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P
ON D-CONNECTTONS ON 1M
BY

PETRIC STAVRE and 10N VIRLAN

Tntroduetion. The nolions used in ours paper are those given by T3, Mi -
ron ([1]) and by R, Miron and M. Anastasiei (I2]). Let T=(F.
p. M) he a vector bundle with the base manifold 3 of dimension n, the type
[ibre F-M*. N a non-linear conneclion on the tolal space B of Z coresponding
o an horizontal distribution H :wel—=1I I such that E,=H,E®V.E,
where V:us=E—=V, Eis Lhe vertical disiribution, and h, v are the horizontal
projector and the vertical projector, vespeetively. The direct descomposition
E,—H,E®V,E implies X, =hX, N (X, =E,) and a vector field X (I)
can he written uniquely in the form X=hAX A

The geomelry of the total space I: of £ is now studied with intens interest,
first of all, because ol ils applications in several branches of mathematics
and of theoretical pevsics, The monograph [2] written by R. Miron and
M. Anastasici is enlightened in this seuse.

A linear conection I} on E which preserves If and V, by parallelism, is
ealled. by R, Mirvon, a d-linear conneclion on It

The local cocificients of D) are d-geometrical objecl fields, in a adapted
basis. with a simple transformation law ([2]).

By using Miron's d-linear conneclion in {3} are oblained some
resuils. In the special case of tangent bundle I — TM and F—Tt%, we consider
a general isomorphism ¢ : V—H (¢ o X—o(@X)=hX).

In a local adapted basis {8/82f, 9/dy'} i=1..n ([2]) it is posible to consider
P

=1y, where y: ¢ fyi—ddfoyy=3/8x"; i=1..n In Section 1, the D-
connections are definied and studied. In Section 2 these are used in order

to derive the most general transformations of normal connections.
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1. D=conneetions on the total space E=TM.
Definition §.1. A linear connection 1) on TM is called almost normal
conneclion if

(1.1) oDy Y)=hDsxp(0Y); o(rD g0 Y)=hD xo0Y); VX, Y =& (TM).
Definition 1.2. A d-linear connection D on TM is called a normal connec-
tion if D is an almos! normal conneclion,
Since hDpY =0 and pDghY=0, VX, Ye®d(T'M), if D is a d-linear
connection, the relations (1.1) are given by
(1.2) oDy Y)Y =hDpxp(rY) ; (D 0Y) =D OY); VX, Y
it 1) is a normal conneclion,

Definition 1.3, Let D be a normal connection on TM and T the torsion of I},
(X, Y)=DeY —DyX—[X, Y].
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P
AD-eonneetion on TXM is defined by
])
(1.3 DyY =DeY —o(vT(hX, o YN —pT (N, hY)—=hT(hX, Y
— TN, oY)y VN, Yeai(TAD,
Mheorem 1.1, A D-connection on 7'M is a normal connection,
—~ . "
Proof. From {L3) we have: DY =0 oD Y =0 and
- I“ r - -’ ; - "
(1.4) HOD0Y) (0D Y)— (0 TN, 0Y))s A, (oY) ™y
=hD,yo(0Y)—o(e TN, 1Y) ; ;
n poe
(15) DD 0 Y) =0 D 0 VY =D T(0 X, o(nY)) hi),_‘-f,nf_n‘f) .

WD,y Y)—h T(rX., o(pY)).

Stnee I is a normal conneclion, from (1..1) and (1.5) we obtain

e >
) ) J . I N
(1.6) oQ@DyynY) =l vo(vY): (D oY) =hD yo(eY); YN Y et (T
Iz | . -
and D is an almost normal cor i 3 )i .
¢ h : f mection, Since q mnear ¢ et i
B haral oot doriual, Gl mee ) is a d-linear conneetion, it
The v-torsion = ol non-linear connection N is given by ([3] [}

WU Z) =97 (h[o(eU), ¢(Z))—v[o(ol), vZ}+

(1.7)
_I'H[r?(UZ). HU]; Vi, Y/, Z&ff(-('l'.\‘])‘

and the h-torsion N of non-linear connection N is given by
(1L.8) N(U, Zy=h[oU, o(oZ)] —h[vZ, ool ~o(o[vU. vZ]): VI, Z=®(T M),
If Lhe d-lensors @ 1 3 are define Y
nsors ’]?‘ and ’z?‘ are defined by ([3] [4])

:]_9 (X, =hT : 4 U T ent r

(1.9) {?;J(\, Y)=hT(hX, I} Y=o ThX, o 1(hY Do T(hY, o (X))

gy SO0 D=eTEN, 0V RTEN, oY) ATV, o0X))

VX, Ye®&(TM),

since a normal i iy artienlar : "

(3] 1D, ““(:a Oi?:;:f(illﬂn D) is a particular case of a semi-normal connection

» R +

Proposition 1.}, For every normal connection 1) with the torsion T, we
T ull

heave

(1.11) f?(‘\" Y)— —o(z(¢71(hX), ¢ (hY)); f)(;(_\ ¥)=S(X, 1)

VN, YR (TM). .

From (1.3) and (1.11) we obtain
e 5 Lsal . r r
Fheorem 1.2, The torsion T of « I)-connection is given by

D-CONNECTIONS ON T 41_.}

gl (XD, o YD e (SN VS, Y)
YN, Ysi(Tl),

.
(g TNY

where ) is the curvature of the nen-linear connection N.

»
Phe torsion T has the intrinsec character jor a freed pon-linear connec-

fion N,
2. Transtornsations. The  general dinca
= D) i given i

(2.1) DY =D Y+3N, ) VX, Y& (T M)

connections  lransformualion

where = is an arbitrary Lensor field of type (1, 2) on T,

‘Fheorem 2.1, The fransformation (2.1) prescrves the class of almost normal
connections, if and only if = is a solution of the equulions
(2.2) e(oz(hN. pY)) - h(hN, 2(rY)): o(rr(eX, PY))=lz(eX, 9(vY))
o YN, Y S (1),
Proof. From (2.1} we obtain:

(0Dt V)= o(uD, 0 V) Fez(hX, pY) 5 hDy v (0Y)=

(2.3) e
hDuy(eY)4-he (RN o(rY))
@21 oD, oY) =D Y) tolur (0N, 1Y) 3 hD, yo(vY)=
' DY) HIEEN, (@Y)) VX, Y SE(TM).

From (1.1), (2.5). 2.4) we oblain (2.2), if D and D are alinost normal

conneclions on TM. Conversely, from (2.2), (2.3) and (2.4) we have
(oD Yy=hDpyp(0Y) 5 o(0D, oY) =hD yo(rY), VX, ¥

il 13 s a fixed almosl normal connection,
Frow (2.2) and from the definition of normal connections we have:
2.2, The irnasformations (2.1}, preserves the cluss of normal

Theorem 2.2,
connection an TM, if and only if, T is a solution of tensorial syslem equtalinns

(2.2 und
(2.5) (N, 0Y)=0; vg(N, hY)=0 VX, Y e (TM).
The purpose of the present section is o determine the general solution
of svstem (2.2). (2.5).
I = DD is o general transformat’on of normal connections then it
I p poop p P
D s associated to I and 1 is associaled to D, we have 77T, Since T==T and

e g
oD oare two normal connections, we obtain,
I r
Proposition 2.1 For every livo normal conneclions D and D, we have D=D.
From the Proposition 2.1, we oblain

‘Fheorem 2.3, For epery hwo normal conneclion D and D we have an in

rrtant
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DyY o (vT(hX, o 1(hY WY Y y
" @ ; Y, ‘ (’r‘ )) H'_T(]L\, Yy —hTwX, hY) — (hT (0 X 5 (rY))
=D Y —o(0T(hX, o 1 (hY)) v T(hX, vY) hT(X, hY)—
—o {(AT(wX, o(vY)). VX, Yed(Tin.

Let D be a fixed norm i
. a fi al connection and "bi
tion. From (2.6} we obtain Damarbit

Theorem 2.4, The general solufion of system (2.2) (2.5) is given by
(N, Vy=c(vB(hX, ¢ : ¢ ’ . ‘
(X, V) =g B(hX, ¢ MIY)+BAN. oY) £ RBEXN, hY)
+@hBOX, o(vY)) VX, Y € (T 1),

where C:B and ? are arbifrary d-tensor fields.

ary normal connec
(2.7)

Also, we observe thal if, @ and </ are defined by
1 2 °
(2.8) QUX, Y)=vB(hX, oY) ; )

) ? ( ) U.IB(M, 0Y); ('I;Z(X, U:th(uY, hX) VX, YE(TM)
we obtain - Z |
(2.9) T(X, Y) =

We have

Theorem 2.5, The

.5, group G(q) of the
sgrue the class of normul cr):me(-lz('r?r)m, fU“
(2.1), where 7 is given by (2.7) or (2.9),

11 a6 T : . ]
reorem : &. The group Gip) admit the invariants T and .
1 4.

SlnC(‘ H] J) (o] i - i
"neCL]On on T ll 5 th H 1‘( [+ (3(2“()[! “”I
‘hE! t- 3 T I . » 15 e un lu nOllnal conn i g 1
ntrin=ec tQI.S.'()n f gl\'en .I)} (1,12) we ()ht,_]‘j[].

PN, G RYY+ AN, V)Y, Nyt (Uo(0Y), N).

’1‘?{’””‘“1 transformations which pre-
L is given by the transformations

Theorem 2.7. The group G ] 3

.- .7, p Glp} Is generated by

;6 \\.e ob:‘;er\'c that locally, in adapted hasis /{8/81
='C is Lrivial, since T=N and we have N =0,

s} anOthL‘l' n S 1l é a e IEIahhaI 1on (li t h] [“ £ l t -
Ote we Sh'l“ FIve K ST §

I I . g

g 5 SImost seml

, ¢1éy') the invariant
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A NOTE ON THE PROJECTIVE CURVATURE TENSOR OF A
SEMISYMMETRIC RECURRENT METRIC CONNECTION ON A
RIEMANNIAN MANIFOLD

BY

5. MUKHOPADHYAY and B. BARUA

0. Introduction. Let Af be an n-dimensional Riemannian manifold with
Riemannian metric ¢ and 1..C. connection V.

An affine connection ¥ on a Riemannian manifold is called a recurrent
metric connection [1] if there exists a differentiable oneform ¢ on M such that

(0.1) (Vx9) (Y, Z)=w(X)g(Y. Z)

holds for all differentiable vectorfields X, Y, Z ...on M yis cfz_llcd t}.l_e one-
form of recurrence. If, further, the torsion tensor T(X, Y)=VyY -V X ~
—[X, Y] of the connection V is of the form

(©0.2) T(X, V) =r()X —=(X)Y

where = is a differentiable one-form on M, then V is called a semisynmetric

recurrent metric connection [2] on M.
Ray and Barua [2] have shown that such a connection is of the form

(0.3) VY =V Y +a(Y)X—g(X, Y)A-—%p.(X)Y

where « is a differentiable one-form given by

(0.4) ()= (%) =)

and A is a differentiable vectorfield satisfying
(0.5) g(A, X)=«X)

In the present note we have considered M to be a Reimannian manifold
admitting a semisymmetric recurrent metric connection.

The aitn of the present note is 1o see under what conditions the pro-
jective curvature tensors of the two connections are equal.

1. Projective curvature temsors. Let R(X, Y)Z and S$(Y, 7Z) denote the
curvature tensor and the Ricci tensor of the connection V. From (0.3) we can
see that il R(X, Y)Z is the Riemann curvature tensor then



