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thal ¢=0. Similar)y we can show that aye =0 and =00, c =0 Tmply that a=q
Lactly, tel aye= 0, vea 0, o0 00 I possible let =0, Then, as abotve, ('Ul]‘ii(ll.:i.‘i '
a=-14), y==1) we can show that e¢—0 vhich contradicts our nss\um;)(i;m 1|ng
e=50. Ience M does not contain any divisor of zero. (i) I'rom the given 'lnl
dition we have avy b - a which implies that  byaay by hb-' a i
(byatey b —byya 0. Sinee M does nol contain any diviser of zeto (b-‘»za- Izt
— byt = U togelher with .= 0 and ¢5=0 implies that by.ayd o b, ‘(igiij"ll-.
a( L0y M oand y(==) €17, Now, by Lhe given condition, there exists a uni o
element b= such that avbya=—a. We note thal b==U, fov il h—0 Llhen (qmn
which is a conlradiction. We claim that aylire=¢ for all ce= 3, 1 ¢=-0 Lhe!= -n
have nolliing.Lu show. Su we assume Lhatl e L0, Lel avbye= 2, 'Then bya- bfl-:t“
§b~f.t which ’:{n;)livs‘, that byco e (asing (if}). .-'\gaiil frs = b impllie.f, ih-;
by(e—a)=0. Then e=w, since M dues nob conlain any divisor of zero. He o
t.a~_fb~(c=c for all ¢= M. Similarly we can show that Irra-2 v operecbo= by ik
for all ¢e=Af. Henee A is a ("-division ring. o o S

.\_(:knm.\'ledgvm{*ul. We are thankiul Lo Dr, M, K. Sen, Tor his valuabl
suggestions n the preparalion ol this paper. ' i
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WIARTR CHARACTERIZATIONS OF CHE LML OF A FUNCTUION

BY

fI il L S OE RSO Prant A fasiiak Al

We have found in the literature the fodlowing weakod characlerizations

of Lhe lmil of function al oo,
C 1L (D, J. Newman [1]. Probiem 107): f.ei
puous Tunetion. IF

{h
ten selually dim frey - O

(; 2. (Sadevnicii and Podkolzin [2]. Probiear 1070 Let |
pe an unifornly continuous Function sneh that

im f(n4-ay=20. Yao 0,

[ 10, fa)—R be conti-

fi f(ny=1) Y x-l)
H= e

(Uralt Lemmal.

n. 4 o)+ T4

(2 |

H
Then actually Lim f(x)=0.
at Irom the

The common feature of the two chin arlerizalions above is the
hee Lo zero on a [anity of unbounded sequences one infers the con-
vergence 1o zero on all sequences Lending 1o o, The aine of our wark in in
find olher Tamilies of sequences exhibiting the same properties, With this
respect the following definition arises nalurally.
Definition 1. Let X be a fanily of real funclions defined on [0, <o),
) A family OF of sequences that tend fo oo will be culled @ X-basis of con-

rergertee (or a N— I G fur simplicity) if from
je X and i fr)=tsR,

converse

(3} Vix,)&F

it [ollows that lim flay-=L
; b) The family F is called a strong X-basis of convergence (er
for simplicity) if [rom

@) feXN suaeh thal (e lim f(x,) evists and is f

i follows that lim [(x) cxisls and is finile.

5. X-B. C
inile Jer all (v)eF

v o

With this definition € 1 is equivalent to saving thal ihe [y

(F={(na),zJu>0} is a NoIL € Tor N0 £},
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e

In Lhis paper we shall indicate a general methed of finding N-13. €, g %) V‘ {c.] {L.([)‘n [T @ tov k large enough, or taking account of 1he
monotonicity of f7s

l'(‘n' N=C([06, +ao)) and N UC{{0, —-oc)) the class of unilormly cop.
lmum_l.t. ‘functmn§. o _ . ) (" Ya, hl=.d [eoi(h)y=f(a)

Fhis paper is divided into Iwo sections according to the Lwo situaliong '
nmentioned above,

for I large eneugh

We «hall call (9 the chaining condition (C. €. Tor brevity). Hence we

We shall look bor X-1 s ol the form can stale the following, . . .
Corollary 1. Let [, - J-=1 bea scquence of confinuons mereasuiy funcltons
5 f(f (ﬂ]) : '(fEJl ) a ary 5 e - -
L : wlisfying (4) and (. €. Then
where f, @ J— [0 ) is a sequence of funclions defined on closed intervy) . . well is a NI G
J such thai ! F={fu@hz,” 1 - 1
i F Corollary 2. The familics (F ==i(n) =, /=1 and 7, {tog na)y,
o liw [u(u) = o0, Vasd. a1t are N-B. C.
" j i, |1 )R defined f,(a) =nda. ()=

o : . Indeed, the sequences [,
L The ense. N (|0, fo0)). We introduce the lollowing useful | log na salisfy Lhe conditions of Corolfary 1,

LS e o o , ) . | Now let (r,) be an increasing sequence of nonnegalive numbers such
Detinition 2. Lel Jo I be a closed inferval and Tet f, 0 J— Ry be @ sequence | g0t

of functions. We sag thal the sequence (f ) salisfies He asymplotic covering pro- S - e

{1 y 7 T / my gpro- {10 X, 0 a8 N— 00,

perty {or AC ) dff

(0) for coery interval T J the set | U LD s aneighbarhood of <o, (t1)
- An example of sueh a sequence is given by

Tyoq— =) a8 -0,

We slale now the main result of this seclion: 1 1
Fheovem 1. Let N—=C ([0, o)) and lel [, : J—]0, +-00) be a sequence =kt + e .

of continuous functions satisfying (8 and A C.P. Then the family
Let by, o [0, Ae0)— R, Ryta) =ty 4-a.

F=illa izt SaSIE b5 o A= EL Clearly it follows by (11) thal (h,) salisfies the C. C. So we can Sl,i.ltc
Proof. tet feX such Lhal Coroltary 3. The family (7 == { (X Oz €2 with (x,) selisfying
(), (11) is @ X-B. ¢. In particular, if [<C([0, +ooY) salisfies

(7} lim f{f,())=0, Yued.

n-v n

1
lim f(a—{—% A —) =}, Yez0

Let =70 be arbitrary but fixed and set
Po.=lesd ([ la)ise Yizn]

Since { and [, are continuous we infler that F,.. are closed sels. By (7)
we deduve

il follows that lim f(x)==0.
We conclude Lhis section by pointing out a sufficient condition so that

(. . holds.

Tel F: {0, 4oc):
tial conditions on 7 such thal the
examine Lhe difference

D, F(k -1, By—F(k 2. [= Bl=J. heN.

i Yof et T ested in differen-

L= =R =0, . J—R be a €' [unction. We are interes ‘ f

,.L:J,»- wew=s Ve sequence f_.,(a)—_l~(n, «) satisfy ¢, C. We
Thereiore Baire's Theorem implies thal there exist n—=n(c) and a<8

such that f—|z, 8]=t,.. .

Lel V== LD By A GO POV, s aneighbor ' for relV, . i gorr o
¢ ce= LD By A GO POV, s a neighborhood of o0 For reV, By the mean value theorem for I (1, @)

nze(z)
3 kzn(e) and ¢=1:x=[(a) and lherefore [f(a)i= = i EF )
This vields lim fiay—=0. . Dyows— — 4 — (B—2)
A H .fi ) Q. E D J. il za (i

calculated at a point P, on the segment
a point in the {{, ¢) plane. As k—0,
ice that D, can be rewritien as

Eramples, In order to draw significant eonsequences from our Theorem 1
we have to look upon A, C. P, more atlentively. We consider Lhe special case
when [, are Increasing functions on J. The A, €. P, is equivalent to the follo-
wing condition

where the partial derivatives are '
with end-points (k—1, 8) and (k, ). Py 1s
the f-coordinale of P, tends to 0. We no
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el i el i/ the sequeence (fuz salisfies the density condilion
”A‘ —_ (% — 2 — — ' N
da | ity al () VEaN, Yaz O, the set D@y =4[5 0fu{@ 0
So H owe inpase : o o
! } I iv dense o Wy Hhen OF s n faeloa S, N-I
e . (R st Proaf. Lei [0 w1 sneh thal for every a -1 the lhit lﬂll?'..:[(f,-(fﬂ.)
nd = Al - eviets and is finite. We denvte this limit by ol
. « e 2 . i . 5 -5 s N K Liat.
(15 i Lo pnifarmis i the compacis of We are going Lo prove Lhal [({r}' n’(f')‘=f. Ya, hee Do From 1he fack that
tom &y Ca s oa N-ILCloik will Tellow thal lim J{x)=/ lence our theorem.
Ihen il is casily seen Lhat [, b [or [ lavge encugh. . 5 : . .
Thus we have (“;["l])]ish::(l - - | We reasen by reducelio ad abeaurdum, We assnmce thal theie exisls

Covollary % Lol £ Ry o d— B be o O funelion saiisfyig (12 CFR) aurd |4 -0 such thal [ i e
L f{fapy## i [(fL(0).

I =

(14} lim F(l.ay =, Ya=..
I= o
We can sel {0 =1. (&)= 1 withoul any loss of generalily.
Sinee [ is conlinuous one can find some small cnough epen neighbor-
poods I, of (0% and T, of fuled, ¥zl such Lhal

then the sequence [, @ J— W given by foie) - . e salisfy fthe AL 08,
Examples of funetions [7salisfving the canditions of Coroltary Larg
UL ey ey dog da, o0 00 w0, ;
L

if, e — [ = -:1 voe . i[([ola)—flu)js = Yo,

It is a slraightforward remark that the family of e Tunctions with properties .

as in the above corollary is & convex cone.

Thus we can oblain further examples,

1t we look Tor £« of Lhe Form F(E ay=Gy ), GoH -0 (12), (13)
and {11) heeome

We shall prove The exislenee of o b =0 such U."‘.‘L infmitely ma:uy ir’?‘!..z;ls
ol [u(By Yie in neighborhoods of the dvpe 7, and infinitely wany F1 neig ]—_
porhoads of the type J,. TU will Faflew Lhal o :aub.u.cqucncrj_ of ,r(,!,,(h).;- tends
(o 1t while auolher subserquence lends Lo 1 which contradicts the existence

(Y i =0, Yae=.J.
(13") lim '(“_”‘ ) Let us analvze the conditions
to= () = '
Sver, fbred,
(14 Ihu (rify—ac. ' S

Thev are equivalent with

belihy.  hsiD.

H

If we bonk fov Fif a of the form £, v) =Gy G, =02 7 4

(12 NI Ir .
: ) Sm'n-wrif;%'[ﬂ‘)f ”1“'-,(]')
{1371 l'm € (ll) 1, o h that
i= | aclually one has tofind infinitely wmany L. 11, po I o an . r—oz, such tha
(14" ltm Ogfyeorn, Sﬂm_‘gm-n-p'r?’:@'

, These quadruples will be

The examnples of Corollary 2 are modebled by (127)--(11) and Lhe exampl
of Corotary 3 is modelled by (1275 (V1) We can see that Lhe family of
as jn Covollary 4 is quite forge, E
Thus Theorem § offers a farge elass of N-Do 0 for N ([0, 00
Our next task is to show ihat maiy of fhe basis we have coaslructed are b
lact strong bases.
This is done in the following general resull, . i
Theorem X Lol f, 1 i, — R be a sequence of homeopiorfisms such thel
family F={{{ (=, a=0} is « X-B3. C. 3

Then any heS has he desired properiies.
deseribed inductively.

Step 0, Sel pe=1. ry=2 and Ko=[7'0l]) =7 (] ).

homeoinorfiss. Sinee Lhe set

NP R SU inferval since [, ave
K, is an open inferva . 5 >
<o that [m}ofm_(()) = K,

U0 [0 s i dense one can choose My, I,
and therefore

Sm.s e B rozf;):..l( Ir? }rl'fp_;]("]’r)# Qj
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Clearly. S, po g ro="Ss i5 an intery al (with nonveid interior).

.]S{fcp“é. ._1\\‘(;” rllmn.sc I\'>m]a\(lmn. nn.]pn. Fa). Sinee the set Jh{e) is deuse iy
+ can find py. r, such that fjlof, (@ye= 8, ¢ srefore IV ‘ N
(\So: G- 1= Iy of (ay & S, and therefore IV, fml(']r.)
Since DOy s dense we can Do oo such The 1
* ] v ol . . L1 % l sl “ L i
fn_ul(elr\ﬂ]\yj 7 Qj l J ] - fhll ["l‘ } I\ O

Thercfore
AR SR L f-—k-'r\’.m.!(‘ln.l"# ;G.z

S, =S8 Ve

and
g # @ s an open interval,

Step J+ 1.
such that

We assume Lhal we have Tound S,

e pat gt trer Vo

!
N --"—'_ﬂ -"-:-,- e Pt #4 is an open inferval,
e Gy

LC[ ’\'-\-/'l".a\[”r Il 5 ~_ f 51 ¢ K

p e . Py T 1 3 I J
l i . i )1 ¥ : 1 [l { ln "'-‘-IJ' 5”1(.0 lh ..(l f),‘((l:l 15 (l(tllhc n
]‘ We can I ll(l I}-i-h ’."‘"1 "ll(h lll{l{

i :
© = R [ 3TED T A e ‘ i
fp:T‘ /'m( ye S, and there love Ky =f, l,('l.- 1)(\ St it
Sine N is dense we can fi
ce Dy is dense we can Find nigeg. 1y, such that
-1 - -
o MeER . ie [0 g £ E
r’”jﬂ IHJH( ) I f’“u-l("“i;—l)mf\".W{Qj.
f"é?} and S =55, LT SR # (.
o I= i iz T
Thus (S,) is a decreasing sequence of nonemply, closed and bounded intervals

C-:] Hor's Ih(‘ : W a Qj. s il I e

1 Oy, We “]{'.l ( N g \\'h](.h 1 1 [

M d (RN A l W, I we w

13\ I. i h .1111.(‘,(1

Clearly, Sy oo, a0 v

The liti S
au wa condi ;on ![h:il. f. should be homeomorfism is not needed in proof
. Wag assume ‘o assure cots [~lof are si i
7 ned onfv {o assure the sets [lof, (@) are singletons),

If W d { []Oi im p 0s¢ [ D=0 e
W 0 ])( ane 1() one, ll'( (anh't\- Condrirons 1
‘ - i (.[ [ IS can be

D LeX, Yuz ¢ ' = i i

(1) vheX, Vuz0, the set D) L:J [ref(a)y is dense in B,
m, T

and thq ddatement of Theorem 2 remains true with exacliy the swue prool.

\\'o now present some applications of Theorem 2. ‘

We first prove an ausitiary resull,

Lemma Y. Lol [..og,: =R be defined by

fufery
where ’(‘.r,‘):{(l, ey selisfies (1) and (1),
:Jhc”'r (_f},),{ (i) salisfy the densily condiiion (I
roof of lemprt I The siatement about (f,) [ellovs ' 0 ity
oL U el o (f.,) teltovs Trom e density

i g @) ==a-4-2,,

intof (a)=(n )

The stalement aboul {g,) is a classical result ol apralvsis. Indcé_ﬁ

~log =1, =, Sl : 5 P ;
googu(@) =2, — Ty -+ and setting d, =2, —2,_; il is easily seen that

7 CIIAILAC LERIZATIONS OF THE LIMIT )
.
P L d, (n - m
w b

Cond:Lion (B Tollows Tramn Uhe faet fhat fhe senies o s dinvergent

n !
and fendine To O (it niare delails we refer the

Tormes posilive
Problems 100 H02),

srewt [

il s s

ader to olva
(), 12 1h

Combining Thearem 2o Lenma { and Lhe previous resuils we deduce

e Tollowing vesull:
Corollavy 3. The familics 7, Wi 1
o O with () salisfying (10). (1H) wre strong
2 The eaxe N =00 Val)!
In (e sequel Vhe crucial parl will play the following nelion :
Pefinition 3. Lel JEW be « losed interval and fel f 0 J— Ty be o sequenee
| funelions, W osay that ()0 salisfy the weal: asymplolic covering properly
(o1 W Py ff
(15) there exists a bouded interval It such Hhal the sel W [Ty i e neigh-
n=l

O aad F ] Ko
Nobasis of conpergenee.

forhood of @0,

The following s the main resull of Lhis scetion:

‘Theorem 3. Let N =01 Cjo. w)) and let [ S X% be a wequenee of [unclions
salisfying (4. the W, and @ uniform Lipschilz condition

30,0 such thal [f,(¥)- [ <Lix—y Y y= g, n=1
TR e is @ N-1.C.
that

16}

I'hen the [umpily of sequences F-
Proof. Lel [£X be such

Vim f(futan 0 Va1

(19
Lol = -6 he arbitrary but lived and sct

Iy =lasJfif(fLa)] e

By (15) we know (hal there exisls I=.J such

Vkzn}. n=N.
that 7=

nz=l

[ld) is a

neighborhood ol co. We claim thal

11R) given g=0 there exists fre=n{e) such thal e k..

We assume the contrary i o, YneXN Lhere exisls a, =1 such thal «, €
=1, Since ©is hounded we may extract a comvergenl subsequence ol (¢,
il denoted with (¢). By (17) we mfer

vneN, theie exisls @ minimal k=N, S5 e
By the uniform conlinuily of [ we gel
(240 33-0: Y, y such that v —yl < implies f(x)- f(y) < ef2

Since {at,) is coms ergenl. there oxists 1, =N such thal

N

Vi Ny = g |a, — e, | < /

s

(1t

(1)
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By (16 (203 (28) we imfet

(22) Wi,z hz e e D=, ) is g2
Lol by che, o Peoan (18 we el thal

(1) (f (= ) o

Velnz ng bzl

f(l',,(!l”})j'-'- (0] e, b= f( e, 0 T, Y = 2 I
. 9 Ty

o

where we have taken account aof (22) and (19°) respectivelly
Therefore Yo o-n. a,s 1 ‘hich s i adiclign W
. By, ddy ~.owhich is in copliadiction will © ¢hoi
T H ion wille ear choice
i\m\' the proof [oHows (he sme lines as in Fheorem L
NERT | or e R Lt . .
ol Vo LU (h where n(s) s given by (18). By W.AC PV, is o nei-

hzn

ohboriiood of co. Por v eV, Ik ’ ‘ore ]

ghl | . . e dhznocve f(e) and therelore by (18) (f(r

Fhis vickds - . S M <e
lin filay==4.

= o i-e . LoD

Fhe (!]:lld('.i(!l'l‘/.i‘ll,!nll (." 2 we have presenled i introdoetion follows casily

lrom Theorem 3 laking [ (a)=d-|-1. i

i '].}I us (:..i_.l} ll.(\ “‘:\.'("])' We Turlher specialize  consideving ()

increaing functions. .\ straightforward analogy with the pres ions ("']:(‘

vields the meal chaiiy comdidion (W, . (o) ' '

i e 2 .
(23) o S)e s fo 08 [ For b lurge cuongh,
\ecordingiv we can stale a corollary shnilar to Corodlary |
l\‘\Q now loak fee an analegue of Corollary L
v R | R e P . e S -
ol I s =T he o O mapping satisfyiog (L) 1oe.

Vg Il ay= foo Yas.J.
-+

W assine F 00 When .duvs ihe ~eg d i
: . : sequence [ lapsalisly the W, . 3
We sce Lhal (i6) is fultilled when ke als the W A €, Fig
(167) 0.0 <
3 I>0:0g — =L Y, )T K.
cu '
A sulficient condilion so that W.C.C. holds s

20 (here exisl Jo &= and o: [a BY|—HRy such that
ey = Titn ook
Pl e

W Way- sz Yasa 5. 1)

lenee we have Lhe following resull

Covellary 5. Lol 1AW, TN, salisfil B .
o o f e AR - Sl L osabisfying (1), (167 aud (24, I"hen th
famity of sequences ({0, e iy @ N-B. G (here j',,(r4)=1-'[':r_ ay. ¥n. Ya<J)

CrIanACT R LTINS T

I we dook Tor 7ol Lhe form D@ G <1, (1 h. (167 and (2D

bprrgineist

oo I

{2
T IRAUE 7o
{ -
37 Tim G (< (s =) V| e, B

90

Femark 2, Vhe family T P L A LT srong hasis of convergenge
TSR A O [ LR - b A B it casilvoseen considering ihe example  [(¥) =

win der, =

winee The seouence (S0 2)es, i dense in |1 4]t follows thal the

iy 0 _
F.=u faft b5 nhJ (11 -5 F) S0 sirong  basts,

sling thing Lo clarify the conditions that hasis should

| i1 would be au inlere
satisfy in avder lo he a slrong basis. _
fiemark 3. The family of sequences {(.‘1-{-ri),,i_-_._-’._-ﬁ-_.., i i a N-D G for
N[ e)) i it easily seen considering The following exmnple:
b R B is the continuons funelion defined hy

I ; g .
ln_ _reln--i, noo =4
i I

i
) P H—vﬂ,

2 1 |
ingear on each af the dnfervads jre oo e and - — -
n n n

\

Thie graph ol o oo [n—t1.nlis iflustrated in figure L

Ay

>

| R TIPS

oo w0 Lhat [ is not uniformly

That peak of  becowes paveawer as 1 .
easily seen that

comlinuous. Clearly f has no it as w—ooc. However it s
fur every oz, ['(fr-[-n)w_:(}, Yazn(e) 1 n{a) can be chosen to be the least na-
| tural number 2 wnel thal 2/n<1—lap where fat = [al. ‘
Therefore the Tamily of sequences (¢ h1) s vz is not a C({. +-00)) —B.C.

femarl: 4. A carefull analyvsis of the proof of Theorent 9 ¢hiows Lhat the
density condilion can he replaced by a slightly woeaker one vielding the follo-

wing more general resull,
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Theorem 27,

I,(‘{ f 5 I.\ .—)!’! 5 hl ooy el f) ' { 1Tt fiy f 1 ]
& " ! 5 v {78 ! g 3 1 ]
.. ! r II + " i [ r?”!” thol 1t I!)! f”J, l“e

f"={(f"(u))"; Juz )

is « N-B. G Af the sequence (), salisfies the connecling condilion
(Co) p D ()40

then the conclusion of Theorem 2 remaing rue
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