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PAIRS OF METRICS AND CODAZZL TENSORS ON MANIFOLDS
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1. [otroduction. A pair (fy, Iy of Riemannian melrics, on an nl nani-
fold A, is called Codazzi if (Vyl)Y (V, 1.)N. where 7. is the linear iransfor-
mation /;'el. V is the Riemannian conuection of I and N, Y are any vector
fields on M. This definilion (in an equivalent form) was given, for n—2, by
T, Klotz {1]. Using [, onc can define, Tor any integer r. the metries £, on M
by TN, Y)y= IL,L7" (N. Y). In Lhis paper. using Codazzi's condition for a
pair {{,. L), we find sufficient conditions (o be Lhe wetrics I,. /. analogues.
Special cases of our mam resulls are some well known results of [2]. [3) and [4].

9. Notations. 1ot M Dbe a conneeled n-dimensional manifold equiped
wilh a pair of melrics, namely a paic of svimmelrie tensor fields of type (0, 2),
which are positive definite. We denole them by [y (or =), s (or <<, =2}

P

and by V, V ihe Riemannian connections of Ty 1y respectively. The pair
(I, I,) delines a (1. 1} Ltensor field : the fteld may be thought as I7%e].. In fact
al cach point P= M, both [, and {. are symmelric hilineav forms on the tan-
genl space TpM at I llence, these bilinear forms, give nonsingular linear
maps from T,M to the cotangent space T'p*N (in the usual way), which we
denote by the same symbol. So composing the inverse of the lincar map I,
with the linear map I, we get a linear {ransformation on T3, which we
denote hy L—1I;'ol(P). We also denote the resulting linear transformation
field on M by L=1I{'cl. An immediate consequence of the definition of L
is
=X, Vi s L X, Y =X LY) and < (Vxl)Y. Z>=<Y, (VLY >,

where
(1) (Ve )Y =V(LY) —LVyY
and X. Y, #Z are any vector [ields on Al

The pair (I, I.), (or equivalently the pair (I, L)) is called Codazzi and
it is denoted by Cod([,, I;) (or Cod([. In, i

(2) (VL)Y =(VyL)X

for anv vector fields N. Y on M. 1t is well known that the class of Riemannian
manifolds admiting Codazzi tensors is large.

Using L we define, for any integer I, the metrics I,(< =, by
% <X, Y>,=<LX, Y>
where LY = L...L (k-times), L™ is the inverse of L and L,=Id.
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3. Results, The main purpose of this paper is Lo establish {he follawing

Theorem 1. Let 31 be a conneefed n-dimensioneal marniifold and (1,. 1,)
o pair of melries on M such that the seetional curvalure of M oawith respeel fo |,
is never zero, Then 1=, (v is a const =0) if and only i Cod(f,, F and
Cod (F,. 1) for some par (r, sy different of (4.2) and (3, ),

Theorem 20 Lel (M, 1) be a connected w-Riemannian munifold witl non
zero seclional curvafure wid Lobeanon degenerate quadratic form (not neeessarily
positive definite) on AL If V120, then 1. edy (e ds const ),

Remark 1. «) The definitions of scelion 2 are valid and in the case whepe
1, 1s a quadratic form nol necessarily positive definite. 3) Theorem 1 is known
for (r, s)= (2, 1), see {2] and (1T} Lemma 5 for n= 21 v} A special case of
‘Theorem 2 is the following known resull of 1. Corollury 2], “Lel M be a hye
persuiface of LEuclidean space K"+ with non degenerale Weingarlen may
LIS L =0 on M, then M is a piece of a hypersphere of Rrte, v

To prove the theorems we need some preliminary results,

Lemma 1. If I={1, for some smooth function [ on M and Cod (1, 1.},
then f is « constant.

Proof. Since Le=I7"1, and 1, fIi we take LfId. So from (2) we
geb (X)Y=(V)X. Because N, Y are arbitrary, f must be conslant

Lemma 2, If Cod (I, Loip) for some inlegers v, p. (ph). then

r-:—jx i ¥
) 2LV Y =V Y) = (Vi L7 Y,
r2p » r
i) LAV Y =V Y) (VL)) Y,
In particutar, if Cod(l,, I.), then
r—1

X LMVl Y S LV L
=l

(i) 2V Y —Vy V)= LYty L) LY} if r
F : il
- Z li;[‘:l_l(v_‘-ja)lr; "l' 4 [‘-'1- |(V.I, :‘.\‘)‘-

Lozt

L7V = LYY p 20
Preof. i) Differentiating the relation
<N ¥up=<LPX, Y,
with respeet to Z and using (1) {lor \ 3owe castly get
() “V,N V,\. Y S <V Y Y,V X S (VLMN, Vo,

Replacing N, Y, Z by Yo Z Nand Z. X, Y one is ied Lo following pair of
relations

AR -

flj) .:.V‘-Y' VI\'Y’ Z“‘,--;,-{—<V_.|Z—-\./’_;Z, b ] {V_‘.'[.P)Y, A,

O SViZoViZ Xy b VX =W, 23,0, < (FyLn)7, N

‘OGH : S
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n : . . . . nE . 3 .‘,.r.
B \’: ] \,’\\ .\'", NOVLAL adding (o) () and  substracting (1)
ceanse Vy ‘ :
take . ' N |
" WYL L (Ve N

(Wl BN ¥
ki # anse
il ir (f ! .y delines  the dinear (ransformation LP o, bec
oo co d ; ; o = a5
(I 10, 1 (VI? LY (VR LPENL Uhe dast equalion can be wrillen as
Cod (f. {0, ne. Vi

D VY AV Ao (VLY. 7

=

B VY =V A= =Tyl Y. 2

T ,h F . L . )
2LNVLY VYD) (VylMY.
§ ’ i imtlariy.

iali oY = LN, LYY - (i) follows simtlariy. ‘

m”l‘rmfllml:ln'gtin “\. 1\ ;.T“-’,_—" 17N Y and working as 1 case {1} we
i) Differentiating A .

obilain N o .

9 Vrv‘.\' VY. Z o, =<Vl Y 4 (Wl D4, N

) _ — (VN Y |
But, because (Vi)Y =L (V)Y (VLT LY, it is casy Lo prove by induc-
sut, because (Vyl g vl
lion. that ; |

Y, VL)LY, i g,

|

] \Y -Lr }'= “F
(8) a D e A RYR AU Sy B

i ; e 7) and (S}
The rest of Lhe proof is an immediale consequence of (7} and (8}
3. For infeqgers td p
Lemma 3. For any infegers roa
("21(111(1... 1oy if and ondy [i Cod(f e I,.?.I{)l. T
]"ruuf:_a) We assume Cod (1. T.p,). dSubsbituling
of Lewmma 2 and using (1) we gel.

;a-i(v.r[ Y 4L " \7"\ (\I}’_.,L )Y - LPVLY) (VL™
(VL :

Y in (i)

"l‘ gy,

o . - ’ I L Iy : g 'J-?) ".
LIV L DY (VY — T ¥) — LHT L M)V = (VP
r MY (N 1Y we obtain
So using (i) and (VLMY = LAVl 7)Y we ob
I.“I(V.::L' MY == - LNV LY

Because ) o
(Vel5)Y (Vy LN




106G PATRS OF METRICS ]

407

) . BAIKOUSSIS and T. KOUFOGIORGOS
q
we get | ’ - ]
g ol v (E«peclall\' for r=1, (%) is: (Vg L7 1X;= 21 La u'(Vx‘l,)L“' xx,).
(Ve ")Y =(V, 177X, A &

Consequently the paiv (/,4., i) is Codazzi.

8) We now assume Cod(f ., T Writing (r-2p. rbpy=(r-+2p,
r<2p—p) and using {z) we have that the pair ({etaptaimpe Lrvsppy=(1,. fop
is Codazzi. This compleles the proof of the lemma,

Remar k2 ay According to Lemma 3. Cod(/,. I,) if and onlv if
Cod (fa, I,). Soif we put A, =1, ,, then Cod (I, 1,)iff Cod (L1, 1), and the
following diagram is valid

Cod Ur‘{t 1y = Cod ({,,_,. 1)

Cod (Ao, Ay deeCod (A, _upis g ).

We denote that the pair (.1,. .1,) defines the linear Lransformation ficld L L
) Lemma 3 is known for n=2 [1, Lemma 2].

7)(i) and (ii) of Lemma 2 and Lemma 3 are also known for -~ p 1. For Lhis
and for the duality which is eslablished belween L oand 11, see Tor example [6].

Proof of Theorem 1 I1f I,=cl,, then L—cfd and VI, =0 lur anv
integers r and 5. So the pair ([, 1,.,) is Codazzi, ’

We now suppose Cod(f,. 1) and Cod(/,. L). To prove thal f. -¢f, we
distinguish the following cases: a) #=<r<s, (8) OZsor, () s 0
(8) recb=s (2) r=s=0, and () s=rz0.

Case . Lel ¢ Z2r—s and so qg=3—r=>{.
We assumme that theorem is not valid, that is there exists a point = M such
that I(P)#cl (). Then we have I,#c¢l, in a neighbourhood { of P. Tt is
well known [3, Theorem 2] Lhat there exists an open. dense subset .1 of M where
the eigenvalues A,, ..., 2, of L are smooth. We choose, in a neighbourhood W
of Und, a basis of smooth vector fields X,, ..., N, (eigenveciors of L)y which
simultaneously orthonormalizes I, and orthogonalizes I,. Since Cod(/,. I,),
using (iif) of Lemma 2 we calculate

i3

1 : (V_T‘.Lq) X_;' L V_‘vi(]‘fh“l) — I”’V.l'.xj __V.‘_;(IJQ ‘\'j) -qu_\-l .-\'J- +
+ o B ALV YR X b LV L) LA Xy — LIV et L)L 41 X
2.2

But, using (1) and (8) we obtain
V.‘-‘(.LTX‘_;) ]-'IIVX‘XJ " -'(VX'IJG)XJ;—*' _qu 1-‘.\-1 IJ’IV“_‘-\'J‘ b=
g

= 3 LrWVx L)L K o LV X, Ve X)),
S0
r ki r
. (Ve LOX, = El LewVeL)LE X LN ¢ Ny — Ve X))+
K=
® ,
+ 5_2{ LV YL BTN o LWV DL X LY (Vi LYLTIXY)

Because Cod(l,, 1) and Cod(l,, 1) that is ’
(Ve L)X, = (Ve L)X, and (Ve LOX,=(VzLOX,
{ N [

we easily obtain, using (%)
A,—;(L“'(VX'L)X,)-?:O

(10)
where A;, is the linear transformation
l r—1 ) L
.= é, Rt Lot VAR vy Z {00 A 1y Lr-eid
(1) S ol ! ' —p=t

e qn e - - S-p- t
FOF g e I,

by elations AN, =A%, X
We define the functions A%, and h§; on W, by the velations A Xp= 1255,

(p=1 m and (Vy L)X;= Y, 18,X,. The functions I8, are synunetric with
LS L ey . =

respect to i, j, p and

9 r—1 ) I
Asy= Y QU RN 21 (W =R TR
e =P

_!_.()_‘!"ll—l)\’(lv‘l__)‘?'!)‘f-u—'l}._
So. (10) can be writlen
Y malTALX,=0.

p=l
But, because X(i=1, ..., n) are linearly independent and »; >0 we havel

(12) W A%, = for any i, f, p=1, .., 1 (i#0). N
Now, let 0<r 2. 5. £, We distinguish two cases: &) MER; for all i#]
and 'acﬁ) at least two of the &, (but not all) are equ:ﬂ.‘ hav
o) Let n# A, for all i#). If i="j, then for all g2t we have
r—1
; 9 = ROy -1 yLalat s
Az Y 04RO 5 B {0§ TD0EHENTIN

jae=1 .

y : Ty = (38— Ay >0,
oy g g B BT TR 52, NG

If i =j, then for all p 2j we find A3, <0). o
g’o, be{:ause the functions %, are symmetric with respect to 1, J,
12), &%,=0 for all §, j, p with i]. .
glcl)lce EVI L)X,=0, for all i#j. But, for any k, we have

= <(Vz )X, X,>=<(Vr )X, X;== X)X

+ A‘kaX‘ - )\,kax‘, .Xf .

p we get, from




s

PERY N c_n—'*“..m-::r—mcs e

\f' - - - . ..

(13) (—=%)) Vi, N NS =ofor al
\f‘\" A\-i. _.\' i
sectional curvy
In facl,

I

boand §x)
and Lhaos O for all'/: and f;é_;'. From s, ‘we deduce hat

of (M, 1) \\il.h? respecl o the plane N

the
_lun;: K NI zere,

V.\]Vr ‘\-_i' N; <_\7_\-_V,\- .\'j, N, V[‘-‘. R AN N,
3 A i [ i

Ni<Vy N, N, <Vi N, Vi Xi>—N; Vi Ny X, >4
V_y' ‘\- . V“’j:\" <\7‘\- 4\- i V_\'; ‘Y_: > 'P £ V.";“.X-J' T V‘ I..\-,' /_:

S0, we have a contradiclion. o )

%) We now assume that =" D Tor 1im
and m-1 270 Fora.such pair (i, j) we also set (V.
we lake <Vx Xi X;>=0, for k. Isismmils
wicl is a contradiclion. Ience Lhe ass
that 7.(P)#cl (1) gives a
which means L=31d or
aoconstand. o

Case B.1et Dgi.ly
stimiar with the proof of
Aiy in this case iy

L P L <VaNp Ne> oV NN, o1

nand z#5 for 1 i<
‘-‘L),\'J-=[); se-from {13)
J=n So, we also gel W=,
assumplion that A7 conlains a point P sucl
conlradiclion, This vields 7, —, ., “Ry=thooan. M
cquivalently f,—77,. But, by Lemma 1, 3. musl he

and s g=2s—F < T The:

the case = We anly

procedure- of The proof is
denole that (e cxpression of

B

—q {r-1 . : o
Nj=— X (5% =2, ")L'_"F“E’_n'.—..g pIR(e3 FADGE L8y ey
u=l R T

N T YT
}‘(’u‘: . .‘!'-j_ oAy TR "' Did}

Case v. Let s<O<r and SU fe=s—r<()., According Lo diagram of .the
temark 2, the assumption Cod(f,. 1,) and Cod (1. 1)) is equivaient with the
assumption Cod(.d,, A and God(A,_aeq .1; Ao Bul re=r_ ¢4 4= 0. and
s'=d—s<r'. So this case is essentially the case 3.

Analogously. the proofs of (he cases (3). (z), (1) are refe
ol (3). (B) and (x) respectively, This complele

Proof of Theorem 2, Supposing thal Lhe
the fields N, as in Theorem 1. Because
So. distinguishing two cases for A
we also get X, 0. This contr
the theorem.

red to {he proofs

s Lhe proofl of Theorem 1.

theorem is not valid, we choose
(Ve L)X, =t we imediately get (13).
as in Theorein 1, and w orking similarly
adiclion and Lemna 1 complele the proof of

L Applications. Two immedi
in the following corollaries,

Corollary 1,
manifold with metr
be an isometric inu
the second fundame

pair (r, sy (1,

ale consequences of Theorem 1 are presenled

Lel M be an n-dimensional connceled, orientabie Hr'cmannicl\m
e tensor I, and non tero seelional curvalure. let [:7 V=N
nersion of M into an (n- 1) dimensional space form such that
nlal form I, defines a metric on M. Iy Cot(1.. 1) for some
2) and (3, 2):.then .15 totalby qumbilical.
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=1

let (M. 1) be an n-dimensional Riemannian manifold and f}ll_w t;w
: ) ' ! ’ . - . e . R . . )
ficld of svmmelric endomorphisms corresponding to the Ricet tensor fdie o o,

that is,

LN, Y)=I4{X, Y)=¥ I(R(N. X)V. X)
i fe=1

where 1t is the curvalure tensor of (3, 1) and _.\', (i _1, o it.).[‘ll‘l]l\(',n(\)\i'llizi:
veelor lields, £,(N, X} is called Rieei curvalive o U \\Il]l]ll("}'(( o N,

LN, Xy =0 for any N#0O, then [, defines a meluf on . g T
- Corollary 2, Let (M, 1) be an n—rh’n-:--n.wmm! Hu-mum{mx.- ;mr;u/u {r;”\::::;tf
Ricei eurvature is positive r*:-w'.t;uriu'rer.[ l_['[(.‘m] U;.r'; r‘;}.ﬂdami Cod(I,. 1) [or

L 2 A2y then M iy an Eistein e . . o '
v -\)?é]gl;n;}]:tf.f;‘f ((‘.r‘u'o}ilzn?'y 1 is known for n=2 3], Also Corollary 2 s known

for (r. 5)=(2, 1) {2].
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