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ON (2. 1, STABILITY OF NONLINEAR SYSTEMS OF
DIFFERENTIAL EQUATIONS
BY

JAROSEAW MOBGHALD

Slrauss introduced in {6] a notion of L,~stability of trivial seluiion
of the differential system and proved several sulficient condilions.

In (5] ¥ o dor utilized the resulls from [6] and proved sufficient condi-
tions for L,-stability of perturbed syslem independence on L,-stability of

nonperturbed system,
We consider the nonlincar syslem

(1) r=f{t,
along with its associated variational system
(2) y =L My,

{3 =1, 2l f TNz,
where feClJ = IV, "] and [, = E—‘r—cxists and is continuous on Jx R, J=
¢

X
= <fy, ), I=(0, ®0), R,=<0, ), (loz0), f(i, 0)=0 for feJ and x(l, fo Xo)
i« Lhe unigue solution of (1} passing through the point (f, o). The matrix

Ol, £y, O) given by
¢ i
() 0L, fo. 0)= — (¥(t, Lo O)
cX,

iy (he fundamenial matrix solation of the variational system (2) [2] which
Iy the identity matrix at f=f, and the malrix

o) O, Lo a0) = = (3L loe T

2%,

is the fundamental matrix selution of the variational system (3) which is the

idenlity matrix al =/,
Let &: Ry—1T be a conlinuous function.
In this paper notions of g-uniform stability, -stability and J-asymptotic
stability, (4. L,)-stability and (., L,)-asymptotic stability of trivial solution
of (1) arc introduced and several new sulfficient conditions for mentioned
types of stability arve proved. Furthermore, sufficient condilions are given
lor the uniform Lipschitz stability and L ,-stability of the perturbed system

L= f(t, ) g )
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Before giving further details, we give some of the main definitions that

S . . N c N . e l

we need in the sequel. Using the Holder inequality we ge 1
Definitien 1. The equation (1) will be called S-uniformiy stable on R. § . Ve [ Yl s) | O dsye

there exists @ constant N =0 such that for any solution v of (Y und all i 2520 f Y(I-to) (.;“!(")ds)r:‘t (\( (1 5) | 9l )

- P DIl = Na(s) and with rezpect to (7) we have r :

old. . - R
Definition 2. The zero solution of (1) will be called y-stuble on 1, of for any i8) G HOY (L ) | < h(,-[h('\)db) "

€= 0 there esists a 80 such thel | x, =8 implies b (had) z for all )

teJd. If, morcover lim | $ \(Hx(f) | = O the zero solution of (1) will be called Denote w(ly= If“(-")d-"- Phen (8) yields the inequality
e ‘
G-asgmploticatly stable. . Hu(t
- —_ "1 t
Definition 3. The zero solution of (1) will be called (U, L,)— stable (p> 1) wr(h) | Y, e () <Ko (He())

on J if and since
1° the zero solution of (1) is U-stable on J, du =1 Y, 1) | Pt
2% there exisls 8=38(l,) such that if | a, | < 8, then dr D=1 LR
. we gel
| 1 ' r 3
Oz [Pl <cc. ‘%z K=ro™ (O "0
(
If the zero solution of (1) is G-asymplotically stable and =2° halds, the zero solution ; : i i ity (using Gr N Lemma)
- ! i § . . —{;}tofwe oblain the ine uality (using Gronwall L
of (1) will be called (U, L,)-asymplolically stable, Integrating from [{f,=h) (0w o ' ! e
Definition 4 [4]. The zcro solution of (1) will be called uniforndy Lipschitz: | (49) w(hz ) exp (K77 o(s)y P(s)ds).
stable if there exists M =0 and 50 such that "

From (8) and cquality
|2t dg, 2o) | S M |y |, whenever | x, | < S and (=],

LY L) =(D) (et

Definition 5 [4]. The zero solutton of (1) will be called unifermiy Lipschitz we have
stable in variation if there exists M =0, and §>0 such thal  ©(, 1, o} | <M . oot
for all | x,/ <& and (=], ’ G (he()wi()< K.
* Theorem 1. Lef Y(¢, {,) be the fundamental malrix of the equation Hence 1 .
(6) = ; hi(l) 2 K (e pe (D),
an
If lhe:c cxist conlinuous pns:’!iue funciions () and o), {=.J, such thal YL 1) | <Kt (H(’))_%‘
1°(f [ U DY (L, s)e(s) Pdsp < K =const, for (€, Since : : ,
(7) i ‘ ui(l) 2 ua(l) esp (pT KT (@)Y (8)ds),
= ] i
27 g(h exp( e S P(s)y F'(\')]n’ss_ Ky=const, for (24, =4, then .
) t - - L pr e Py
Pa (1) Y 1) | < Koot exp (- p K7 S @)y ).
. . . . [ 1
then !;r)rn;f;n .Ivlltra!r!::(r!r of ,(.-(=)), i ;.{l:.r[f””m;: Lipschitz  stable. It we put N3 KKu i]’(i.)- we obtain | ¥(l. 1) | < N. .
We consider {lle idc)l.i_l.i(‘t’y() S Gt e solulion of (6) through the point (f,, te) can be written as

a(f, Lo, Toy=Y (I, La}T0
Henee oty ) | S LY ) | g | <N |z, for all |z |<8 and (=J.
The proof of the Theorem is now complete.
el

Yt ty ! \' h(s)ds< _[I Riv=ne=ais) | Y (L, s) | O(s)ds. : Corollary 1. If in the Theorem 1 we pul p=1, then the conclusion of lhe
t ] Theorem 2.4. [4] follows.

i ! '
Yt i) § Ius)rls:dj' )Y (1, )Y (s f)ds = [ )Y (L )a(s)o ) Y5, lo)ds. 2
Hence - N ; !
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Corollary 2, If in Theorcm 1 the condition 2" is replaced by the coendition
f
exp (=p KT [ ol(syy K(s)ds)s K. 0.

then the zero sodulion of (6 will he S-umiformiy sfable on .
Corollary 2. If the Tero solution of (6) 1s d-stable and

[
exp (— RV [ o7()y "(s)s) < Ly <ty ).

then the zere solufion of (6) is (b, L) stable on J.
Theorem 2. If there exist continupus posily frons of y
e f positive functrons oty and (l) for
g oo ; !
V(5 LD, s, xp)e(s) [Mdsyr £ K =—=consl. for (€]
(11) i
)
S exp {—p AT [ oP(syu P(s)ds) € Ky ==const,
for f=1,=14, then the zeve selution of (1y is uniformly Lipschilz slabie,
Proof. The proof is similar to that of Theorem 1.

Theerem 3. Suppose that
1 l{arr'e exist continuous nonsingular malrices Ay and B{Hy for t<.J. and q
continuous real-valucd function x(1} for t & J such that for coery 2 IV and cvery
520 we have o

| O, s, DYAGYB W) | € exp [ a(wydu, (25320,

2:
I3
exp ( .'f a(nyduye L (= 1, «)), pz1)),
then .
(12) TG0 Ll do r) )7 ds SC LA | P

for all t=J, where $(H= | B |.
Proof. For Osf<f we have
x{t, {y, xo)= [df DL, 1y, 51,)ds )Ty,
Hence
(13) X(fody v = LA | D | exp (| a(udu),
{, lo

If we raise (13) to the p-th power (p=1) and inlegrale from

{, then
J. ('-;J-'(S_} 1‘(,5‘, ’0, an ) ))' ds = (__' ‘.1 l“u)-l'n .‘" [Ul' 1&.], i

This completes the proof.
Fhe next theoremn is a generalization of the Theorewn 3.5 {4].

'rnr wll a2 0. [R= R
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Thearem 4. If
!
(/. 1) exp { Mis. fo) (D, ) A5 2(s o X)) [ s M} T ds=on
Ia

T = A 30, where (L [o)— Al 1 N,

then the zero solution of (1) ix uniformly Lipsehilz stable in puriation,
Proof. et z({, 1o Z0) be a solution of ¢3) suely thal (fo oo T0)

write 3 in the Torm

N U SN TR TAR (RS VR IR B

W I we

ihen the classical formula of varialion of constanls gives

o 2y B O za e § DLl 8 (G5 T Loy 2a)) = (8 O] Lo 20}
Using Lemma 1[7] we oblain
!
Po(l dy ) | = DU ) Loexp (s ) | Dila.s) (s 1ts. foo Xa)) [ (5.0 ] ds).

It follows Trom assumplion of thcorem Lhal

| =(f. fo, 7o) | & M |'zo ]

| for ol 4,20, (e=d and | ae €0

Now
Bt fo xq) | = sup | O for Xo)Zo | < sup (M 1 200) <M or | s 9.
I

1= I E-4

lHence the zero solution of (1) is uniformly Lipschitz slahle in variation

Fheorem 5. If in the equation

(an y' =Ly +9(.9)
e [ h(HQ(lgh, 1=,
¥ lg(t. )| < h(tyw(|y1). glleyy=cy(l.yy for leJ and c€ k.
where o . .
(N Q(u) is a nondecreasing posifive submultiplicelive conlinuons funciion
o (U.o0) _ .
{ii) w(u) =4 is nondecreasing and confinuous for u=A
(1) nt)., h(l) are conlinuous on (0. o).
6 Gu)= g s 0 1< 11, (i{00) =0,
Je(s)
(-1 is the inverse of O,
- ds _
1 F(u)--g.“-, 0w, F(oo)=00,
JEs)

[\ (s the meerse of F,
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61 [6G1) gh(.\-)ds) T AT S [P
( l L] tn) \h]:\) —‘w-[(t '((r(l)'I‘

rae o

B g } .

fufa] -

f (1) is globally uniformiy Lipsehifs stable,

for all t,=1,=0,
thert the zero solution o
'roof. Since

Y feo vy = l'l (f(s y(s )
& ot Sooys, oo oy gls. yis,
it Tollows that ! ’ J( _](S o _‘l.-.))}lfs

[

| %)

Ty Lo,

Fhis implies by 1he Dhongade-1Deo inequé\lil\' [3] thal :

B Lo 20) < v {671 (GO [ R(s)ds) |

S T SR Vi ¢
I {I( ') \hl(s)—rl—)[(:’ '(((,(I) ,-\h(:)n’:)] d.\'}.

Hence y(f. f,, x.) <M 1'. i I
e 0 =.Mlxy for all &, = and the conclusion’of the theorem

Theorem 6. if

[

1° the hypotheses of Theorem 3

3 are satisfied,
P
2 g, mysCOr W, R, gll. W =0 for all t=J,
3°

there is « confinuous function B(f) for teJ such that the inequality
ATNOg(l. W< 3(H vl holds whenever (e ],
10 sEL(]. m) that is

o "|' 8(s)!* ds=m=constant,

R [poe(t) -+, 202U ) JdE < m, = constanl,
where m, =0 is some consfan!

iy Fesp) f
.jl o‘\pU (pa(s) +m, 271G (sWls |df< M, = constant

o

/ I I
!1:11 exp .-ff (2 (s) - p(8) s = 0.

then the zero soluiion of equation (14) is:

8. (0‘ . [
Sh(x)m (: U(S_l 1_:)_)(1% L gh,(.s‘) Q(lx )El( HES Lo, To) ]ds

1]
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1° & — aniformly stable on J. if the conditions 1°—05° hold.

92 Y—uniformly stable on J and for any >0 there exists 8> 0 such that

for arbitrary  solulion g of (14 fulfitting 2, < 8 there Dolds

o Oyl 1 xo € L], 2y if the conditions 1°— * hold.

2 G —uniformly stable on N ORI (A ) e L, (], =), and the solulion yih=

=0, (e is (U Lp)—asymplotically  stable, if the conditions 1°—7" hold,
Proof. Lel y be an arbitrary solulion of (14) such Uhat Ly,] is sulficiently

awall. Let = 1, 1,) be the existence interval of solution y. Using Lhe nonlincar

variation of vonstants formula in Alekseev [1]. the solutions of (1) and the

perturbed system (V1) with the same initial values are retated by

¢l s, () s 1) [ O g s O YE S HONIE

for any s€ <[, {,) and {zs.
Hence from our assumplions of & and g we oblain

gt Ly To)d ‘(!)Qexp(—jfa(ujdu)*_: | A=Y ()Xol ==
(13) ; L
L B(s)(5) exp {— § a{u)ydin) gis. Lo rU(s)ds
I N

for t€ <1, 1,). 1If we raise (15) lo the p-th power (p=1} and apply the

Bellman Lemma. we conclude ihat
16) (ly(l. o Xo) ¥P)P<27 A7) x| ? €™

From (16} it follows that there exists a conslant M =0 such that

1
Y Lo, x| SYOMPS T Hor (€ <lo. L),

Hence we have that {,— oc and the solution ¥ is defined on J. From Lhe esti-
mate (16) it follows that the solution y=0 is &—stable on J. Moreover from
(") for any {,<J and {=1, the following eslimate holds

(17) s T 1225 LAY 5 1)

From (17) it foliows thal the equation (14) is J—uniformly stable. Thus (14)
has the property 1°
Lel besides the condition §° helds, Then by integraling

(18)  (1y(ls fo, TNy <2? A () s P exp [ (pa(s)-Fm,27 1 nsyyds
to
from {, to [ we get
(g6, o 22 (s)? ds< 271 [ A1) 20 "M
s

Therefore y=0 is (Y. L;)—stable.
If 2771 A~ Y(15)|? 2,/ "M, <& we obtain that (y(t, f. TS LI, &)
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IHenee [he eguation has Lhe property 27,
Let Turthermore 7° hold. Thea Trom (I8) Ffor p=1 it* fullows 1 hat

L ITEEICR P Y VR (I I

Therefore the solution 4= 05 (9. 1.,)
has Lhe properiy 37, -
Remarl. Theorem G generalizes a similar v ‘ 3 !

ol e o es a similar result of Fador [5] Tor bty -

asymptotically =tihle and (14)
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OSCILLATORY AND NONOSCILLATORY SOLUTIONS OF
DIFFERENCE FEQUATIONS
BY

1 KORCZAK aml 0 POPENDA

In the paper we consider the Tollowing two problems of the qualitative
(heory of finite diflerence cguatkions :

when all of the solutions are oscillalory ones.

whal kind of asymptotic behaviour have the nonoscillatory solutions ?

These problems have been considered hoth in lnite difference and diffe-
rential equations theory in many recently published papers. The resulls and
methods of this paper are partly similar Lo these. presented in [1] however
our equations have wmore general forms than the ones which would be strictly
analogical to these considered therein. - ) -

We shall use the Tollowing nolations :

N - lhe set of positive integers,

(0, ), Re=[0, o0), Ri=(—00, o).

For an arbitrary function (sequence) v :N—R the Torward difference
pperalor A is delined as usually Aw, =m0, —2,, neN. .

We say thal the sequence (x,) is ‘nonoscillatory if it is eventunally of
conslanl sign Lhal is there exisls ne= N such.that for all nzn, v, (Y or for
all nz n, 2, = 0. olhervise the sequence is called oscillatory.

In the papers [2]. [3] J. Korczak and A Migda considered the problem
when a given difference equation has one solution (or when all its solutions)
approaches any given polynomial type sequence. The theorem we shalt prove
helow gives an answer on the opposite question.

We start with the equation of Lhe form

(Fy) Ay +pay ]+ auy=0
n=ng, No-+1,... s, NgEN, s,
Theorem 1, Lef p<—1 and lel exist a constant g€ R such thal g,z 4
for all n>n, Then every nonoseillatory solution i of (1) has the properly
Y, nFesco as Nn—o0

[or y,/nt— 00  as n—D0 in the cuse y is evenlually negalive],

wihiere b is anoarbifrary nonnegafive infeger.
_ Proof, L.et us see thal if o Su,t is a solulion of (£5) then p={—u,
i= a solution too,



