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FINSLERIAN QUASI-CONNECTIONS
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i. Introduction. Lel M be an n-dimensional dilferentiable manifold
of class (7 and let (&', y¥) be the canonical coordinates of a point ye T(M),
where T(M)is the tangent bundie of M [3] and let % be Lhe canonical projec-
lion. ‘The natural basis of T(A)} wilh respect to canonical coordinates is
(H-G - i ' and the mapping N: ye T(M)y->N,c T(M), is a non-linear connec-
art ¢yl
: S~ R TG 3 ¢ e O
tion on T(M), such that: T(M),=N,® T(M);. Let —= — —Ni-— be

dat ot éy*

a local basis of the n-dimensional local distribution N, where Nj(x. §) are
called the coelficients of Lhe non-linear connection N. Yhe notions and
the notations of [2] and [3} arc used. See also [1, 6}

Let FI'—=(N, F, C) be a Finsler conneclion with the coefficients (N},
Fiy Ci). We consider the h- and p-Finsler torsion tensors

(1.1) 71;5=I‘~;*—I";;j, S,;L_”C;i,'"_(“;:j'

In general, for a Finsler connection FI'=(N, F, C) we have the following
three curvature tensors {3]:

6Ci,  &C

Sipp= —— ,——,-?‘kacﬁn— CinCirr
ay" ay®
) aFi. 3% . - R
(1'2) .;'H'_ EJ: = SLJ: +F§A~P;n‘_I';nF:k‘i"Cerkm
x 2
pi d ;i‘ i i pr
G en = -—3y" —Chni+Cir Pl
where
. Nt NS ) oNi )
(1.3) Rl = 3N; 3N Pio= ONS Ry,
R Ry ay*
We define also the Finsler tensor
(L4 K}kth}kk_C;rRi:h-

R}, is the curvaturc lensor of the non-linear connection Ni,
If the non-lincar connection N is integrable, then Kiga=Rim with
respect to a special coordinate syslem-
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Let a nondegenerale tensor field &) of Lype (L. 1y be delined on M.
Since Lhe lensor @) is nondegencrale, Lhere oxists a (I. 1y~ type tensor
field Ji veciproeal to ®f that is, DiJL =3 where 3 is the Kronecker svmbal,

Following [8]. [9] we consider the notion of Finsler quasi-connection
on Mo IE we consider a Finsler quasi connection #]° (\ i, () aver M.
cvery ather Finsler quasi-connections FI' (N, F, €Y on M will he given by
the formula :

(1:5) N=Nf  FhePheb N
where N} and Yi, are arbitrary Finsler tensor Tields of Ipe (1. 2),

2. The operators © and Q° on M. Following [3]. felt us introduce (he
tensors

-1 i b
Ghol ah

; 1 . ; ;
(1) e
and consider the operalions
2 2) (Q ‘v);;lb ;'_QH; ‘:fp] fr (Q' ‘.):.uﬂ L‘)*;.I: ‘ :;.r_i-
QU= Qi HE, (I, O [0

with Y and /f being Finsler tensor fields of type (1, 2) and (2, 2), respectively
IL can readily he seen that the following relations hold
(2.3) QD= 1@17, Q-8 Q0 QO (O -0
where 7 is the identity tensor field. Hence Q and ' are operators of Ohata
type [4].

3. Family of Tinsler Quasi-conneetions on M. We now consider the

Finsler tensor fields Uj, and Vj, defined by

(3. 1) . .}.k L (D:."(D?Fk o q)fr\. (!)’:',"'ma \ J? = ”‘D:}:(D'?!k - (l)};lbl;-n.ﬁms

where ¢ and | are the h- and v-covariant differentiations wilh respect to
L= (N, F. ) {8].
IL can he verified direetly that

(3.2 QU =0, (1) =0,

\ 7
Now. we are interested in finding of ihe Fiosler quasi-connections FFI'=
=(N, I, €) given by (1.3) when the Finsler tensor fields N and Y satis{ving
the equations

(3.3) N =L (U Y= Vi,

S :
i
The equation (3.3) admits a solution if and only jf (L), = ¢ and
(V) =0 5], and then the general solulion ol Lhis cquation is given by
(3.4) Np= Ut Wiy Y= Vi 75
where W and 7 are arbitrary Finsler tensor ficlds of type (1, 2) pouressing
the propertics '
(3.5) (QW)j=0, ((VZ), =0,

i ) = . ] q]-
I‘l( ( en lll n e (1 IR RRSA LRI 0N J'l ({\\I.()

1 k { l i Al ”l I 1 l 1: 1 (_l 1

clee 2 .

ven ¥ NEuzeN fL e ndn A, thede I A
eto, | ( PR T (LA L Ly YATS

RE _ : . :
S g Sneder guasi eonneriions o
: 2 AT N Oy be two BIn
a NIy e T =0 X
o e Fo0 v hine

Phe Tamily (30 63 For FU (N FG)

N T i Py b, - v,
(::.r'p LA (II (-. ] I-"l):“(h"} . []).kq',,l. -." :-Z}‘t-.

From 3.6) and (3.7) 1 [oblows
Shee Ni Flueatil 4o
¥ 70 ave arbitrary

Gl Bl
" bon Finsler lensor Fields
where (b5 W, \\;_. and i,
whiteh =atisfy conditions

(27 1) =0, {0 It
(NP (= I = (N ! (.".)
| of Lhese translormalbions

(.4h
Niw. ¢ we consider the l|;_m_wl'.nt111{1[:;»1\111-{ .
fefin A by (3.8) with 4 and 3 satistying (3.0 I LI e oo A o
b i h'i(-l'1 is isorzorphic to the additive group o 1 2
BN LI\ R i ) R ; .
& .‘..“\'I(I-I\I as an inferesting parlivalar ease. Wwe lake
b ‘Di'{':- ””l "l)j:\._u
(3.10) =t
foand v, e avbilrary
I easily Fotiows thaf .4

Si=Np T,

e - cavecelor Tields,

_ Finsler coveetor Tie . e
wilh and 12 defined by (310 obey G DILEES

. =i .7 1 +\7
Fir. i ‘i)kl 4a ('_i = ('.;il-'—‘ (h"'\ "
ERRN g s
. . IR he group G, —

3 we b qualions defives t g

e set of these fransforn Cand |7 and the

(N Q)

¢

If we denoie by

b The v “'rl("ll'lrp ('.(i'ltinn with respect o F17
col h- i - covariant dilfeventis
operator of - and p- cova

okl B \
[ iy arward caleulations v
] A cnrrmprnu!in«fl\'. (heit, aftee straight Torward ct
L‘ e (, TR LI T S
find Lhe following invariants -
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. A = i
=i Ll

il
. oG . . il Cyh, .
h ) I gli’l{..l‘_] I"=£";;,:J' i £)m.i I3 =< b
i [ il ik
-"'::ei; —l Iy :‘-"'-*:1?. L] f'u}j L s b

' . TS

i i pio- FE 80 P be Lhe torsion tensors and Ki; Spijs

Lel T‘.}J-" Sipe e s Lgwe 2aee L AR L pespectively,
Sk he the curvalure. fensors of 11 and KDL ores) \

-"‘.:::‘. i nij ]
Then we have N
o Thee= Ty U _‘[’Jl b ,
(1.9 SRR LA it S T it
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a3

(4.3) K f\,;'”-i-(d)h,)b-—-(d),,,)o FONU U:u-I-TS’}U )
bhij —*Shrj 1 (df‘ i)‘ = ((bh,j) V. +(Dh( V |1, e |----(§."’ \;m)a
1 Y

From (2.2) and (4.2) we obtain
@), =@+ = aju,,
n

(4.4) (QS)“_(QS)M

iV,

(Q.‘)‘)";J.:(Qp)’ij - (D;"P.(-.
It follows n

i n .
GUs = — (@)}, —(@QT),).

(4.5)

oV, = : [QS,— (81,

. . . q’i'P;-=—n (_1]) i S
Substituting (4.5) in (4.2; " ha\-e[ W — Q)]

Thm T Ty TV, (T
k “+n——~l [(Qf)jk_(g Thx _(QT)‘{,j ..(QT);;}],

S;:.-.S’ _..n Cht o o
k=95t o [(Q.S)J:.-—(.Q.S)jk—(QS),;E..,..(QS)’:I]'

Pjo=Phtn{(QP),—(QP)).

Ihus we ha
ve arrived al the invariant tensor fields of the group ( given by

]; == T, —_— i Ty
i k JA+"_1 [(QT)I.-J (QI‘)”],
(4.6) ¢
].H = 5} x+ - [(-Q 5)&; (Qs)jx-],
-‘.=P“.—n(QP),§.,
From (4.1}, (4.2), (1.3) and (1 9) we can obtain, by some e

the formula asy computations,

1ok
Kyij I‘hu"‘ —— [(QT‘)JfIE i —(QT)?;.TJ‘FT.’?(QT):;‘»]

(4.7) :—_— {QT i~ QT+ THQTH),

Sy S'f'j‘f'—'—'[(Qb)m,; ~(QS) 1, + 53OSk,

;—:[(QS)M! —(QS)i s+ SHQS)ha.
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Thus we find other invariant tensor fields of the group & as follows

’i‘m—’\m—-—-—[(-‘a’ Ty — (82 Ty i+ T T Y|
[_
(1.8)
=L T Pl(Q‘)Jhll—a $Y5 1, STUELS Vo)

n—1

h'i

Now, we qhall give a geomelric interpretation for these invarianis,

Let FI'= (1‘\ F, () be a Finsler quasi-conuection of Lthe group (i given by

(1.9} Ni=Nj, I'j*.=1'5k+(b,, 1o Clo=Ch -!_-(I‘J},\-'J.
From (1.2) and (4.9) we have
T“FI“-l—(DkUj — Uy

(4.10)
-.‘) i—*s +(]) \f__(])l\ I I'" -_I)' .—'—(I)ql)‘

\We should be interested in obtaining a ¥ lnslcl qmsl connection I it ._(1\.

with the Finsler lorsion tensov fields 1“, . J”J’Jk such thal

(4.11) T}k‘:{u, Sjk"—'_fjk.v 1).;#=£.:'¢'-
From (4.6), (4.10) and (4. 11) we have
(I)A";Ui (D’UA- —'_[( T)I-J"(DT)JL]
n—1
@13 OV~ B}V = = (@)= (@S],
n—
(D}p,.,.=n(QP),:j.
Now, multiplying (4.12) by JE, we obtain
n—1
L& . 1 . s .
— sz.\fjﬂtb,‘--f;vﬁ;'—] (QS)E,—(QS) 5

BIEp =LY
By contracting i and m in {(4.13) we find
7 n L ARV L)
UJ T [(Q F)J-}'_(QI) ]Jm'
(n-— 1)2

(4.14) .

Vy= (S — QSR

(n— 1)
p,=n(QPyJ5
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Using (2.1) and (2.2) eqoation (A1) can he written ns
- : 1
EREY { —_ kv Y L
| 1= Rt s F] : H—ul- '\Jk'!::v Iy P:'I’.ffn
Subsliluting (1.13) in

. iy A we oblai vl . i
I e A o (1.4} - ¢ ooblain the Finsler quasi-connection

\:' ‘\ ’:: ‘r,'i ] o
PN ! S DR L A
(1 14) L S
€ m (e e s g
458 . l it ‘m'

Let K&, and 35 be the Fingler cury
o e sler curvalure tensor ficlds of the Finsler

quasi-connection T —(N 7 o .
e e H:}n I( .rllml(.\l. I,}(.). From cquations  (L3). (L8), (1.13) and
: : onelude, by some  easy ¢ i ot the i
T S asy compulations, That (f e
curvature tensor fields of .. N o al the Finsler
! ds ol lhe Finsgler . . <
ven by ¢ Finsler quasi-genneetion /41 (N1, (";) iR
& AR A
(L17) i .
: N 3 k
Wi l:’f.-_ ‘SIIF_JI:‘].'l'j
3

s we have proved the following
Theore d There exi CFi
» 1] (u.l) There exists a Finsler quasi-eonnection 1= N, [0 ¢
of the yroup G with the Finsler torsion fensor fields 15,. Si,. % T
curvature tensor ficids NI I ' ds Fiw i I and the Finsier
T “- .\’H'Ij.l-?h.'_i given by (4.11y and (4.17) respectively
h s are mdebted (o Prof. G, S, As . he
Physics, Maosc : ; - Goo S Asanov (Depl. of Theoretd
B et I : pl. o reorelical
aysies, Alos ‘ p.]‘:gw(t)c‘: {I‘Jrllll::'?r?{t}) foa \;aluahlc remarks and discussions a(;l‘tl
- ying a p aleadattons in this paper during his in Ba
r 5 A part _ 5 paper during his stay aras
Ifindu University (Varanasi), India in March 1989 ) B
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406 pag. vol. 11, XVIIT + 446 (107-—852) pag.

Acest amplu curs, in doud volume, rezultat al unei experiente didactice
de un deceniu pe care autorii, cunosculi matematicient, au desfasurat-o la Har-
vard University, <e adreseazd studentilor in fizied, Parcurgerea conlinutului acestui
curs presupune o bunid cunoastere a unor elemente de algebrd, geometrie ana-
litiea plana si caleul diferentinl si integral pentru funclii reale cde o variabild
reald. 1n principal, continutu!l cursului consta in teoria spaliilor vectoriale, teorin
diferentiala si integrald a functiilor vectoriale de mai multe variabile reale,
hazele teoriei caleulului difersntial extericr, topologia complexelor unidimensio-
nale si multidimensionale, bazele analizei complexe si metode de evaluare asimp
toticd a integralelor. Acest aparat muatematic este in mod organic felosit pentru
a descrie rigpuros teoria gaussiand a opticii, teoria retelelor electrice. electrosta-
tica, magnetostatica, ecuatiile 1ui Maxwell si termodinamica clasicd a lui Ca-
ratheodory si Born. In desfasurarea materialului prezentat autorii folosese me
toda .in spirald® prin care uncle subiecte, notiuni si metode sint reluate gra-
dat, de mail multe ori, la diferite nivele de abstractizare si rafinament. Acest
procedeu este preferat metodei | liniare” in care accentul este pus mai ales pe
inlantuirea subiectelor in ordine sirict logich, fard reveniri st reludri. Fste astfel
asiguratd fundan:entarea concepteler, metodelor sl teoriilor matematice expuse.
inlaniuirea naturald a acestora si intelegerea aplicatiilor fizice respective. Pen-
i+ a ne face o imagine de ansamblu asupra arhitecturii si conjinutului acestui
elegant curs prezentdm titluriie celor 22 de capitole. dispuse in numar egal in
cele doua volume. 1. Transformdri liniare in plan, 11. Autovectori si autovalori. TTL
ceuatii diferentiale in plan 1V. Produse scalare, V. Caleul diferential in plan.
V1. Teoreme ale calculului diferential. VIL Forme diferentiale si integrale curbi-
iinii, VIII. Integrale duble, I¥. Optica gaussiand, X. Spatii vectoriale si trans-
formari liniare, XI. Determinanti, XIL Teoria retelclor electrice, NIIT. Metoda
proiectiei ortogonale, X1V, Complexe multidimensionale, XV. Complexe in IR
XVI. Electrostatica in I, XVIL Curenti. fluxuri si magnetostaticd, XVIIL
Operatorul ,stea*, XIX. Eeuatiile lui Maxwell, XX, Analizd complexa, XXi. Eva-
lugrea asimptoticd a integralelor, < XIL Termadinamicd. Fiecare capitol incepo
cu prezentarea succintd a contirutului sau si =e ineheie cu un sumar al rezul-
{utelor obtinute, cu o listd de snirebdri menite a fixa neeste rezultate si cu un
numar apreciakil de probleme propuse, cele doud velume centinind peste 300
de probleme. Fiecare din ecele douit volume sg incheie cu sugestii privind fo-
losiren bibliografiel mentionate $i cu un indice de noliuni. Forn friumoasd, rigu
rousit si moderndt in care «jni prezentate concentele si tecriile matematice, pre
cum sl modul in care aceslen sint aplicate in abordarea unor capitole de fizicd
fac ca acest curs <A fie de more interes mai ales pertra cei ce praedat matema-
tica studentitor in fizicd i iagincrie.

Gi. Gr. Ciobanu



