\%n ]compact complex surfaces identifies up to a dilfeomorphism
M : \ z, hence the behaviour of birational i5 gi
and ' r of birs maps is given, t tcally
by thti)(:;‘!::}te-cled sum with several CP2 (i.e. CP2 with the ri\'et'se OT‘IiJ:Ii:g;?a"}
e e ldgl/' f;:);[;l;a ﬂ::}):; .!11, N fw(:, smooth 4-manifolds we say that M and i\aT !l(:)c;]gé
ey o ype, M= N if there exisi a compuact conex manifold B
ol & éo?llocﬁ'(:)r::“;lfdg:) .splace) band a family M, t< B of compact smoolh ment
Ids, sed, subsels of ; 0 j . 3
oing conditoone ok ottt s of measure zero A, .= M, such that the follo-
L. the sel of the pairs (I, s j ] [
P S ;}3 L B(-’ s), where A, | is defined, is a conex neighborhood
2 M, A mool ' ‘
= ¢~ Ay, are smooth &-manifolds, and for some f,, {,= B M, =M,
| 3. lhere are the maps hy,,: M, — A, —-M,— A, such {hat
i i
(_? hy=id
(ii) by =C
n=(hy, My, F)is called a deforination between M and N,

Q. and Q_. The signature operator S is ther

from Qy to Q. Because S is an elliptic operator
' ic forms o such that =(w)=

Se=(ker A)n L2 that is with the space Hy of harmon :
=w. Similarly coker S~ker " coincides with the space H_of harmonic forms o
- such that =(w)=— . Now index §= dim H;— dim H_==dim H% -~ dim H%

(the other contributions from 7 and H - will cancel). Since

ker S coincides with ker 87

|
: o> S ol
-

'\ is positive definile for « a real 2-form it follows that

x> S a o

is positive definite on HZ and negative definite on HZ. Since every harmaonic
form o lies in a unique de Rham cohomology elass [w] =M, 1) and by

Poincaré duality we see therefore that
dim H2 =plgx), dim HZ=p(gx)
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because gy : H* (M. L)1

universal coetficienl theorem (17,(M, Z) is finite [rom Ivpothesis). Then,
IMy=indéx 8.7 ° =4

From Ativah-Singer theorem [ABP] index 'S c¢an be expressed as
B & e At g

Cindex S R HETTAR
oM

where oy, is a canonically associated d-form, in fact a multiple of p,. the
Pontrjagin form on M. We wish first to prove that’ M) is constanl under g
continnous deformalion. We mention that ‘it h: Mo N is o difecmorphism,
Wy =y, Recalling the notations made ‘earlier we have S

v

(M )= S oy, — g m.\,‘=.8 lorstigg . ;
: Pl .
Mt JMmA, M-ty '

hence

i e

](.‘1‘1-,.) — .](ﬂ-],) = S

(],.,-—1){0_1,‘.
Sinee we have a continuous deformation’ g.: F—Wy is uniformly continuous
and there exists %(e) >0 such that in the apropiate metricon FS B x B for dist
(s, fy<n(e) it follows _ ST o
o ”I.?lt_lnf-‘(.‘!"—:l" <& .

t)
Therefore '

N

!f(fPfs) —I(M )| <cl(M,). ) ()

Now set e, <1fI(M,), M=A7I, and '_1l={S'E_]f‘,'!I(ﬂuf..,)=f(3‘l)}, B,={ieF,
dist{ly, £) <nn(e,)}. By (3¢) because I(M,) is an integer B,c A, By induction
it follows B,=A Jfor, every n>{), Furthermore J* being compact and conex
Bp=F for some m=0, hence I{M,) is constant. The same argument holds
for the Euler-Poincaré characteristic which also has an integral expression
of same sort. So ' ]

IO =I(N) and (M)~ T(N).

But N is a smooth compact 4-manifld having gy of same signature as M henee’
diagonalizahle over integers. " L

The rank of ¢y can be obtained from “G(M)=2-4rank g, and the topo-
logical classification due to Freedmann asserts Lhat M and N are homeo-
morphic. Our claim is proved.

Let now consider that h,,,: M, ... M, are birational morphisms bet-*
ween algebraic surfaces, for (1. sysF. A,,, will be the singular locus of Ay
In thus case the deformation we called algebraic. Since two nonsingular
algebraic surfaces birational isomorphic and liimeomerphic should be dlf;L
feomorphic we have from above : '

& e

e
Theorem 2. If there exisls « confinuous algebraic deformation bu_‘.’_hge_q{g
lwo nonsingular alyebraic surfaces M, N salisfying one of the conditions Iiste

in Theorem 1 then M and N are diffeamorphie.

rsion—Z. and Torsion. I 5(M, Zy=H (M, Z) by the
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