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then Ihe concluston of Theorem 2 remains lrue
the Remark 5. A slight madilication of the prools of Theorems 1. 2 vi
ic Tollowing extension of Crefls Lemma : T
Let [0, - int
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§ 0. Introduction, Tet (X d) be a semi-melric space and F:XwR, o

huund‘cd from below funclion, Denole ,
N(F, si={reX; Fx) < inl FN)- gl 2>,

An important problem concerning Lhese cleme
he neighborhuod of cach ne X(F. &), a point pe N(F,
Lariational propevties. In this direction, the following 1974
resull [11] is basie Lo considerations helow.
Theorem 1. Suppose N s d-complete and I is d-lower st mieontinuois
(in the usual sensc). Then, for cach <=0, % O and we N(F, <y there exists @
(s, 1wy in N(F, &), such thal

a) d(u. ny="1 and F(uy < 1(n)
by Py P +(g1)d, w) -0, for each we XN, d(n,

‘This principle found a pumnber of interesting applicalions to a large va-
riely of domains including fixed poinl theory. topological dynamics, abstrael
control problems, differential geometry and ol hers ; Tor a survey of Lhese, we
efer Lo the 1979 Ekelan d's paper [12]. Consequently, a briel analysis
of its guiding lines would be not without profit, We start wilh the remark
thatl. from a structural view point, the basic interpretation of Theorem 1 is
the maxtmal one. More specifically, assume d is o metric over X ; then, with
Lhe ovdering

v <y if and only if (e/2)d(x, ¥) <F()y—F(y)

uls is that of delermining. in
<) with some “gnod-
Ekeland’s

TOF

respect o
(D
conclusion of the stalement above may he rephrased as:
For each =X Lhere may he determined & < —maximal
| point p=X with ug?
, This, in particular, means thal if weX(J). ) then p= N(F, <} too and
; . v) < 7. (Nole that Lhe last information about tis essential in many Cases).

L 1a other words, keland’s theorem is a denumeriable (melricul)\01'.~.i0n ol the

t 7 o n maximalily principle. This reduction line goes back Lo Bishop and

Plelps 3] Forthe specific framework we already sketched. the Bronds-
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N

e eandeilil - .
:)(, ?]b ;,;)I!it l])lillluill [7] must be retained: see also Vi ly | [23]. In parlicul
v ihe Bourbaky patbern 5] « ¥ ' N cedl phin.
; ‘ 5] one mav express Vheorem Uin acfi int
manner - 1his act, explicitly v R e i a fixed poi
e U(‘l ,_1'h..s l‘.u..[. t.\pht._il!} underlined in Ekeland’s paper, shows his IF(.I mll'
an equiy alent formulation of the Cavisbi fixed poin prim'ipl.v'l‘l.j o
- 'lt h{; seeoiud l.nlcrprcluliun of Theorem 1is the construetive nnle 'ljn ol
i 3 3 S onEe e 1€ H y . . o
g l(.-l - teb us again assume d is o melric over N, We deline a relilion S .
N by means ol The ordering introduced by (D)o namely ' s

Sy={yeN; xgy;, r=XN

Now, 1 T alv ennelrnel s

. ‘()‘cna'(tl:il)l\l{-l-\\'| (immnlu‘ll. . sleqm‘“m (n,) as follows. TPul #y=u. Supposing
EHSSHESL) BRI ORISR defined. we inlvodue s poi e 8
vions duce the point . by the conven-

(I3 i ATel
I ) Py SO2)E () R F(S(,))).
o see this is meaningful, n i 7
. s is meaningful, note that. in case F(y,)=Ii i i
Lo sea Hhis v U"h;" . 0“](\|‘\\'i:;1(: :::{;1;; 1 (lu,i)—_!lflf]f(."(v.n)). (D,) is holding
] , 1 otherwise, use the deflinilion of “10'gol
Py Henee (v, ; n€N) may be indeed constr ; }!' e o o
T e n NS A wdeec constructed by this process. Now, the
‘h‘onc‘ . 1 question is shown Lo Le Cauchy (see Ek eland N2 for de ails "
)61 :} 1\] '(?ollv*n])]el.('ncss. it. must converge to some r<= N, which'is mu'-desi-:?)"
][4]1;11.“ n; linc 'ol argument _has heen refined by Borwein and Pre iu-(l‘
te Tollowing manner, For p 21, let I'; denote the class of all ['unc.[iuhn:

Glx)— Y (@, v))" veX, : !

"u'l-les(f’,,).

! t

where (i, ; nEN) Is a se e of il : "
i1, 5 HEN) Is a sequence of positive numbers wilh pITRE | 'l‘l\(l .(u !
. [ I H

[]el\.‘ i" ac . e . r A e . " “H
' 1))v Lhc'()-l]l'\ C!-éf 1I1l. (:n X) sequence. _l hat 6 is conlinuous, Fobows Iimmedia-
fely b 1-'-'(’ assica Woeierstrass eritevion ; also, when N s a linear '%)‘ll;(‘
:“me ric, d, is generated by a norm, G is convex as it can be cIir';'cll\: l\'c"cn‘
weorem 1%, I 4 ¥ s in T ) | o .

R b n> 1‘1 . Leltl,\'aud I be as in Theorem 1. Then, yiven the constanis
“}ué -0 \’PF/ (u. well us (he [)(Hfh' win X(I, €), there may be delermined « G Eiw-
N(F, ) so that conclusion ) in that resufl plus ' e

¢ Fouwy— Fio) - W6 ' o
e yal)id, (WY — F(0) -+ (/2P (G(w) —G(0)) 20, for cach we XN } ,;.,:
When p=1, this stalement contains Ekeland’s : indeed, it slll'fi('esl.:f‘t;

1}1191;(? “f;hz}t[ (f(w)—ﬂ(u) <d(v, w), v, we X, for any G in I'y. - 1
! ni)t \-eelf O-]ie n?tmr‘:al to ask }vhei'hcr Lhe converse is also holding, The ans\\"er
(b“) the }{':P;ga:{“lDé'lfle]!ja:;:til’a-l ong, remark that, by the veeurrence formula
e e horees [24] : ko d’s result is reductible to the Prineiple of De]')e'l‘l-
S_Ee(;)e (i[\-'?nba(;lone.nlpty set N and a relation R over X with dowm (:‘1’{') :“\
e vI i} 'e etermined, for cach starting point ne X, a sequence (a;} in X
v ;__tltr anc} (fu,,, vy eR for all nEXN. S ‘
matter of fact, these two results are equiv '

: er of fact, esulls ¢ quivalent; sce Brunmner 8.
Now, the iterative process over ¥ =NR¥x X required by Theorem. 1# is of [l'h]e

form
il

Fin @) = Fo®) +Bald(x, 1,))% =X £l

vt
Fopa(Uaiy) €780 £ (0 —)inf gy ( Xy . :{, :

o0 WATHEAT

il BRELANTYS IPRIN 1ML AN

But, i this case. iU s hnrd Lo
v beeause ab cach aiep. i the Punelion e
is also depending va 1,00 Therelore-ad least
is not reductible to heorem 1

e Xy and yoare siitably chosen.

where (35,1
N oover

associale it o relalion
depends 6 5, and Lhe point ae
b o lirst glanee — Theerem 1

Finally, from a praclical viewpoinl. the niust ueeful interpretation of
[ese resuiis is Lhe s ariational one. This is relaled 1o Iy ar o) abene and consists
in writing the diffe renlinl consequences of these relalions i & normed con-
text (moedalo XY (And. naturally, it needs some appropriate hypol heses about
). For exampie {ch Flkeland [ttphilthe funelion in queslionis Galeansf
prrechel differentiable, then Iy) gives

17 (oW & (gfr) (where T | is the norm in X

when the norm of X i (%:)-—smnul}s. vhere (#) s o cerloin hor-
Dorweinand Preiss [£] Tor delaily). a differen-
¢) s {lor p 1.

N % 1) 4-plea 7 (where I

Accordingly.
nology over N (see
tial consequence of

[he unil Lall n N

A common assumplion encoultered m these rosuils ts Lhad coneerning
of the function [ Ta the amarph (uoduto Ny case, there iy
Bu!. when the ambicul {_smui-mclric) space is
<. the natural cubslitules fur the lse property
are. as underlined in T Finiei [20] the = “decreasing property o Lhe
function I or the < —Is¢ property of Lthe same. [t is the main aim ol the present
exposition Lo emphasize thal. roughly speaking, the former (1atler) of these
can replace fse in the statemsent of Theorem 1 (Theorem 17) 1o retain ifs con-
cingion jmoduln €5 Lhis wilt be the content of Seetion 2. The preliminary
cled in Seetion 1 il is concerned with {abstrac)) maxiinality
The variational aspeets of the main resulls
it is worth noting that the natural framework
an atlention is paidlo

Lhe Ise properly
no substilute for this properiy.
endowed wilh a guasi-ordering

waterial is cotle
prineiples of denumerable type.
are being delineated in Seclinon 3
of thesc is represented by the normed lattices. Also,
an exacl selution to the non-constrained minimization
(This has been solved by means of a Jalais
be considered elsewhere.

the existence of
proliten associated to 9
S oa le teehnigue [16]). The constrained case will
§ L aaimality prineipies of duu‘umurahlv

a gasi-ordering (ie. a peflexive

setand
N Under a lerminology comparable with N

{ype. Lel Nbe 2 nonemply
and  transitive relation) over
achbins (1L ch 1L §21.

we sav  that @ family 1 ol cubsets of NX* s & psvmlu—unif'ormily
over N when cach fjell inchudes the diagonaul AN)={1r, )3 re X

erm Lhe point “a N, — maximal
following le es-
j—ordering, in Lhe

supposing we [ixed such an object, lel us t
when = < <o implies . py= UL We are interested in the
tablish sufficienl conditions under hich < be a pormal quas
sense

(NO) For cach w& X there exisls o U
assinption musl be made

— maximal element e N with o=z,

To this end. a basic about the ambient q uasi-

ardering : namely
(C)) each ascending sequence in N is bounded above.
Concerning the other specilic hypotheses to be added, kel us call the (ascending)
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sequence () in XU — Caure ‘or each (7 i
neduence , wuchy when for each U=1 there exisls ni{hey

(rp. )= U0 whenever n(U)=p <y,
This property is, for indivi
: vis, for an individual sequence, stronger th: i
e on al sequence, stronger than thal of being 1 —
I} cexpressed s for cach el there exists n({)e N, such ﬂm
R I ; (Xp XU, Tor all pan(l).
er, when all (ascending :ces wre i ' i
i e ( . ll[.]:.:) sequences are mvobved, the veciprocal of this
ul also holds, making the global condilions ’
(Cy) each aseending sequence is U — Cauchy
) (l(‘.._,)”czu:h ascending sequence is U — us\‘mpvl‘ulic
¢ mautually T ‘ool of thi erti
mutually equivalent. (The prool of this assertion being almost evi ;
omil Lhe details). Now, for a nuimber of reasons v hall : n}% e
WL clails), aun ( qasons we whall explain further, Je
}]h-lllll oduce for the pseudo-uniformily I, the property of l)oinln' o
' the convention/condition - )
(Cy) for each 7=l 11 i ’
G 3 were exisls Vel sue al v = o {x 5
RS u hhlhal rey<s{n o), o)e
T B N e 3 C i
\\‘|‘i[tcl|\1(')'tl§e le(t, u.ndc;..smih an assuinption, Lthe M- maximality of & X may he
as :xgw implies (2, wyen Il Also, tl . : Ay e (e
B ! _ - Also. the properly of being U — C:
is equivalent, for an ascendi ; ith [ 3 o
an a ding sequence (r,), with Lhe i )
i i e > () t Lhe (weaker in gener
property of being U — semi-Cauchy : for ecach U<l there exisls e
such that ~ SR

£ -—In‘unyu!ar,

(r,. v )=1, lTor all

This. i ‘ . . .
wawmf:‘ 5;|I'I} .l‘.l-“i“' may he comnecled with a quasi-asvimplotic properly of 2
5¢ podesertbed as @ (a0 is U quaesi-asymplotic when, for each ‘HE'-\"‘

Lrell

o

S {(r,. v,a=U, for some m==ra(n, U)zn
wvidenlly, U — semi-Canchy is g s
A : Atchy s ostronger Che CGnasi-asy e, I
converse relation is also valid when 'TH ('ul'h(”:l'u ) e e
¢ e el : : H { ascending) sequences are involved
in Ulh(‘l words, the global conditions [ ek,
(E‘...) cach ascending sequence is U — semi-Canchy
- (-((1;;\)- (;il(':l ascending sequence is U — quasi-assymploiic
R : B e . N o I . N
qh.,(-ml.e 01.1 (c({] Ll‘l(]l .ulhc'l.. (This equivalence conlinues 1o hold even in ihe
s e ol [‘“)-. lelf, in thl‘s.. cas_c,_((‘.g) 15 (generally) not redaclible to (C))
. I\LI] wo pseudo-unilormities U and B we shall say B is finer than
““ﬁm{j’ _':\{ flc:[mic this as B ¥ 1) in cuse for cach {7ell There oxists '\'Et‘B
éireh a.sily lh“ T “l“ ﬁﬂ,\' U and B are equivalent when Ty Uy B In
[ a sitluation, each nolion (from the above i is iden
lch ‘ ahove introduced ones) is identical
with Hs corresponding i ) e
E g ng B—notion. (For exe hnali
s [0 . (For example, U —maximali {
HIaxi IGTH (T g A ; : aximality and V-
x,llmil”ll?m} }alc equal, ll_-.(.au-(‘h}' is identical with @ — Cauchv, ele). We
Lq‘ll:\' :ﬁ::: “'(l]hscl;do uniformily U (over X). pscudo-metrizable, when it is
qivalenl with a denmwmerable one, Tt i ] I $ [h
- I is now dmportant Lo specily that tl
answer 5 . , . i g i ) b
unil’:)(r: l.?-l_]}‘ above F)f)so(l problem is Lo be given in the context of such pseudo-
o nities. (The general case will be trealed elsewhere). A basic result of
is type is concentrated in o ‘
'l‘ {3 i t} 1 Wil y
” H"l!l; orn’: 1(1:”\-;_1‘4 the: pseudo-melrizable psewdo-uniformity U oper N be
ot o f'i:'!( !hfm; !;’)‘!((,1). l.‘lf.hf’.f' of the (mutually cquivalenty conditions (Ca)f
P;f_)“d”_mm_f_“M[r ol .l'{“’ < is « normal quasi-ordering, (Coroliary : Ll the
sable {riangular psewdo-uitiformity U over N be such thal,

either of the (mufually equivalend) conditions (GO0 or (C)/Cyy s fulfilled. Then,
furr citedt ve X Hhere iy oa me= Xowilh o) renh) rgwss w)E 10,

Befove passing to the proof of this stalement. fet us indicate a particular
cace of it. whose usefuiness will be clear in the sequel. Lel (Y, 1) be a topo
Jogical space and 0& Y, a dislineuished point. By convention anv mapping
d; Ni— Y with

die. v)=0, Tor all ¥ X
will be referred to as a Y — pscudomelric over N, Given such an object, we
asvociate it preudo-unifornnty U dy over N consisting of all subsets
L, Gy e e N2 dir, p=GL
where € deseribes The Vamnly Q(0) of all open neigliberhioods of 0=Y. By deli-
pition. any property involving () will be atlached Lo d itsell. (IFor example,
dis < — triangular il and only i W Tallis Uhs condition). LEgquivalently,
any nolion expressed in terms of iy will e ealled a d—nolion. This, com-
bined with the choice of (), wmeans, e.g. thal an ascending serquence ()
is d-Cauchy whenever
d(2,, 2,)=-0 as hom—on (1 < my;
also, (x,) is d——asymplolic, in case
dir,, ¥, )—0 s
(The remaining notions have similar interpretations). Now. [or a number of
reasons we shall explain Further, it is desirable to have a property like (au
assumption we shatl admit in the sequel)
(P nQ(0) = {0,
(Of course, in such a case. the property of being d—wmaximal reads : c<u=v
implies d(u, ry==0). l.ctl us add the Tact that U (d) is pseudo-metrizable when

n-—90,

() Q( has a denumerable basis.
Note Lhat (P))--(P.) may be wrillen as a single property
Py {0l s a Gy—sct,

The inlroduced Y —psendomelric d generates Lwo (distinct in general) sequen-
tial convergence siructures — and «— over N. by the convention
T, = (T +~2,) provided d{z,. 0)—=0 (d(x, 1)—=0). .
We have Lo remark thal. by the general working hypotheses, no implication
ol the lorm
= 2(vex,) implies () is d-Cauchy
is Lo be relained. However, we say the ambient space Xis d-complele (mod.—)
when each d-Cauchy sequence converges (modulo—) ; it will be called (d, <)—
complete (mod. —) in case the property in queslion is valid for ascending se-
quences only. Also. Lhe ambient quasi-ordering < will be said to be d-self-
closed (module —) when the limit (mod. —) of each ascending sequence {in
Ny is an upper bound of it Siinilar delinitions may be given for the reverse
convergence slructure «—; but, in the sequel, untess explicitly stated, we shall
work with the divect convergence structure — (whieh, Tor simplicity, will be de-
leled as a component of these notions). Now. itiselear that, under (C) plus
() N is (d. €)—complete
ecach ascending sefuence converges (in X): this, in conjunction  with

3 — Alatematicd
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(Co) < is d—seli-closed
rherefore. B=U(d, G,); nEN)Is equivalent with U(d)=(U(d, &) ; G =0(0)).
m ¢ are fulfilled {modulo d). By the

gives al once (C;). S ine
gi ) Summing : il A o - -
1) gup, we deduced as a variant of Theorem A he But in this case, conditions of Theore
It we have promised, for each x& X, a d-maximal ele-

following maxi i -
2 ximality res . o
ality ult due to Gatvin (personal communication, conclusion of that resu
This, plus the fact that P—maximality equals d-maxi-

([uotefi‘hin Turinici [22]): l e
eirem B, L.t | . . L pent 2 X with r €z
Y — pseudomelric d over f‘\'P ,g:;ﬁ“ﬁ”;ﬁ;’ffﬁ .SP"C;") (X. <) fulfiling (C,) and fhe pality ends the argument.
Y salisfying (P.), be such that each ascending An important consequence of Theorem C is the following. Let (X, =)
e. Given the function F:N--T, callthe point € X, F' —

sequience is d- : ; .
q d-Cauchy (respectively, d-asymplotic), Then. for each v =X fhere pe a quasi-ovdered spac
< implies F(z)=F(w) (that is, I" is constant on X{z, <)=

is a d-maximal element ze X i
- } T N 4.
X with <z, In particular, u sufficient condition ~ meximal, provided =
Clearly, F-maximal is equivalent with d-maximal, where

}(’2{1 (Cy) is the couple (C.)+(Cy). e )
¢ must not forget that all these consi r . ~IrEN,; T2T)
S e = : siderations are heing made . T R Wi .
restrictive property (P,). In the absence of this, the n}m\'egrcsult' :I:lndlf:n tﬁe the semimetrie d over ‘\lh mtrndl-u:cd Ny
S (1) dir, =IF)—F@L v y=eX

obtain\fid .wit:lwu.t the Zorn maximality principle)
Now, a basic choice for the topological space in question is Y =R, Then

Y —pseudometric will be simpl This, in Lhe presence of an assumption like
s ! refer N : . :
mply referred to as pseudomelric. And, the < - (C;) F is decreasing and bounded from below

triangular property (C,) reads
y pakes Theorem C applicable. So, we arrived al the following 1976 ordering

(Cs) for each e>0, t e

d(z, z) < & imply d(y, 3( s.there exists 520 such that, x<y <z and d(z, y), principle due Lo Br ézis and Browder [6]:

(Tn particular, this is clearly holding when d is a semi . Theorem D. Under the assumptions (COH(Cs), we have that, for euch

usual sense), The following variant of Th he 'bB‘l.'\.ef”"m”T’C over N, in the |r=X there exists @ F-maximal point :SX with x <.

discussion : see Kang [13Jor Turin ?U‘l?’m o0 Is immediate by the above Now, as results from Turinici [21]. Theorem C is. in turn, reductible
¢l [22] for details. Jto Lhe above statement (hence, equivalent with it). In other words, Theorem

Theorem C. Lel the pseudometric e 3
P melric d over X be such that cither of the equi- D is but a re-formulation of Theorem A (or Theorem B).
Among the variants of this result, the [ollowing one is to be noled. Let

;’f,f;"’,) Eg’fgﬁg?gu%z(cé) iis(bcfgg fulfilled (modulo d). Then the gquasi-orde
5 g ormal (under i i : oo B
(Ca). If, in addition, d is < — {riangular, us call the point € X, <-mazximal, when =< implies 2 2w, As usual, we are
s under which any =X be majorized by a <-

interested to find condition

e X. (The ambient quasi-ordering < will be referred Lo as a Zorn
a case). It must be noted that Lhe appropriate framework
eiric one. Letting ¢ be such an object, we denote
X) the infimwn of all d(x, y), y=Y. The pseu-
< -asymplotic when, for each = N,

then (C,)/(C,) has the same
)/(Cs) has tme power as the couple (C,)/(C, il
fﬂncl‘usl?n may be depicled as : for each 'rg X (lf:.r?!gcii? “(H:l;ﬂf;” o a”‘d
e wea (e, e, teXN with a) v=:, b)
W g . !

direet a;: ;?1?311:;]0“ xetm.n Lo the proof of Theorem A, Mutalis mutandis,

, ir“n(‘(ﬁ et '—‘adapt.ed from the ones given in Lthe above quoted )‘1 e,

_:;ion‘ H,Owa f y av al'!able mn our general framework, Lo get the de‘;iredf ‘cgﬁrsl-h

o T.heme[i Er,hlt will bp more useful to reduce the pr60[ in que.‘;tion to 1ch2;

o equi\-aleni: ’tle_cat;se §n‘51tcll a case the already formulaled resuits will beco-

de;'l\rin d o do thl_s, notq that, by the involved assumptions, the

witrfouf lizelén(;-un;formlty U is equivalent with a denumerah]e"one' gg-
may assum i i is, . :

R L e U itsell is denumerable; that is, U=(U,;

Denote

(c?n) l":,jﬂ{bl'j; isn, neN; B=(V,; neN)

dearly, Vy=U, and n-»V, is (lecrmsi;lo‘ Iy '

‘ 0 . u 18 asing from (N, <) to (X3 <). Moreover

ilsmr;[]il\-..r:lge tthf tnonf)ns of U—maxjmal and i)—m)axim(al ;lrz ).t}‘ulzmse;:xzr

Hio }I}-LCaucfl aa, by 1he. z'lbove definilion (D,), the notions of H—Cauchg;

e ]3:3L l:' ilft(l-!:)l(ll\uil:r: for illn (ascending) sequence. Under these

prefimin pseudometric d=d(B) over X by the con-

maximal z
quasi-ordering in such
of Lthe problem is the psendom
by d(x, Y) (for x=X and Y o
'Yometric in question will be termed weak
l.—0, there exists y=y(x, €)=2 with

h d{u, X(v, <) <e, for ysusr.
To wet sufficient conditions under which

(Cy) d is weak <-asymptotic
be fuifilled. call a sequence (x,) in X weak d-as
n<mi=0 Then, clearly,

(C,) each ascending sequence is weak d
as it can be directly seemn.
duced by d (under a previous cony
for each re XN there ciists yzr with
(g in N{ <> with e

ymplotic in case inf {die.. Ea)

-asvmptotic
is one of these, Let also « stand for the dual
convergence structure over X, in entiond,
Wesay g is weak d-self-closed when,
the property that each ascending sequence
fidmits ¢ as an upper bound.
| Of course, a sufficient condition for
5 (Co) € 18 weak d—seli-closed
s (with y=1)

(€ < is d-self-closed (mod. )
by the very deflinition of this property.

Theorem E. Under the general boundedness ¢y i {0 3 e e

ciore ritier

cific conditions (Cg)+(Cs) be admilted. Then, < {5 o Zoalt qi

d(z, yy=inf {27*; (z, PpsV g
Denoting for simplicity e b
G,=[0,2"), neN
one has (el. a previous nolation) -
V,=U(d, G,). lor all neN.
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3. 3 g - - » ...
Proof. T.et the function F:New By be defined as
o ey osap (i, N(p, <)) rgnge], ¥y €N,
1l sueh a convenlion is meaningl esulls I )
(Thel “ww:m e : 1\'_ n'u.dmnglul, l'(,bll“.\ hu!n.((.,,.) Plus The remark Uhat,
nal se sitiations, N nay be substiluled by Nggo <) where g =0 is Lha
;ﬂl u:}ng} in the '.|nu0il}'m_;1 condilion), Clearly, I is decreasing and boundeq
)lo'ml il m\\_; henee, by (£y) condilions of Theorewm 1) are fulfilled, Given the
](9111 1] ,_!il(?l'(? exisls 2 Fmaximal point g X with &gy vole that "h\l-
<) oags = o= i 3 e e ol s
(Cs) again, Fyy=u. [..Ll sy be that introdaced by (U0 we claim 2 s g 3
maximal, Indeed, lefting w2z, we havel o view ol -
diy, N{o. sH=0, Tor all vgw.
that an ascending sequence (o) in N <) way be determined su Lhat
diy. <27 naN (hence gen,). :
This, along with the choice of ! v . .
5, g vehodee of =0 gives 1, 52, NEN elrom ¢ T i
) ! ILGIVes B, R Nowherelrom w €2 T he
is complele. q.e.d. o e ['“'E[H;)l
}s ':lll'cil(l}'-s;ltii. Hll!lli(':l'lll condilions for {C.) and () are (C;) and (-('")
|(l.apc(‘ ;.\ e(l‘_\K. It is mol withoul interest to poinl gutb thal. with -((':.I}—'-((ig;) iBn
Pt (Ca)(Cs). the basie boundedness condition () is equivatent with
its (weaker in general) counderpart
° » . T L) I y e i H 1
([(‘1)1 (,a(,lll ascending d-asyvmplolic sequence is hounded above. &
n Tact,let (v,) be an ascendings in N. 't el
. : e Xy an asce gsequencein N. Thal the properiy )
s holding | il the property helow
for cach £<<0, the ists % .
ac <0, e exists gy < N such Lhat n{z)<n g i i
. : g) < N suc A g gm
d(xy, {xs mLr)<e z s lml_)_l__lcs
" St e . ) . ) U4 R
s almost evident, by (C) 5 so, we omil Lhe details. In this, case, it 15 nol hard

to build up an ascending sequence ol ranks (k(n): n=X) wilh : {
bl ) . 4 i
(P (ny<p<g=d(e,. {o, psn)=2" b

Now, lel ()= [k 0 N ATk |
maiy be [ound \\(‘il)l IIL(])‘ ]‘('.“)] he agiven rank. By (P,) arank A(2) = [k(2).c)
. i l (0, Ue) <271 Withoul loss. one Inay suppose h(2y =
» It(l‘i 4 11}1(.:11( (K hllll(!tl)()ll. by (1)) again, a rank h(3) =[£G, o) may be chosed
: al a{Xy... Ty, 270 ele., Induelively, we gel ! i '

oLt s AT 2T ele .we gel an ascending sequence
ranks (A(n); ne= Ny in X, with ' i 5 geaenc)

L

(1) ‘ Xy ). B pt=270 Tor all n& X, ul
ill&(C?L:hc(\l])llH an 1'*'*('“}(““.5,".!1 asymplal ic sequence which, by (€, is houn-
(,,(,,)‘. N c"\f) :‘n“('\" conj lfmil-m? with {he choice of (¢,) plus the cofinality of
e i ;)\-1:;:. {n(l;wl \1(“(.ll'{:flln}(‘ll.l. Observe, incidentally, that when
d (:illl('h}' s a6, in fhis (i‘l'ﬂ‘, \\:3 !;ly:(;::'( (Sl(lltlf.!ll)i :(.”]'\il l:?'lo(l Iﬂ‘h‘()\ N h}' (135),'

d—Cauchy, to produce the sam --[ G |f.”.}l ( ) t]h}’.l]][)l()lttl‘ with
Theorem B has been Uhl'li]]('(.l‘h\'("l'(I:“(ium'“n: ll;ll.s semi-metric version nl-ﬂ-

g A | ntceit 2110, O A ireel Zorn

Il.“'lf[’("‘d“;'t‘: Ret l“llillf_}' to the inilial framewaork, Iiﬂl(! ltl:::t.mﬁ\l'l lllu(‘l“z:!‘:;lllflg:llll,

i ):.)(\,\,(,(1' rltilui‘_”.““‘ E appears 45 4 consequence of Theorem D. But, the re-
] I("ll'l R implication is also valid; this will he proved in the next sections

sions, ;\:(i-,;]tl'l])l\:..:n‘llnl_[[% (‘:D“_]_M;"j(‘.d_hf Theorems €D :}dmil denumerable vers
Then, the ]m'u;!u‘unil‘m.q((". 3 lrL_M. he a sequence of pseudo-melrics over b

5 ity {over X)

(HD)—, () [0, 20); d=D. = (i I

—5 b
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[n pacticular, the sequence D max be gene-

i easily shown To be metrizable.
F=(I7,. 1= N} is asequence of functions

paded by The convention (1), where
N onte I

Yheorem F. Lol the seguenee of p.urudn-—mrmr.\' @ he such thal, [or cach

S @, condition (Gy) (or (Co) 0 helding (modulo ). Then, i in addition (€))

fkes plave, 1 s the case thal carh ve N is majorized by «a @ —maximal clement

e N (indradieed ds 2 SR implies d{n. vy=4 for all d=D). '

Co-ollary : Lel § beoa sequedice of functions {rom N\ infe R fudfiling (o).
Then (uider (C)) Jor cach ve= N there exisls 0= Nowith wy v<:, b)) 2w im-
)= run. FeE.

Fhis result is eleariy equivalent with the above ones, TUhas been ablained
by the author in [20]. throngh a direct method, As a matter of Tacl, a denu-
aerabile version of Theorem 13 is alse available @ bul, we shall not explicitly
consider This fact in the sequel. Forthe non-denumerable (general) case we
peler to [22]

3. The nain resulis: a aximal-censtruetive  approach. Let N be a
ponemply sl and <. @ quasi-ordering over N, We also give a semi-metoie o
aver N note that, by the svietry properiies, the convergence struclures—
| and entraduced in the abeve seelion will coineide, Asa substilute for Theorem

1. the following variational principle is proposed.

Theorem 2. Suppose N is (d. <) —complele. < 1s d-self-closed. and 17 X
W I is deereasing and hownded from helow. Then, for cach >0, a0 andus X
(17, ) fhere exists p=0(g, 7o) i NI ) wlh

2y wow d{u ny<l I7(u) < (v

h'y (e oy (gfr)dip. ) >0, for cach me X, <), d(r. w)#0.

That such a statement includes Theorem 1 is relatively simply Lo verify.
Indeed, letting N, d, I he asin (hat result, let us introduce a quasi-ordering
< on XN by the convention

vy, <x, if and onty i[ F(ry) < Fx.)

Clearly conditions of Theorem 9 are fulfilled by the triplet (X s, d) and the

same function 14, 1Tence, for the given £ =0, 3.0 and u= X(F, &), there exists

n- n(z, 7, at) in N(F. €) such (hat a’y -1-b") ehove are true. From these. a) is

clear. Moreover, let weX be such that d(r. 0)#0 (hence >>0). The expected

relation by will be surely valid whenever F(my g 7). So. without loss one may
assume ) € Fae), that dsc o< But. in this ease. byresulis directly from

1), Henee, anyway. b) is true and the conclusion Tollows.

The implication between these resulls seems to be strict, in view of ihe
fact that fse and decreasing are not reductible to cach other; for exampie,
when NI, the function

[iom

I-l."f('.\'

Floy=sgn{—x). X= AN

s clearly deereasing bul nol Ise. Mowever, as we shall sce below, the converse
implication is also valid ymaking these resulls be technically equivalent). This
. cannol be done without Lirstly checking the validity of Theorem 9, It is exactly
L our main aim Lo supply a prool ol this resull, via Theorem . Further, we show
. Lhat, actually, Uhis last statement is a conscquence of Theorem 15 therefore,
we closed Uhe ¢irele between these restilts. The ohtained equivalence is, perhaps,
interesting in itsell. hut not very productive from a variational viewpoint
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this because the differential inter i Vi i
g . pretation of b’} is rather different fr
of b). These facts will be clarified in Section 3.) rentrom the

Proof of Th. 2 via Th. D. 1 5 int i
) . . D. Let us introduce a new guasi-ordering =
X, by the convention " £

(D)) r==y, if and only il z<y, (g/Md{x, ) <F(x)—-F(y.
Suppose (z,) is an ascending {modulo Z) sequence in X, i.e.
S X < T (& N(Es Tm) < F(2) —F(,), 110

t immediately follows by the boundedness pr [ ;

o | \ ss property imposed upon F th
(x,) is an ascending (modulo <) d-Cauchy sequence in X, I3y the (d? .-;:)—co:,t
pl_eteness property we admitted, ¥,—x as n—oo, for some & < X, This, combinec;
with < being d—self-closed, yields
(2) x, = (hence F(x,) < F(x)). for all neX.

As a consequence, the second relation in (1) gives

) (eNdyx,, x,)sF(x,)—F(x,), n<m

Now, take the limit as m—oco in this relation. We gel

3) te/Nd(x,, ) <Fx,)—-F(x), neXN
which, combined with (2) .gives
x, <z, for all neN;

in other words, (x,) is bounded above (modulo £). O
: er v 2 () | Z). On the other hand, F
is decreasing from (X, =) to R; hence, Theorem D is applicable. By the con-

|

clusion of that result we have that, for the given u=X(F, ), a point veX :

exists with
a) u 2o, b) v=sw implies F(o)=F(w).
The former of these relations reads
u‘sv, {(e/Nd(u, v)<F(u)—F(@v) <Fuy—inlF(X)<z;
and, from this, d(u, v)<X. The latter may be writien as
us‘w,. (f,-')\)d(n, w)< F(v) —F(w)=F(v)=F(w) (hence, d(v, w)=0).
But, this is just b"). The proof is complete. q.e.d.
. Perhaps it is not without importance to point oul that, as a matter of
.aci.;, (I_need not be a semi-metric in Theorem 2, but merely a pseudo-metric
satisfying the following kind of triangular property )
(C;) d{x, ) <d(x, y)-+d(y, ), whenever rgy<z:.
Indeed, if this condition is admilled, we have (in view of (2})
| e i ' -
(5.' ;‘)d(‘cm t) '5-(5.' ;\)d(im xm) +(€.'}»)d(.'l"m, .’IT) QI‘(IR)—F(J'm)+(5/)\)d($m, .1’3) <
N = F(a)—F(x) + (e/Nd{xy. x), ngm,
\l\?erefore, passing Lo limit as m—sco, ons re-obtains (3) ; Lhis ends the argument,
e preferred, however, the semi-metric language for a number of technical
reasons of a variational nature.
5 So, far, '1_‘he0|e_m 2 (hence Theorem 1) is a consequence of the Brezis-
rowder ordering principle subsumed to Theorem D. Before answering to the
converse (uestion let us show the result under consideration is also a particulal‘
((:ié_lse of Theorem E. In fact, by the argument above, we have that each ascefis
ing (mod. <) sequence in X is necessarily convergent (hence weak d-asymp

of any ascending {modulo £) scrfuence i~
hound of it (mod. =) ; hence £ is d-delfl
And consequently, for

{otic). On the other hand. the Thmit
by the above discussion, an upper
closed. This shows Theorem ¥ applies to our clements.,
cach reX there exists &N with

Ay rssn by D Emw implies w2

Now, a''y gives the firsl assertion in Theorem 2. Moreover, b’} implies
F{z)=F@w); hence d(z, wy="0. and the conclusion is clear.

We may now relurn fo the above mentioned problem. whicl may he-
re-formulaled as : Ts Theorem 2 a genuine particular case of Lhe Brezis-Browder
ordering prineiple 7 AL a first glance, the answer musl be positive, by the facl
{hat, with respect Lo Lhe semimetyic d constructed as in (D). no completeness
property is to be deduced for Lhe associated structure (N, d), under the as-
sumptions of Theorem D. But, if we note (hat. by a result in Brunner
(sec the introductory part) Theorem 1is equivalent with the Prineiple of De-
pendent Choices. a negalive answer is more probable. Tt is exacl by our main
objective to show this is indeed the case, in the sense : Theorem D is a conse-
quence of Theorem 1 (henee, a fortiori. of Thearem 2} This. combined with
the preceding discussion, may be also depicted as : Lhe variational principles
cubsumed to Uhese theorems are equivalent with any of (e maximality resul(s
in the preceding scclion.

Proof of Th. I) via Th. 1. Suppost (N, =) isa quasi-ordered space ful-
filing (C,). and let J:N—R he a function with the propertics listed-in (C:).
Given the arbitrary Tixed point ¥ € X wemay consirnct, be the same procedure
as in {2(], an ascending sequence (r,) in X(x, ) with

F(x,) - F(x)<2™", whenever Z,=t, neN.

In view of (C,). (x,) has upper bounds. Letting y be one of these, put
Y =X(y <). ltis clear, by the above properties, that (Y. d) is complete, where
d:X* —10, c0) is the semi-metric attached to 7 under the model of (D4). In
addition, the (bounded from below) function [ is trivially shown to be lsc
over Y. Hence, Theorem 1 applies to the triplets (Y, d, F) and (g, A, ), where
c. ».=0 are taken in such a way that O<"g/» 1, This vields a point z€Y
with the property b) of thal slatement, namely

(/) F(x)—Fw)!< F()— F(w)y=F(z)=F(w).
Bul, evidently, the lelt relation of this implication iz lrue whenever
henee, - is F-maximal, as desired. q.e.d.

The following technical remark about the components of Theorem 2
<hould be retained. Suppose < is the trivial guasi-ordering on X : then, the
introduced function F is decreasing if and only if itis constant. In other words,
for non-trivial quasi-orderings, ‘Theorem 2 appears as 4 completion of Theorem
1. This raises the guestion of whether or nol a common (formal) extension
of these results may be formulated. The answer is positive and may be given
aiong Lhe following lines. We term the function FF: X—R. < —lower semi-
conlinuous, when

(L) ascending, T,—X and F(x,) < for all neN imply F(x) <A
Clearly, Isc implies = —lsc; and, when = is d-self-closed, the decreasing pro-
perty also gives <-Isc (without implying Isc, in general, as underlined in the
introductory part).

cEWw
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__l"h(‘ornm 3. Assumc thal, in Theorem 2, decrcasing is vepluced by = -
lse. Then. conclusions of thal resull wre palid.

A divect proof of this asserfion may be given hy the same procedure
g= that used it deducing Theorem 2 [rom Theorein 1. As a variant of Uhis
,]Fi < be the guasi-ordering on X defined by (D). Clearly. conditions n[
Vheorein 2 are applicable to the triplet (Xo 5. d) and ihe same Tunction F;
this ends the argument. ’

Formally, Theorem 2 appears now as an inlermediary =lep towards
Theorem 3. So, it is legilimate to ask aboul the reason of treating it 5(‘]11\:':1[.(4';-
in this series of results. The answer is the following : in addilion o qi\'ilfg
us a new Torm of Ekeland’s principle. the specific assumplious in Theorem 3
allow — inavectorial perspeclive — a more general treatment on the bounded-
ness conditions imposed upon I, than those in Theorem 3. To be more specific
assume Lhe co-domain, Ik, of the funcltion /. is to be replaced hy a nnl'me(i
space S, ordered by a conte. We call the function £7: X— S, semi-botinded below
in case FF(N(u, €} is bounded from below for cach v = N, OF course, condition

(C;) I is hounded below
is a parlicular case of

(G I is semi-bounded helow.

The former of these allows [ he €-fsr or decreasing, Bul, the latter cannot
be handled - Lo produce conclusion in Theoren 2. with X(r. =) in place of
X — withoul a deereasing assmplion about J7. Some further aspects of the
problem (frealed, in some particnlar cases. by Newm el b s will he dis-
cussed elsewhere.

Now, Theorem 5 is nut only nseful as a (formally) comutative result,
but also as a step in deriving a (quasi-) order version of the smooth variational
principle subswmed to Theorem 17, To do Uhis, let the triplet (X, =, d} be
as in Theorem 3. For pz 1 we consider the clase T'y( <) of all functions

G(y= Yoo, (d(x. v,y xeX.

where (u,) is asequence of positive numbers with Xy, —1. and (2,) is an ascen-

. u

ding (mod. <) convergenl seiuence in N. The convergence of this functional

ceries iy nniform over bounded subsels of X (hy the Weicrstrass crilerion).

Hence, the (parlial sum) functional sequence
()~ ¥ pfd(e. o))" x= X

hgn—1
converges towards the fonetion (. eniformiy on bounded subsets of X. This
in particular savs € is continuous and. moreover

(Pe)

-1, 2.

(5,00, )= () as n—oC. whenever X, — .

] ,'l'hvm:vm 3. Under the above choice of the friplel (N <, d), suppose
f': N R is =-lve and baunded [rom below. Then, given fhe constants e >0,
%=0, p2 L and (he point ue X(I e), there mag be defermined a GV () and @
pveN(IF, ) with the properiics a’y of Theorem 20 plus

) F(wy— Iy {2/ nP) (Glw) 62 0, for cach wzr.

In particular, « safficient conditivn for fhe <-lsc is
properly (upon ).

the decrcasing

111 with some modifteations,

\'.\ltl.\'FlO.\f.\.L EKELANDS PURINCIPLE Gl

Borwein amd DPreiss

We shall follow the procedure in "
2. and (0w 3) by

Define the vonstants {2
goecz. Oepat - (8/8)

u) (£/27).
0 i <myaud (0 0 i < ) have

I'roof.

(o) - inf FUN) =2y
0 el Y - LR Bl
Ao, denaote Fa=1. py=1. Suppose Thal (73
been constructed, We put
(N 1, () =100 Sl (d{e. N’
i £} w0 Lhat

and choose 7,4, € N0, ' - ' )
!I)') I""-;.I = (”n'!'l) £ (}l:u(”u) _!l'(l - ‘)) il [-”_ 1(‘\“]!" = ))
we note Lhal

'o see Lhe effectiveness of Lhis |
Fu(”rr)'_‘[“nf l(”n)?; inf ]‘.n!'!(‘\(p"'.s h-

. p, o olherwise, use the
2 r,. Henee theiteral ive
o sequenee (0,)
one may proceed

re XN

sl consbruelion,

so. if Uhe infimum is altained al p,, one bakes
definition of the infimum to wet the desired Dnml. 43 _
process (D)4 (D) s indefinitely mnsl.r.\lcll'lﬂu; it gives us
which is. until now. ascending. To estabhish ils convergence,
as Tollows. Denote ‘
2= (). G, = nl L N(m. £} nnEN

B3y Lthe above definitions, one has )
A Gy T+ € Tpr < Day (1 —0)6, 41 & e 7 (=W
In other words, (5,) is inereasing. (z,) n dc('rg;lsin;_{ and o, < %, for all
ne= N omoreover )
Uy~ Tkl S ({2, —Ou)s neX.
1rom his, we ‘deduce
Gy — Gy 5 0"(‘7.(,--.65.). ne X\,
which in particular says (6,) and (z,) have {he same limit, On the other haundl,
for all neEXN.

PP Ay bt = lf‘n(“n-}-\) + Sl’-”(d(”n' an-l)) Pz Ty '"" 35’-"('1(!':1- ”u‘l“l)) &

ini i s relati ¢ jusl obtained
combining with the relation we just

PR O R U L
By the compleleness
in such a case, formula

wherefront.

(hH

This shows (#,) is an

hvpolhesis we admitled, (p,) is thus comd ergent:
Gly=—(1 —p) Bpidlr m)t = N.

(1)
defines an element of T <). Let vstand for any of the points inlim (r,). We

ascending d-Cauchy sequence.
and,

i
{o salisfy the imposed requirements. Clearly,

elaim (6, vy is Lhe desived conple s. Clear!
i hand. by (1) plus the relalions intro-

ng (us €08 d-self-clased). On the other
ducing these conslants

d{u, r) < Z([(u"‘_ Moty < (22 3)1!1»'{(1 (O <2y

" - =
We also have (Lhe sequence () being defined as 1n o previous place, with

{ie,) given by (D:)

3y (1 —p) g[S = 0

F, o I (efn") g tor all nzl.
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This clearly gives

‘ Fr ) (el (n)y=2, = o, I(uw), nz21,

Combining this wilh (') plus the =-/se properly, one dels
Foyg F(my (e 22)G(n< T (2,) (henee F(:)f; F(u)

Finally, let wz e be arbitrary Tixed. We may write

Fy (210G (w) = lim F ()= lim s, lim 2,.

- I s I ] o . . . : 4
By [ b ¢ 1 [: l.l()“ W ilt'l v ved, ]('](Ib !h(' (lll[[]”‘\]“!l { I III" i
l. 18 Hils l € reea g | 0w ‘I('l] 5 l 3 " - o
15 (,("HIJI{[(’. q.(’.d. . . )
\‘ w l ' th\ non-e ]. ) i' l tl f t g I‘
1nir U(l “(:.l : « 3 i ..‘ (.. .. h . ‘ . .
0ry p ”t 10 Ill'lln(‘(ll ‘l ¢ C()i]%(]ll(‘n(‘(‘ tH ¢ ) 15 )

l h -) 'q‘(“))- 1"(“) —l'*(c./;‘.)l‘(”, HP';-‘ ”, I()I‘ ﬂ“ fl]) i

oneer i fac Xy 3 i .. : - ]

‘ cer l]l!l.s-.‘ IIH.‘\ Ia(l. we ll()l(‘ 1]] \l. imn l-Il(‘- ('U“t('xl ()[ -[-ll(‘Ol'!‘m 2 1! ¢ PIO t
iy i Per Y

b'"}y is not hi : i
th()- o lthmg but an equivalenl form of b'). Indeed, by Fheorem 1) Y
, o . 0 . ! av
poinl o appearing in this conclusion is I — maximal, Hen e that
s al. Hence

t F(o)=F(m), as soon as v=w ;
and. from this. plus the easi (
5. s Lhe decreasing property i
arehgrom th B ) easing property ol the function I, the as i
s iwu]pd]:\]l' aln ]-lh.‘-!lll’l)l])l:nll tike d(v, w) =0, The reinaining situation ('il.z;ort;o:n
= $ ied by Db} ; henee the co 5 lext corem s
( I by ; henee the conclusion. In the : T
g . T ston. In the context of Theorem ;
gument is no longer working, because I is not, in general cl::((‘?:z:ln'] d‘
o g al, decreasing
o

But,in ¢ i is, il i
[t]' compensation to this, it isnol hard to see thal, as an easy ¢
of the <-lse property admitted, A e onseqnen e

see the

§ F(x)=F(y) whenever d{x, y)=0;
hercefore, b'') is again de i ] i ,
. 5 4 duclible (in this larger
therelors. m ) 3 LG - (in Lhis arger context). In parti - thi
which it r (fl(.l\ﬂ 3_ above includes Theorem 3. It also includeql'l‘h ’CUIm‘Eh]s
X cduces when € is Lhe Wrivial quasi-ordering over \:; corem [ (3
A technical questi i ., e s
: stion to be solved istl i
e o bec stion s 'l is Lhat concerning the stati fity
L 1}19(]11)0“-“0 (#7,} appearing in the construction ahove, an?tlnt '1'“0“;“ l'tlif\ 3
the )l‘f;or » e_]f{""“‘d paper {see also P helps [18, ch IV]) {;n;-d i
, . ¥ - ) L L) ayv i
e )| in Theorem 1" so Lhat (in the melric context of that |’csullll]31.\ e
] - p,==0, for all neX,
{is natural then to ask w
aturs ask whether a similar pr i i
The answor is affirmaliv a similar property is valid for T 3
answer is affirmative, bul under the stronger uhsum‘pf ionOr Theoren: {8
< is an ordering over X.
AL cases  must be taken into account
dase I The pr .
process (1)) 4-(ID,} gives a sequence (p,) in X with

I'o verily {his, two

p,==p for ¢ Y
‘ ‘ #5040 for all ne X,
Ve have, in such a situation

v, <<tz =v,, for s
Hence, passi imi — . one obtai e

. passing to limit as m—o0 i
e pam one obtain {P.), il we remember that £ I8

Case 2. The sequence (v,) in X given by (D,)-(D,) fullils

14
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Py =14 [Or al least one meNXN.
I.et m be the first index with such a preperty. By the aceepled conventions,
this may occur it and only 00 Fog alfains ils infimum over Ny, =yal v,
1o view of (1D, (written for n=m) it is elear that, I, altains ils infimum
over N <) al m This, again by The above convenlions, savs P,
Doss ADG S0 0N SUBIMING U (r,) is constant Tor nznt: namelh

(])7) 'y <My, Pyty= - =1,
which is the concrete interpretation of () in Lhis case. Of course, under such
a circuwmslance, Lhe functional series defining € is actually finile

(i(v)= E Sutd(x. p)Y 2, Ju") (d(r, ry, ne re XN,

Bl nzzm

We also nole that, by Lhe very construclive character of its proof. a vector
extension of Theorem 3% is (o be obiained in a more difficult way than the
one deseribed in a previous place for Theorem 5. AL Uhe same, the cuestion
of considering Theorem 3" hevond Lhe semi-melric framenork can nol he positi-
vely solved. in view of the essential role assumed by the triangle inequality
in the deduction o the key property. ().

3. A variational approach (the non-constrained case). The information
contained in the main results can ot he suecessfully exploited in Lhe absence
of an appropiale variationad (dilierential) jinfer pretation. I s our main ob-
jective in the following 1o establish some Tacts of this tyvpe. These are espe-
cially related to Theorem 2 and consist in a characlerization, in terms of
Gateaus derivatives. of the almosl minimum points for the non-conslrained
minimization problem (atlached te the Tunction 7@ N T)

(MP) min{F(x) ; r€ XL
(The constrained version of (MP) will be discussed elsewhere).

To begin with, lel X be a normed space. We shall denote by X' the
algebraic dual of X and by X' the fopological dual of {he same. Given a function
F: N— R, we shall term it Gateaux differentiable (in the algebraic sense) over
N when, for cach re XN, lhe number

(D) Fr(x)(a) = lim (O (F+ ey — IF(x))

exists for cach @< X and the function a—I7{x)(a) is an element of X', Tt will
be lermed Gdleaud differentiable — in the ftopological sense — over X when
the above assertion is valid with X’ replaced by N Now, technically spea-
king, the varialional characterizations we are fooking for emerge from the
conclusion ) in Theorem 2. 'This, however, cannol be handled in the tradi-
Lional wav encountered in the amorph case’ (of Theorem 1) because only
points in X(r, <) are involved. We therefore need sowme supplementary struc-
tural hypotheses abuut the space N, related. especially, loils order proper-
ties. To describe them, let us lake < as an ordering over X. induced by a
(convexr) cone Ni. We [irstly admil that
(Cio) sup(x. y) (hence inf(x, 1} exists, Tor all x, yeX

{he ambient space X being termed a vector laftice, vader the Itivkhotl
terminology {2, ch. NV, §9). Denote

x == sup (x, —1), re X
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The basic Tacts aboul Lhe mapping w—jaf are to be Touwnd. ¢, g in Cris|e-
scu [10 ch. V1L § 1] Here we only recall that il possesses Lhe well kiow n
properties of a norm {with values in X3). Now. the second asstemplion ahoyt
our elements is that the ambient norm of X s a solid one. in lhe sense

(Ci1)
The obtained sbructure X is being termed a normed faitice, under the imposeq
conditions ; for locally convex exlensions we vefer lo Peressini [17,
ch. II, § 4] Immediale consequences of Lhese assumplions are
(%) @ and |r| have the same norm (for each r & X)
Py Nt is a closed cone in X {or, equivalenlly, = is a elosed ordering,
inihe senseof Nachbin [14, Appendix]y;
for details, werefer to Cristescu (op. cit.)

Now, for al element f& X', inereasing is identical with positive (in the
sense)
(Do) f(x) 20, for all 2eXy).
The class of all such functionals will be denoted by X, The [ollowing charac-
terization of conlinuity for these objects will be in effect for us.

Lemma 1. Lef feX' be positive. Then, f is continuous, if and only if

r A . 5 -
L{f)=sup{f(x); llall <1, &Ny}
is finite. Morcover, [|f]l=L(f).
Proof. Let x & X be arbilrary fixed. We have —x, x < |2|; 0, by positi-
f()] <f(|x|). This, in conjunction with (%)), gives
f(y2114). a=X, |r|<t,

wherefrom {1 < L(f). The converse relalion being evident, we have [ =L{.
This ends the proof, q. e, d.

In the following. we also need a compleleness (modulo <) propercty of
A wilh respect (o The ambient norm ; thal is

(Cy,) cach ascending (mod. <) norm-Cavehy sequence in X converges
(lo an clemenl of N).

Of course, any Banach laftice — introduced as in Birkho [ (sce a
previous reference) — represents an example of suel a strueture,

We are now in position Lo formulate the First main resull of the present
seclion, ‘ ’

[ry € g |= [ 1“ % ”1:“

vity,

Fheovem 4. Lel the conditions (Co ) —(Cyy) be fulfilfed and the function
170 NXN—= R be decreasurig, bounded from below and Getowr differentiable overpX
i the alyebraic sense. Thea for cach >0, 3.0, and we N(I°. &) there exists
v=n(e nhou) in N(F, ey with the properties a'y of Theorem 2, plus ‘ |
) o) € Xo JE @)= e I
Proof. Lel = noand o be as above. By Theorem 2, we have promised a
s N(F. <) with the properties a’)-Lh') given there. The second one may be
put in the form
N (M

Fl= (e —wll, for ol w =0,

In particwlar, Tor weed-ta, t >0, a=X,, one gels

sueh that Fa)

17 VARIATIONAL

FEELANOS DININCIiPLE NYT

O (I ey Frta)) <]l 0.
So, passing la limil as (=0~
0 —1"(npu)y = (2/r) all.  a=Ng.
This, in conjunction with Lemma 1 oends the argument. . e, d.

[ s interesting Lo note that, in the absence of a decreasing property
for /70 Lhis resudl s nol in general valid, because — J7(0) is nol  a positive
(lincar) functional. This reveads the essential role of suel an assumplion, for
the argument above, For example, in the selting of Theorem 3, the conclu-
sion D7) cannol bie relained. (That is, the result in question does nol admit
a varialional interpretation. This molivates  from a Lpraclicals perspeclive
as well - the position of Theorem 2 within Lhe series of resulls in {he above
seetion,

Now. as in the amorpl case (K keland [12]% lel us consider the
problem of determining sufficient conditions lor The exislence of an exacl
minimun point Tor (MPY. Unfortunately, the conditions in question are quile
restrictive, To deseribe them, we uced, however, some preliminary faels,
i.el Lhe ordered normed space N be Laken as above, For o, b= X, a#b, we
denote by la, &) (the lnear segmend between @ and ) the hmage of the (real)
interval [0, 1] threugh the mapping f—a+{(h - «). Of cowrse, the restriction to
e, B] of the normed structure of Xois equivalent (via Lhis mapping) to that ol
[}, 1] ; this ts also valid for the ordering siructwre, provided a< b, Lel 10 XN—
— & be a Tuncltion which is supposed to be Gateaux differentiable (in the
topological sense). T s clear thatl, in such a case, I is seqinenl-coniinuous
its restriction to any linear segment of X is conlinuons), bul net, in general,
continuous: this, however, will suffice for our purposes, Concerning ils Gateaux
derivetive, we must  admil _

(Cou) I s segment-coniinuons (mod. <) (thal is, ils reslriction lo any
lmear seginent [w. o] of X with w=o, is conlinuous),

This appears to be a strong hypothesis. For example, (C2), is Tulfilled

(1= .X,;

when . .
(C,.) 17 is continuows (from X Lo X).

Nole Lhal, in such a case. &7 must be Fréchet differentiable (henee, in parti-
cular, conlinuous) and its Fréchel derivalive is identical with [ ; see Lhe
above quoted Lketand’s paper Tor details, The following simple facl is Lo be
noted.

Lemma 20 Under fhe above precised assumptions, Il o, be X, b, be
B, Fiay=0. Then, for cach =0, a poinf r=2x(e) in |a, b
will cxist with [P0y Pl =z, 0= I7(2)| = e

Proof. Denote, Tor simplicily

c=sup{ssa bl ()0, vl
By (€3 we clearly have
(=0, for all {in [a, ]
This in Lurn gives. by the mean value theorem in Aumann |1, eh. VI, § 1]
thal ey —F{e) Henee e< b of course, the ease e« is not excluded, Now,
nany interval Je, d]. e<2d < b, there must be a poinl o, Tor which F (e )0,
Henee, we may exhibit a deereasing sequence () o Je. #] with

e (henee F(e )Py Flayp as n—ox F)#0, Tor all neXN.
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On the other hand, by (C,y) once again
This ends the argument. (. e. .

We need one more convention, Let I7: X— R be a Gateaux differentiable
{in 1he lopological sense) function. We sayv I satisfies a Palais-Smale cor.dition
{(mod. =)in case

(C.y) each ascending sequence (x,) with F'(x)#0, neN, F(x,)—0 ag
n—oc and (F(xr,))~bounded (in R) sequence, has a cluster point (in X).
This is related with the so-called .condition (C)* (obtained from (C,,) by
deleting the word .ascending”) used by the above quoled authors in their
1964 paper [16] devoted Lo global analysis, As a matter of fact, we shall apply
{C14) only to functions I : X— R which are hounded from below and to ascen-
ding sequences (x,) with

(v,) is contained in X, +), for some #>0,

But, in the following. we shall not effectively take into consideration this
aspect, To establish a concrete circumslance under which (C,y) is valid, let
us call the mapping IY': N—=X". F — compael (modulo <) when

(v,) ascending in X, and (f(x,))=Dbounded imply (E(xr,)) is relatively

compact (in X").,

Also, we shall say ¢ : X— X" is F-admissible (mod. <) in case
(x;) ascending in X, (F(z,))=Dbounded and ({:(x,)) =convergent. (in X°) imply
(r,) has a convergenl subsequence.

The following structural hypothesis about F’ is now a particular case of
1he introduced condition

(Ci¢") F' may be represented as the sum £+ where I is F-compact
(mod. <) and G id F-admissible (mod. <).

The proof. of this assertion is almost evident ; so, we omil Lhe delails,
The idea of using Lhis structural hypothesis goes bhack to Palais and
Smale {op. cit); see also Zeidler [25, ch. 38, §10].

We are now prepared for an appropriale answer lo the problem we
aiready formulated. The conditions in Theorem 4 prevail.

Theorem 5. Lel the funclion IF: X— R be decreasing. bounded from below
and Giteaux differentiable (in the topological sense) over X. Suppose wlso that
{Cya) —(Cyy) are holding. Then, the non-constrained minimizalion problem (MP)
has an exact solution ve X wilth "(v)=0,

Proof. By the admitted conditions (Cp,) —(Cp.), we have that (X, €)
is directed. This, plus the decreasing property of the function F, yields

inf F(X)=inl F(X(z, <)), for all x=X,
Hence, by Theorem 4, for each *=X and e£>0 there exists y=—y(r, e)zx
with the properties F(y)<inf F{(X)+< |[F' (¥l <=
An immediate consequence is that, an ascending sequence (u,) in X may be
found with F(u,)—inf F(X), F'(u,)—0, as n—oco,
Of course, one may assume without any loss that (F(u,)) is slrictly descen-
ding (hence (u,) is strictly ascending). By Lemma 2, we may associafe to any
i, a point r,=[u,, uge,] with

.F(”n) F(U"): =27, 0‘-'-|F’(”n);:":2_n, ne\,

The sequence (v,) is (strictly) ascending too and satisfies the premises of
(Cy4) ; s0, it admits a cluster point, say n. By the assumptions involved, it is

Fx)—F ()= 0, as n—co.
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wow clear lhat Fiy=inf F(XN). Indeed, by the closedness properlies of Lhe

[ g -

ambient ordering, we have . '

v, <» {hence F(p,) 2F@®), Tor all neX; . .

{his. combined with F(p,)—inf F(X) vields the desired conclusion, The last
B { ko 0 M N d
certion in the statement is clear. q. e. d. o ) ]

. \Ve are now going to the variational aspeets of Theorem 3. Let XBlJe a
ormed space. By a bornology over X. denoted (). we'_shall mean, as in Bor-

. ein and Preiss [1). any (nonemply)) family of {norm) bounded subsets

:f X whose union is Lhe whole space (X). Among these, twao are of partieular

interest, namely o ‘ . L

e {(y)=the Gateaux hornology. consisting of all finite subsets ol \ N

(':p) the Fréchet bornology. consisting of all bounded subsets of X,

i ot : ) ies, For an intermediary
These may be considered as the .extremal* bor notogies, For an intern 3

.mber, we quote. . g o _ . L
" () --Hu-l Hadamard bornology, consisting ol all compact subsels of X.

i iine over N venerated by a wedge Xo (in the Pere-
o Il e De a quasi-ordering over N generated by awedge Ao (1 ' ,
'.\U;\;\Iit‘i .l-ermincfiog\f [17. ch..’ I, § 1]). Given the Tunction F: X— R we say
N'he X s n (N (#)-) — subderiralive (superderivative) of it at the point x& X
ihcl; 1'nlr euch =0 and S€{3), there exists 8=0, such thal | -
A F > —w(A L FO <t (hy+rn) O-d=0d, he SMX4.

Here, we denoted lor simplicity .
I A F =t (e Ry —F(ap, >0, he \ |
'-l'“e considered function is callcd‘ (Ns, () — .\'ubdl:fferenha’bh’ (supw-d;ferﬂﬁ-
liahle) al x= X when the class ¥ E() (3% 1"?.(.1')) 01":.1]1 (Ab+_ (#\')) #S)l)ll.)d{\:]:‘:
vatives (supet(lvri\'ati\(-s) is nol empty. Tt will be said to be (X, {
n‘crm!iable al reX when

VHF(x) EE#I"(.I') g4k (x) is not emply. . N
To give & i .cription of this property — of a cenlral imporiance
tihoe ilc\qtuc:ll lm\::"ln::zec?tc::)]:o preliminarl_\' fill)(:ls. Suppose < is an ordering over

i \ fith res hich conditions (C,g)—(C;.) be
\ (indnced by a cone Ni) with respect to which s (C, ‘
[ull(illll]ed. Let (X;)" be the class of all functions [: Xy— R satisfying (Dy) plus
fix, P=fX)+f{n). ye X. (additivity).

f. in addition, one assumes
. f(xy <ulr, re N,, for some g =0 (boundedness),
the obtained subclass of (X,)™ will bedenoled as (N, .\ow.' bp“\f; a] \\‘olk
known resuit (Cristeseu [10, ch. V. §3})_ each clement f= (X4) 1‘11,;};“:}
wnique prolongation 1o X: that is. f=g¢]| N+ for a curl;nn.gev.\- -“T er o
ned in a uni;:;m' manner. Moreover, by Lemma 1 the as:serhun'lema.lna Tla ;l(
for Lhe couple ((X+)7°, X) instead of ((X+)*", X0). By conventlon.l\\ega r: e
lunclion F, Ny Galeaux difjeren tiable in the algebraic sense al X E-f\,“ e.n-
F'{ax)a) (d;':t'ined by (D)) exists foreacha < X.. and the function "_.)I' (.’l')(ﬂ) is
an .element of (X.4)*. In this case, the unique prolongation of this function to

the whole N. again denoted by F{xy, will be termed th(;. XI, r(}d!.t;l(ul!).z
ijperentt ‘ sidered function at the point 1. Accordingly, Wi Ot
e e Gt the fopological sense al rve X,

Gateaux differentiable in

said to be Xs - ; : 1s¢ =
convention is Irue with (X.)™ in place of (X)) The

when the above
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(unigue) clement F/(2) in X% whose restriciion lo Nt is [hal given by () is
easily shown to be the single pointin Vi (x). This is also valid for VIF r-
but the interpretation is lhe I'ul!m\'ing': lor cach S in () e
(D) AL E I—=T7(a)(h) as 1=0-4 unilorly for heSn Xy,
An important aspeet of this construction is related lo the case Fe
— |+, We say thalthe norm in question i (No. (#)) — smooth when v (ii. A
exists for all ¥ 0. "This, by the above cony ention, ammounts Lo saying Lh'lt)
: is Ny Gateaux differentiable (in Lhe topological sense) at any’ p(;’in:t :Jr
\ distinct fromn the origin, uniformly on members of (4 )N N.=ISnX, -
:S =(4)). Precisely, suppose a >0 is arbitrary fixed. The function l—if|.v::|),,
is convex over its existence domain, for cach e X, Hence, !—r.'\;_r(f, Il -1, fla) is
](]Ill(‘(lJ:"ilsl‘Q!,’ ::1(1](I Il;;)un(iccl from below (as {—=04);.in other words, the Tunction

(D,) (W= lm A | I, . heX,
104

is well c}efined and, by ((.})), positive {in the sense of (Dy)). Moreover, by if
properties of the norm : ' : i
‘ a*(hy g ||h), Tor all he Xy,

which tells us Lhis Tunction is necessarily bounded. To have Lhe required
property we have Lo impose an addilivity condition over Ny for Lhe l't;nc'lim
fh— 2" (h). Then, ils unique prolongalion Lo X (also denoted by 'y will ap ).("u\'
as the unique Ny — Gateaux derivative of the function /7 al @, Note lh'llt l;\'
the above boundedness properly, combined with Lemma 1. Uhis dcriv‘mi\'.e

*

Is an element of X% : more exactly .
(Ps0) et = a7 =l o ‘

. . - TERN 4 a N* 1 ' ! ‘-‘
[I‘nlll‘“-t’ the evaluation |l..t.j{s1 is clear; and. the second of these relations
ollows at once by definition. Ience Uhe assertion is proved, Summing up
one may idenlify ¥¥ ([ (x) with A it
; voo(l ey = the unique "= N5 with the properties (P,,).

ul,' we must  velain Lhe complele meaning of Lhe inlroduced notion.
precised by (D) ¥
" tIlhcfllncu.r lun(‘lm‘nal I+ 2°(h) we just introduced must not be confused
with the function hi— .“".1 AL |- By This, however, may he done wheneven

}his funclion is additive over X ; thal is, (D) will be valid over the whole .
:1 other words, the (X, (#)) — smoothness properly of the ambient norm
cannol be refluccd in general to the (#) — smoeothness property of the same
(defined as in Phelps [18, ch. IV} - '

¢ following auxiliary stalement is in effect for us. llemember that =

in y precise stiing — hy B G . X : L
the precised setting — by I (<) we denoted the class of all Tunctions

(G N—=IU inlrodoced as !
G(y= ¥ pla—n,l" reX, i
[ i

where () is ¢ mee of P S .
re (u,) is a sequence of posilive numbers with Yu, =1 and (#,) is an aseeis

ding (l}lu(l. £) convergenl sequence in X, Preciselwy {ef. the remarks in the
. g ) H L] LY L) 1111 1 L H M N : ’ H ) r' ]
preceding seclion) the sequence in question is eithper a) ascending steictlys
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|

L<p=limuy,
N

or by conslant, in Lhe sense

_po= limp, (for some m&N)

n

By e W= =

s
The (functional) series which defines @ is effectively infinite in case aj) only.
11 becomes a finite (funclional) sum in case b) : this, however, cannot prevent
us {rom treating 1l as an infinite (funclional) series.
Lemma 3. Assume p>1and | iis (N (#)) — smonth, Then, the funclion
(T, (<) defined as above is (Ng, (%)) — differentiable af each 2= X with
p,<x, for il nEXN,
and
(%) VEGE) = p 3 =l VR DE ).
nelfa)
where, by convenlion, we ptl I(x)={neN; n,<al. And consequently, we have
the evalualion
() iw*G(e)| € p((a)PY, where 3.(¥)==sup flr—ral;
Proof. Define for simplicity
Fn(:)_“:—”u i ceX,. neN

neXN}h

By the (X, (3#)) — smoothness property of ithe ambient norm, it is clear
{hat (the point x&X heing laken as in {he statement)

(5% V.EF (1) =0,
pla = F A e —n,), otherwise.

in case p,=u,

(The hypothesis p>1 was effectively used in the Tirst of these relations
only ; we do nol enter inlo further details, hecause the prool of Lhis assertion
is almost evident). Now, assume that [(x}=N (or. in othe words, that Lhe
sequence (1) is taken as in case a) we just deseribed). et =0 and S=(#)
be arbitrary fixed. Denote u(S) sup{llafi ; h=Sn Xl

By the obtainedrelation (5"). plus Lhe previous discussion involving V(] -D(),
it is clear that

9 #E (1) ()] < p())P(S) < PO+

for all h=SA Xy, and all neEN
On the other hand, we have, by a direct arguinent
1ALt F D) < pOLR) 1 (SHT1(S) < p(r(x) SN’

Dt<1, heSn Ny, neN.
Let m=m(q. S) be a rank with the property

Y <t Ap () e (SH®

nZzm

By the informalions above, one obtains

A Y. h) Y, w Y HF (o)) <2,

for all £ in (0, 1) and all A in S0 .NXy.
On the other hand, by lhe definition of V% (see {Dy))

Abnsamnariad
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.f\:r(t* Z’ d'y, A)— E {.L,;V.,.#};‘n(ﬂ')(h) as (=0,
=" i H =T
uniformly with respect to he Sn X,
Hence, for some §=3§(v, S) in (0, 1),

IA (1, ; Mol p Hy— 3 p, Vi HF (0)(h)| <7 2.
whenever O0={«<3, heSn X..
This, added 1o the previous relation. proves (3). The remaining case /(2)#N
j(l:xhg]t is, I(x)={0, .., m)—] j. where m is the rank introduced by the case by
involving our sequence is almost evident ; so, we i stails. The pr
B ¢ omit the details. The progf
We are now in position to give the announced variati i
) ‘ 1 o ¢ ) :d variational completion
[‘heo:e‘m 3°. As *already prec:sgd, assumptions (€} —{C,,) prevail, I o
Theorem 4°. Let the function F : N—R be <-lsc and bounded from below
Suppose also [hﬂ'fy the ambient norm (s (Nu. (3)) — smooth, for a cerlain borno-
1099;(((#), )ou;'}r A. Then, given the constanls ¢=0. 2 =0, p=1 and the point
us X(F, e), there may be delermined a v X(F, ) will ‘operties u'y |
Ay § ar (I, =) will the properiies v') in

u<sv, \u—vl<x F)zF
as well as (bt

¢} I HFF(IN p(ef)1)B £ 0 (B =the dual unit ball).

In particulur, a sufficient condition for the < -l '
: ular, = -ls¢ properly of [he vl yi
function is the decreasing one. f propetty. of {he undulying
Prloof. By }heorem 3",|\\'c have promised, [or Lhe siarling elements
& A p and uex\(F,_s), a point »€ X(F, ) with the properties a’) we just
Erf[:ic:sed as well as with the property ¢") in that result, which may be descri-
ed as

AL F, By (WA, G, B) 20, 10, he X,

tor so;ne Gm I'u(<). introduced as in a previous place, for some sequence
(1n) of positive numbers with £ |, =1, and some ascending (mod. =) conver-

gent {to ») sequence (v,) in X." By Lemma 3, & is (X4, (#)) — dif i
X. By ,Ois (X, - ferentiable
at ». Its (X, (#))-derivative, V #G(0) =V, YG(0) is iv ) 4 isfi
the evaluation (6), in the sense+ o OO
[V #G(0)| < paP 2 (if we take (4) inlo account), ;
Let 4>0 and S<(4) be arbitrary [ixed. There cxists 3=38§(4. $)>0 with
VG —n < AL G, B <V #G(0)(R) 4, 0t 8, heSn Xy,
by the very definition of V _#G(#). This. combined with the above, vields

AL F, Iy 2> —(e/A")V #FG0)(h) —(e/1P)r, O<t< 8, he Sn X;.
In other words, v" = —(g/aA")V,#G(») is an element of & #F
L s \ i ] g T 5 :\ R 3
evaluation we just obtained Jrg‘i\'es) of Srle), Moreowsy i
" <(e/AP)pAP i=p(e/}) (that is, v"=p(e/1)B")

The proof is complete. q. e. d.
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When p=1, this result is no longer valid ; but, in this case, a good sub-
<titute of il is the one described by Theorem 4. In other words, these two
.tatements ave, in a cellain sense complementary to each other, The obtained
facts may be directly used in deriving order counterparts of the well known
(amorph) density properties obtained in the last decade (see, e. g, Phelps
[18, ¢hs. 1V —V] for a quasi-complete reference). These aspect will be dis-
cussed elsewhere,
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Strauss introduced in [6] a notion of L,-stability of trivial solution

of the differential system and proved several sufficient conditiovs.

fn [3] Fodor utilized the resulls from [G] and proved sufficicnt condi-
tions for L,-slability of perturbed system independence on I.,-stability of
nonperturbed system.

We consider The nenlinear syslem

) &= f(l, )
along with its associated varialional syslem
(2) g =AY
(3) Crf(l, (U, fe XD

where feC|J = R, 1] and f,= C:—r—e,\;ists and is continuous on J xR, J =
ox :

= <tl,y, 0), 1=(U, ), Ro= <0, ), ({,=0), (i, 0y==0 for teJ and x({, lo To)

is the unique solution ol (1) passing through the point (fo, ). The matrix

d(l, 1, 0) given by
¢ :
(1 D, Lo 0)= — (x(t, Lo, 1))
€,

i the fundamental matrix sojution of the variational system (2) {2} which
iy the idenlify matrix at f=lg and the matrix

) Ol [ s ({1 o o)

axy

i the fundamental matrix solution ol the x ariational system (3) which is the

jdentity matrix at {mmf,,
T.et &: Ri—1I be a continuous function. )
In this paper notions of G-uniform stability, th-stability and d-asymptotic

slability, (9. Ip)-stability and (%, Lp)-asymptotic stability of trivial solution
of (1) are introduced and several new sufficient conditions for mentioned
tvpes of slability are proved. Furthermore, sulficient condilions are given
for the uniform Lipschitz stability and 1.,-stability of the perturbed system

[t 1) gl @),



