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ON P-DIVISION RING
BY

T DUTTA and NoG ADITHR AR

1. Introduction, N. Nobusawa [13} in Lhe year 1964 defined T-ring
as follows : Tet M and T be two additive abelian groups, 1f there exist mappings
feom M1 x M to Al (images to be denoted by asxb, a, b M, aeT) and from
I M= (images to be denoted by oaB, = el a < M), salisfying, Tor
all . b ce M oand @, B, vel':

N, ua(bBe)=a(2bB)c (tad)Be ;

(oA 8)b - wah +adb, (b 40y = aub Fuac:

N, : (t-Fhoe=uac-t hae,

N, : =0 for all «. e M implies that - =t
i 1 i

{hen M is called a T-ring.

Later in the vear 1466 Barnes [1] slightly weakened the defining con-
ditions Tor Nobusawa's P-ring and defined I-ring as follows :

i et M and 1" be two additive abelian groups. Il there exists a mapping
hom M <M Lo M (images to be denoled by aeh, a. b= M. g =T, salis-
fving, for all a b ceM and g, Gl

B, : aa(bBe)=(aad)Bc;
B,:sane as N

then M is called a T-ring.

Usually, the former one is called Nobusawa's I'-ring and the latler one
i« called Barnes® 1-ring. The class of T-rings conlains not only all rings bul
oo TTeslenes' ternary ring [7]. Coppage [3]. Luh [11]. [12], Kyuno 18],
14, 110] studied the structure of I-ring and oblained various generalizalions
of the corresponcling parts in ring theory. The first author [1]. [3], [6] also stu-
divd some properties of Barnes' I'-ring and intreduced the notion of Ifield.

Tu Lhis paper we have studied further some properties of T-lield. Also
we have introduced the notion of I-division ring {using Barnes' I'-ring) and
sLindied some propertics of it We have obtained some necessary and sufficient
conditions for a 1-ring tohe a P-division ring or to be a -field. Also we have
established a relation beltween the I"-field and the operator ring of a T-ring.
2. Preliminaries, A -ring M is said 1o be commulative it b =bya for

all «. be M and for all y =T
A T-ring M is said to be a T-ring with divisor
). b(==0) in M and-an element y(==0) in I’

il Lhere oxist

ol zero
| §

elements a{==0 such (hat ayb=0-
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_ An additive subgroup I of a T-ring
il rayel (yexre=T)y for all xz in 1, o in I

' An additive subgroup f of a I'-ring

right ideal is called an ideal of M. N
A DP-ring M is said to be sim i )

. H simple if M1 =0
are (b and M where MTA is the s inite
A 1s the set of all finite

Let M, be a TI'y-ring and M, b i
o, . o . be a Tyring. A pair

(0,.8,) where 0, is a mapping from M, (o M, agnd 0 lis

to Ty is ealled a homomorphism il s o

M s called a right {lefty ideal
and yin M. ( feaoru

M whieh is a lelt ideal as well ag a

and the only ideals of M
sums Zmon; where m, n. e )y
' i

of mappings 0--
a mapping from P
1

1} 0, is a group homomorphism from M, to M. ;
2) 0, is a group homomorphism [rom T Lo I'.;
3) for o, yeM and a=T" (zay)0=(x0,) (290, (y0,).

It both 8, and 6, are monomorphi i
3 f 9 0 morphisms (epimorphisms, is phis
then Ejts 11c[al]led a monomorphisin (epimorphis(mp ismsolll';)?lligs'm)lmmm DR
et Af be a T'-ring and R be the subring of " :
e . ‘ s the endomorphism ri Y
(operators being taken on the right) cnnsizting of all suuis :)t[n 11"11?5 ?(f)r.:;

Sy, - e D, wher : :
.‘_.[} o %] (v €L, 2, € M), where [y, x] is defined by mly, x}=mvyxlor all me )M

R is called the right operator rin Thi ini
3 . 0 g of M. This definition of “ring i
let“:i;l%m t(l)_‘ t_l_le original delinition of operator ring del‘i?lec?ifxl:aiﬂlll 1:11[1%{913
onerator ?-i::g E(llg)g.ogﬁ;sissgllcéfto l?shlcft (.rig‘h?,) pl‘.imiti\'e it (i) the left (rig!:tj
iy Z (right) primitive ring and (ii) 2" M = O( Mz =
A commnutative I'ring M is ield i
o -ring s called a I-field if for ev zer
a’og M and for every pair of nonzero elements vuysof T tl\lé}tl"ger;c(i):ltiuo f:-:emem?
a’ in M such that ay,a’y,b=b for all be M.’ - Bl reneny
A commutative D-ring M i imitiv
ST ring M is primitive
Let A and T be two nonemn sets i
L ! pty sets, A is called a I-semigr if
fa.\lc:l;ts. 4 mapping from M x I x M—s+ 3 (images to be denoted b g’]cz?p"c] rt:;g
an o:LeI‘) satisfying (xay)Bz ==ro(yp:z). YRS IS,
et M be a I-semigroup (I-rin i
_ ‘ semigr -ring) and « be a fixed el 4
'(ll‘nlalf::ge“z;r pmary r{lultlpllcaylon ‘o' in M as follows : aob:taa{;amfl:)?-n;ilo{r gé?le
:\ [:znz;;elrglgrm‘:)p (rlgg). We denote this semigroup (x‘i;lg) by M; i
. pty subset 4 of a I"-semigrou i t (vight) ide
o g e (@ ed whote e -(El‘,g aEpAS is called a left (right) ideal
nonempt [ ‘hich i i i i
i SF) y subset A of S which is a left ideal and a right ideal is called
lor aIIL:EESI‘bf'&f;::::i%{Bup- I;LSI}‘I "’ a group for some a ST then S, is a grol
R o). -semigroup S is called a T-group il S, is &

iff it is a DI-field (Theorem

3. I-field. In this section we sludy some properties of I™fields.

d.1. Theorem. A commulative D-rin [ ]
1 . : S M _fi :
M’ == MN\{0} is a I"-grou here l’"uI‘{{ ) will be a T-field if and only if
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Proof. Lel M be a T-field. We shall first show that M’ is a I=semigroup.
el «. be M and v e[Y. Then a0, b=£0 =0, Since a P-lield M does nol con-
ain any divisor ol zero, aybs=. S0 ayb e ML Also aw(bfie) =(aab)Be, Tor all a.
boee A and for all e, 817, Hence M is @ 1"-semigroup. Let I"be an ideal of
ihe T-semigroup M. Lel v =1, Since M is a 1%field, tor the element a(s=0)
of M and Tor the clements v;(3=0) and v.(z=0) of T there exisls an clement ¢’
in M such that ava'~,b==b, for all b= M. Obvicusly @'==0 and so a A Now
ge T implies that b=av,a'y,he T Tor all bedl’ Hence Mcl Nso Iz M,
<o M'=1. Thus M’ contains no proper ideal. Consequently M’ is a T-group
(Yheorem 2.1, [15]). Conversely lel M be a [-group. Let =M and v,, v, €17
since M’ is a 1V-group, M., is a group. Let e be Lhe identity element of M,
Then ey.h=eob=b for all b=, Again M, is also a group. 50 for the clements
« and ¢ of M there exists an element @ in M such that ay,a’= aou’=¢. Thus
b= eh=ay, @b Tor all be Al IF b= then obviously b= ay,d'y.h. So
aea'y,b=b Tor all b€ Al In other words Al is a P-field.

3.9 Theorem. A commulative 1-ring AL without any divisor of zero will
he a 1= field if and only if. for every nonzero element a of M and for some ~(=£0)
of 1" there exisls an element @’ in M such that aye'~b—=Db for all b= 3.

Proof. Since the necessary part [ollows [rom the definition of the T-
[ield, we shall prove only the sufficiency part. Let us assume that the given
condition holds in a commutative I-ring M without any divisor of zero. Since M

contains no divisor of zero, M’ is a IM-semigroup where A =MN{0} and
"IN 0} Now My is a semigroup which contains no proper ideal since
b=ava':h for all be Al So A is a group. Hence Al is a T-group. So M is a
I-field.
1.3, Theorem A T-field has no proper homomorphic image.
Proof. Let M be a 1'\lickd and N be a D'.-field. Let 0=(0,. 0.) be an

epimorphism from the T',-field M onto the Tp-lield N. Let K={meM|l),(m)=

0. Let m, m,sK. Then 0,(m,—m,)=9,(m}— () =0, s0 m—m,s K.
Let 1%, and x= M, Then 0(m, 1) = 0,(m) 0,() 0, (x) =0. So myyx e K. Hence
K is an ideal of M. Since M is a I-field, M contains no proper ideal (Prop.
3.5 {6]). so cither K=0 or K=M.1f K=2>M then 0, is a zero morphisin and
hence 0 is a zero morphism. On the other hand, il K ={0} then 6, is 2 mono-
morphism and hence an isomorphism since B, is an epimorphism. Now, let
1 v: €I' be such that 0.(v1) = 0.(v2). Let a(=0), & ~=0)& M. Then 0,(a)=%£
=0, 0,(h)==0. Now 0.(v,)=0:(v,) implies that 0,() 0,071} 0,(h) = 0:(@) Ba(y2) :(B)
i, Oay,b)=0(ay,h) which implies that b —awrb e Ko Sinee K {01, ay,b =

ar,h. S0 a(y,—)h="0. Since M does nol contain any divisor of zero,
(v —7 =0 implies that yy=v.. Henee 0, is also a monomorphism and hence
an isomorphism, since 0, is already an epimorphism. Thus 0=(0, 0,) is an
ispmorphism. Hence the theorem.
i 3.4, Lemma. If @ T-ring M (s commutaline then ils right (lefty operafor
- ring  R(L) is also commulalive,
] Proof. Lel M be a commutative I-ring and R be its right operator ring,
' Then R is the subring of the endomorphism ring of M (operalors being taken
" {0 ¢l on the right), consisting of all sums of the form X[a;, v;] (€1 r, e M)

1
E[ﬁ;. -l'(]o

where [e, @] is defined by mfe, ®]=ma; for all me M. Now, let
g

. }:‘[B !];] s It
7
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Then
m()?[oa,—, ;] ); ETRAE (m?ﬁ.[o:,. a:]) \_ B, y;]= ’;‘-”!ﬂ‘-l‘s) zj:[lej, U]=
..?I(m it 1. [B,. w.])- -1_‘(2 (moo, )0y —= S (E m (e 2;0,)) =
i 7 i 7

Z(E(x, 5 =28, Y (S(x =
‘(_. (25,9 )o.m) T(:' (B (y o) \T.;‘(353;(’”3‘-.UJ))*—“E.'(L(m?‘:(T:V-..‘Ii))&

i 7

E_Z(E(m By ey = Z(Z(mB,y)ox) = Z(m By, e, a,]) =
i i ¥ i

¥ H

- m()..._‘[ﬁa, v e 2.
all me 3. Tence |

-\E[g'--- o E [ w1 g”—J’r gl & [og 2.

This is lrue [o

Henee R ois commulalive,

3.5. Theorem. A commutative T-ring M will be a T-field i i
its right operator ring R is « field. 4-aL el be o Tofterd if and onlogg
- Ifmf)f.. T.et Lthe commulative -ring 3 be a [-field. Sinee Al is a [U-field
it #s primitive in the sense ol Ravisankar and Shunkla (Pmposilioﬁ 3.11 [14]),
Hence it is primilive in the sense of Luh. (Theorem 1.G [14])i.e. its rigi]t opera-
tor ring I is primitive, Also, since M is commutative, R s mﬁnnnll'lli\?-
(I.em_nna 3.0). Henece R is a commulalive primitive ring; in other \\'or;ls I::
is a field. Conversely, we assume that the right operalor ?inu it ol the comm
talive ]‘-1-ing_,:' Mis afield, Then R is a primilive ving. Let J?l‘.l' o Let [+ ml]
(== =R Now afy, ml=aym=myr (since M is commutative) 1) S}nce
[+, 1m] te R Now a[y, mi=0 implies that xfy, m] [+, m] =01 2x= 0 "]‘hm
_.UI r=0 I'l]‘]i)“(“b that x=0. So M is pripitive in the sense of Luh uml‘henc.c
iLis primitive in the sense of Ravisankar and Shukia, Thus M is a commuta-
tive primitive T-ring. So M is a [-lield. .

4. P-division ring. In this section we define a P-division ring and stody
some properlies of il B 1
-’i.rl.L I}viin_iﬂun. Let Al be a T-ring. M is called a T-division ring if M'=
’1.())j s « E-group where =7 (0L '

i.2. (_,of-ollar v. Every commulalive I-division ring Is a T-ficld.

Prool. The corollary [ollows [rom the theorem 3.1 and the definjtion
ol the D-division ring. -

' 43, Theorem. Lef Al be a T-ring, Then M is a T-division ring if and enly
if for every « (s50) of M and for epery (=20 of T there exists an element ' il
M osuch that o

v yh=d'vah=lyapa =bya’ya=b for «ll be M,

=1/

’ II["”)'OL]‘ LL:‘ ill be a T-division ring. Then M’ is a TV-group. ITence [rom
1e delinilon of T-group it [ s L L s a gr o every .
A .-.”“] 'IL“Iflllm\.s l]!-di, My is a group for every vel", Le
Bkl winee o 15 a group Lhere exists an clement « in M’ such that
“_({1’-“ oa=e,. where e, is the identity element of M. Now, for any be M'=
iy e.ob=bor,=b. Hence b=aca'oh—=d'oush—=boqot’ =tou'ou ic., b=

B ON I-IHVISION BRING 317

W

b—a'reeeb beretpat === lepa v Now. il #--0 then obviousiv b=uva'vh=
eea'~va, Hence Lhe necessary parl.

Conversely we assume Lhat {he given condition holds in a I-ring M.
First we shall show that M does not contain any divisor of zero. Let ayb=0
wid a0 and ~--0 where ¢ be M and v = P, Stnee -0 and =0 there exists
1 element @ in M such that ayepe=c tor all ce M. Hence b=a"yab~0.
similarly we can show that if ool =0 and =0 h=50 then a==0, Lastly we assu-
me that @b 0 and a0 and b0, If pussible, let v20. Then for the element
al =0y of Mand (-~ ol [* ihere exists an elemenl ¢’ in M such that ¢’ vaye=e
for all e M. bHence h=a'yayb=0 which contradicts out assumption that
120, Vence @b 0 and =0, bzt imply [hal =0, Vhus A does not contain
any divisor ol zero, This implies thal. 3 MNJO} is o IMesemigroup where
[MI=TJ0h Also using the given condition we can show that A" does not
contain any proper left or right ideal. Fenee M is o [Megroup (Theerem 2.1
[13]). tn olher words A ois a U-division ring.

A 1-division ring does nol conlain winy divisor of zero.
icieney part of the Theorem 4.3

e’y

' ssereh — beramrd

4.4, Corollary.
Proaf. The corollary follows from Lhe sufl
! 5.5, Theorenn el M and N be lwo simple Temedudes, Then Hom (M, N)
i+« D-division ring where V=Tom (N, Ay
Proof, 1L can  be easily veritied thal Fom, (M, N) is a T-ring
where T == lomy, (N. M) where [ +9(j, g= Fow, (M, N) is defined by
i+ @) = f(ne) 4- g(n), meM and fzg (f. g€ Hom(M,N) and  2&
Homg(N, ) is delined by (fog) (m)=[(=(g(mN}.
ik f(-_.-'_--ﬂ)r='1[mn,:(.'\'l. N). Since both A4 and N are simple, fis an IR-isomor-
phism. Similarly il (=£0) = Hom(N, M)y is also an R-isomorphism. Now it
cun be easily verified that Lhe the condilion stated in theorem 4.3 for a I-ring
to be a D-division ring holds in Fom( M. N} Hence Lhe theorem,

1.6. Lemma. A T-ring M is commulative if and only If, [or every =y
is commulalive,

2.7, Theorem. .\ finile D-division ring uts a V-field.

Proof. Let M be a finite [-division ring. Tet «{==0)<l. Then M,is a
linite ring. Since A is a D-division ring, M does not contain any divisor of
yern and hence 3, also does not conlain any divisor of zero. So M {0} is a

seiioroup. Now using [heorem 4.3 we can show that AL NJO) is left simple
s well as right simple. Consequently M {0} is a group and hence M, isa
division ring which is finile. So, by Wedderburn's theorem M, is afield. So M is
commutative. This is true for all a==0)y< I Hence from the above lemma it
follows hat M is a commutative D-division ring. So M is a [-field.

5.8, Fheovem. Lot M be @ T-ring. Le! for each nonzero element a of M and
for cach pair of nonzero elements vy, . 0f T there exists « unigue clement bes M
such that @y byaa o then (i) M has o divisor of zero (if) by b =b (iiiy Misa
- T-division ring.
Proof. (i) Lel ave=0. whe

Ly el
1,

re ¢, c=M and v &l Let a=0 and v 0. Then,
clement & & M such thal aybya=2

aybya=
I implies

| Y i o :

by [he given condition, there exists a unique
0 implies (hal ayeya=0. Hence ay (b tc)pa=aybypa--ayesd
iqueness of the element b we have b -c=h whic

L Now e
=u, Now, by the un
!
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iI.hal:'.[(:=lU. Similarly we can show that e =0 and »=20, ¢ 3=0 imphy that e=-g
o ) . ; ; . X A i 8 « ==
anily, el daye =0, w==0, ex=0, 11 possible, lel =20, Then, as above, consideri
as=0), v=£0 we can show ths whi ' ‘ols oL X o
lf—(}’ 1([,_ { can show that ¢—0 vhich contradicets our assumplion lh-:[
c5=0. IMence M docs not contain any divisor of zero. (ii) I'rons the given (-0;

dition we have av b
(b-,}ga-(lb—b)y,a.:. 0. .\.‘.ingu M does not contain any divisor of zero (be v b
— by, =0 togelher with v, =0 and ¢ 550 hnpiies that by,aped b '(i-iij lLél

b0 == which implies that  bvaaydy.o = bvaa e

WEARELD CHARACTERIZATIONS OF FHIS LT OF A FUNCTION

af =t = ‘” ol e Al 1 : = e
((5=0) € M and y(#=0) €I". Now, by the given condition, there exisls o unique
g ny

ciement be M such that avbva=a. We nole thal b==0, for il =0 (hen
which is a contradiction, We claim that aylyeec for all e ML e 0L *ﬂ =
hag-'c uolI%ing_Lu show, Su we assume Lhat (“..;.(). Let avdre— 1" Then bwr-;?)np“'e
=0~ . N s nl . . B . L o ! Vo=
b~{(cli;1\:;£2{()ll :111‘1111;31:&?:[]:“1[,.-2;7‘( :111-5.1. (‘u‘.smg (i)). Again breobex implies ihat |
‘ 0. en ¢=ux, since M does nol contain any divisor of zero, H
c_‘~;b~;c=c for all =34, Simifarly we can show thal o -c:'lr i
for all eeM. llence M is a [-division ring. o RS e

suggestions in the prepuaralion of this paper,

15
. Booth, G. I..— Qprrator rings ] i A
H , G I ys of a gammea ring. Matly Japonica 3, (2) (1986), 1752 18;
LCoppage, W HE and Lul, ). — Redicals o T rings. J. Math. Sue. .]:I}):l!l’ 23 (1'9'7'81');‘

o

CDhautbba, T K — A charueterisation of Pring. Jour, Pure Math, Vol 3 Li&)};:ﬁ),,[".ly‘l 7l
) )
WE]

DKy unoe. So— On oprime D-ring. Pae J Malke 75 (1475, 160 190
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We have found in Lhe literature the folluwing weakel characlerizations

of the Hmil of a funelion al o,
¢ 1. (D. J. Newman [U1. Probiem 107): et [: 0, +o0)—=R bea conti-

puous Funetion, If

H

then actually tim fle)=0.
(; 2. (Sadovaicli and Podkolzin [2]. Problem 107): Let [2 [0, o)1

he an uniformly continnous [unelion such that

im f{r -t 0. Yea =0

Acknowledgement. We are thankful to Dr. M. I Sen, for his valuable
lim f(nay =0 Ya -0

REPLERENCGES (Croft Lemma),

Barnes, W. 15, = On the rings of Nobusawea. Pac, 1, Matly 18 {1660, 11— 122

—n2

10—32. (2

— OO0 r_‘cgrt.lur l'.-ri'ny (ceommunicaied)

- introductioni f0 1" fi.Id. Buli. Cab. Ml Soe. Vol 78, (2) (1986, -ty Then actually Fim f{z)=(.
tsler es, Mo WL O a fernory algebra. Seripta Mathemalics, Voi XX]X-.(]'J:—é} e

(1033), 253— 072,
o

racierizalions above is Lhat frinn the
(quences one infers the con-
The aim ol our wark In 1o

The common fealure of the two cha
anily of unbounded se

convergence lu zere on {

3
19. :"1'_i_r‘m* ideats fn Poring. Pae 00 Malh, 98, (2) (1962). : :
.(1). A Dring with m_inimun_t condiiivr, ‘Psukuba . Matin Vel O, (B) (1981) -J?-;ﬁﬁ . veirgence to zoro on all sequences tending lo . ] ]
e J‘ll_"{),l;.f)-;‘m:”wb ¢ pigrg with minimum onestded ideals. Osaka 4. Math, ::;.\(12368) find other {amilies ol sequences exlibiting the same [roperties. With this
2ot J ’Jgn ;,;c'mwm of simple Torings. Michigan N I d respect the folowing definilion arises naturally.
LR T A ! sitmple T-rings. Michigan Math, J. 16 {1969y, 6575, T g N S .
E.i ;\‘211 tl ‘.,'n W 1 .\.' g O."a e« generalisalion of e ring tHeory, Osaka 2. :\l:llh.’l (‘1".]'!3_13, 8189, l](‘flnlllﬂl! I, Lel X be a ',“””1‘!] “’ ) ﬁmc?mns de[‘med 013 [0’ ‘}—OO)
e “‘(;‘3 1\(;19!_'1])1-_;.- m;}l Shukla, UGS — Stracture of V-rings. Pac. J. Math. 80 ay A Jamily CF of sequences that tend fo oo will be called d X-basis of con-
= PRt naddi—naY%. - " - y 5 5 B e -
15. 50 R T R pergence (or ¢ N— B, (L for sin Jdieityy if from
5.50n, M. K. and Saha. N Ko— On Pasemigreup 1, Bull. Gad. bl Soe. 38, (3) (1996) J ( / ; it
:giff?}d :{JI} ﬂ;{}.{:‘ﬂn Department of Pure Muthentaties ] | ) = X and l.”n f(.:‘,,) =R, V(JJ,,) =
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