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Henee the equalion has the property 2,
Let Turthermore 7° hold, Then from (IS) For p= 1 it*follows 1hat
i lged, e x) b =0,
A
Therefore the solution g= 0 is (4. 1)
has the properiy 3, -

Remark. Theorem 6 veneralizes a similar ro ] X
and f(h,v)=A(Hae, (=, ygeneralizes a stmilar result of Fodor [9] Tor bl =1

asvmpltoticatly <table ang (114)
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OSCILL ATONY AND NONOSCILLATORY SOLUTIONS OF
DIFFERENCE FQUATIONS
BY

I ROBCZAS d L POPEENDA

In the paper we consider the following [wo prablems of the qualitative
theory of finite difference cqualions:

when at of the solutions are oscillatory ones,

what kind of asvmptolic behaviour have the nonoscillatory solutions ?

‘These problems have been considered both in finile differcnce and dille-
cenlial equalions theory in many recently published papers. The results and
melhods of this paper are partly similar to those presenied in [1] however
our equalions have more general forms than the ones which would be strietly
analogical to these considered therein,

We shall use the following nolations :

N — the sel of positive integers,

R (0, o0), Re:=[0, o0), R: e (—00, c0).

For an arbitrary function (sequence) @ : N—1t the forward difference
operalor A is defined as usually Ax, = X,e,— Ty neN.

We sav that the sequence (r,) is nonoscillatory if it is eventually of
conslanl sign thal is there exisis 1, €N such that for all n=n, v, =0 orfor
all h=n, x,-— 0 olhervise the sequence is ealled oscillalory,

In the papers [2], [3] J. Korezak and M Migda considered Lhe problem
when a given difference equation has one solution (or when all ils solutions)
approaches any given polynomial iype sequence. The Lheorem we shall prove
helow gives an answer on the opposite questlion,

We starl wilh the equation of the form

() A+ prasilF gatic,=0
ne-ng, ty-k1,.. s, N, 50,
Theorem 1. el p——1 and lel exist a constant g= Ry such thal q,2¢
for all nzn,. Then every nonoscillatory solution y of () has the propeily
gl itt—son as N—s00

[or g, /nt— oo as neson in the case y iv evenfually negative],

where i an arbilrary nonnegative infeger.
_ I’nm{‘. Let us see thal if w=={u,}t is a solulion of (£} then p={—mn,}
is a1 solulion loo.
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. Let y={y,}, 1 be an arbitrary nonoscillatory solution of (). Taking
into account the remark we have made we assume ¥, =0 ior all n=n,, n,e!\"
Let us denote -

M =YptPYa. R=n,, Mg+l
Therefore
(2) Az = AYatPYo ) = = aYnos -
Because of positivity of y we have
Az =0 for nzn,4s:=n,

so the sequence {z,%} is strictly decreasing for nzn,,
Fhis yields two possibilities

(a) 2 >0 for all nzn,
(b) there exists n,;, ny>n, such that
=0 for all nzn.

In order Lo prove the case (b), we suppose contrary that the ca
e * 3 se
stands. Therefore by (1) we have o

1
0l = (_.,_) Yy, n=n, n,41,..
—p
hence
) 1 \ih
(3) 0= y,._s{:( —) Yntis
p
1 it+1
=0, so by virtue of (3) it

for all nzn,, i=0,1, 2, ... Notice that lim ——)

irm —_
does not lead us to a contradiction if limy,4,,=o for all n> n,, and particularly
i w I
for n=n,, n,41, n,+s5—1. Each term of the sequence {y,} beongs to some of
the subsequences {y,+i,}i=0=0, n=n,,...,n,+s—1. Therefore U,—00 as n—oo,
Hence by (2) we get
lim Az"< lim (—¢)y,. ,= —o0
A ® s
: ']"he ‘{!hO\'e given relation is impossible if the case (a) holds. This con-
tradiction informs that the case (b) holds. The sequence {z/%) is strictly increa-
sing and eventually negative. Thereby we have two possibilities :

{1o) limz0=g (gf—c0, g=0),
(iig) lim %= —co.

Let us suppose that (i,} holds. Then by (2) we get

el
P
L Bakd Z Y.

74 By

-
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from there

Y gy =0y

7= My

This means that the series ¥ ¢y, is convergent.
Therelore hv the Weierstrass test of convergence we [ind thal the serips

Y, ¢y, . is convergent and consequentiv also the series Y y,.. and
" fer e,

Y, y,. Hence by (1) we oblain

joon
H

PESESD IR P A Y TRt

deamy, JroH, Faen

Thus The sequence { Y, |59} being inereasing and bounded from above

j'="! § . .
approaches some finile constant. Hencee lim W) hut this gives a contradic-
Mo

tion Lo {(i.).

Consequently = —on. Again, by (1) we obtain y,,

we have Hm 20
1 i

- % from there
Iy

. |
m y, , > lim:zP=o0
H ™ [) -

So. the theorem holds for k=0. The rest of the proof follows by induction
. argument, Suppose Lhe theorem is true for some k=0 ie.

(4) lim y,/n*=co,

[T

el us denole
1
|__"|r ::,L Ne= _'i_-"_[yu_*“pyll 6]'
neTt

For an arbitrary constanl M Ry we can find, by (4), aninteger ny such

thal for all n=vy, y,= Mnt Therefore n zny s we get
Epr=tba1iy__
Anttiziken

After suitable summalion we ohtain.

/% - '"'q.‘l(” '—S)""_

o1
pheigten (n_‘,+s)*“:‘nﬁl A DY _ (j—s)*
g
Hence
n—1
{6 3 "s(nJ,-|—x)*'*'1:,(,";,1[5’/:1“1—qM { ;la(j-—s)"):n“".

M
By the Stolz Theorem we have
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1.
||'m( E (,-g)i) “I..l_. ]/(f.‘ |_|).

noreover
. l"ll. !I
lim (ny,4eg)*1 =,

n-vm it

Hence the sequence on the right hand side of (6) tends to —gMi(h+4+1)0,

Therefore for sulliciently targe n. say nzan, we gel
(7)

Now, let us study the monotonicity of the sequence {2%M. Using delinitioy
(3) we have

-n'-'i -
2k ),

AzFV e () ALy b py T4 py AR = —
= () (R )R e oy, et g, (1)

_ k1 1o /1
—n*Hpy, t = w41y Ao {[E‘ ( T )n""f'l“f] U 4

LRI SN |
e [”"""‘f[n +p Y ( —]I )n"‘“ ;] Y s}.

(8)

s= ]

By the positivity of y we get

kil ehk1
[Z( . )n"'"';]y""wﬁ for all nzn,.
ittt J

LR |
lim n~ % (E ( [— )n*"““f) p=0
1n A

n J 1

Q)
TFurthermore by

(10

we obtain

lim n¥nh [q,,—]—n‘*’“' (%: (]‘ljl)n *+:—j) p] >
2lim n*h [q-f—n“"‘l (E:(kj__1),,k+1—f] P] —00.

o> o b=
‘Therefore there exisl n,. iz n, such that for every nzn,. ]
(11) [n *+’q,i+p§_‘,: (I;H) 7 ”'H"f] i, >0,

j

Hence (8). (9) and (11 yield
(12) Az 0

for sufficiently large n>n, ‘This means that the sequence {:#*N is strictly
decreasing atl least for n,. By (7) and (12) we have
(13) Az <0 for all

AT
T <0, mz iy : =max[n,, n,).

3 OSCU.LATORY AND NONOSCILLATORY SOLUTIONS 165

)

Regarding (13) we find that there are Iwo possibilities (similar as in the first
part of the prool)
k1)

(It lim zi* =g (g —o0. g=0)
B
or ) .
(if 1) Jim == —oo,
' Y=

Suppose (i)} holds. Summing (8) and caleulating the limit we get by (i,+))
S : l[ (fc-'rl) 3 ] [
S i W NP S A T
JLH.J"“(J‘I"I)"“ 1&2'1 J ’ "
L+ 'Il- 1
Fji_[) Z [ -+ )j.’: 1 !]yj »1 :.tr:.;*n q.
Tl J

Taking into account (L) we ean Tind sueh s,z ny that for all nzn;

L1 o). | 1 “L“f[
n¥e [q,_ 4 (Z ( ; ]n""" ! p] S ——
F=1 " -

From (14) it follows that the series on the lefl side of (14) is‘conv.el'gent.
I'herefore bv the Weierstrass test of convergence and the above given mequa-
litv we e¢an show in succession the convergence of the series

« 1 Rt k41 . o, b
T {[Z( ) '}"’ff-”""i””"’}'

(14)

n‘
i 1
2 gy e
and taking inlo aceount

tim n¥*j(n—s)**1=1

fn-y

(15)

and Abel test of convergence Turther ihe series

S | = ]
Yo hee X o
J ey =,

ence by (5) we oblain

H

Z | :gﬁ 1} l Z

1 s 1
..j'*-'_-r y, | ,:Z,‘Lj’m Hima=0.

Jn, Jj—
o F ; N el e — . -

From this it follows (hal the series 3y 'Y is convergent and therefor
J=hy . 3 )
lim z#+h =0 what give a conlradiction Lo our assumption that (i;.,) holds.
i . g i i —ik1 L e
Henee lim z%#:0— —co. Again by (5) we have =} Py, N froan there

Moo
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. S
lim Yoo Hm = 284D —cg,
s ppiEl1 Hr o B
Now by (15) we obtain lim y,/n*1'=co. This means that the theoremn remains
H~r o

true for k41 and an inductive argument follows,

Remark 1. The theorem we have proved shows that under suitable
assimptions equation (F1) does nol possess anv sulution which could be
asymploticaly neighbouring any sequence of polynomial tyvpe o, = a,n*+ ... +
+ait-do, @y, ..., @p—constants in such a meaning that there does not exist any
constant € for which lim y,/w, = C. Compare Korczak, Migda [2], [3]. Fur

H=r
thermore we can observe that for an arbitrary constanl <R3, and arbitrary
nonoscillatory solution of (E 1)

lim y,/n%=cc or Hm y,/n%=—co
L H-E
in the case y is eventually positive or negative respectively,
Example 1. Consider the equation

Alag—tx, ]+ r,, =0

It is evident that the hypotheses of Theorem 1 hotd. Hence for an arbitrary
nonoscillatory solution we have

Yont—o00 or y,n*— —oo

what is easy checked as Lhe resull, the general solution of this equation is
x,=C,2"+C,n2" In the second part of the paper we give the conditions for
the oscillation of all solutions of sowe difference cqnnl.ﬂms. We shall need the
following IL.emma.

Lemma. Lef keN, P: N-R,. If

k=1
liminf Y, P,s, =1
TR j:n

then
(l) the i.nequali_ly Axy— pp¥ar <0, NENX has no evenfually negative solulions:
(ii) the inequality Ax, —p,v,+:20 nEN has no eventually positive solutions.

If
k

timinf Y ps, =1
Fal

H— o

then .
(1:ii) the inequality Ax, -+ p,x,_<0, n>Lk has no eventually positive solutions ;
(iv) the inequality Az, +p,v, 420, n>k has no evenfually negative solutions,
) Proaf, We shall prove the case (i), The rest of Lhese cases can be proved

m a very similar way.
Suppose in contrary io (i) that incquality
Ax,—puap, =0 neN

has a solution y which is eventually negalive say y,<0 for nzn,,
By the hypotesis there exists n, such that for all n>n,

7 OSCE.LATORY AND NONOSCILLATORY SOLUTIONS 367
k-1

(lﬂ) Epn+f>1'
1=}

For nz i : = maxfn, n,} we have

Ayﬂspn Yasp=s 0

this means that the sequence (y,) is strictly decreasing, thus

Yot o = Pt pd1 = oo oo
[Tence

Putidusr > Pur it eriZ OYars (00 Lo

Summing the above inequality wilh respect lo { we obtain

L—1
Ynts Z factli > Yutr— Y-

P e=Lr

k—1
yn‘!'l‘(z Mti — 1) T yn-.:'o-
-0
‘The above given inequality cannot be satisfied by (16) and our assumption
{hat g is eventually negative is [alse, The case (i) is therefore proved.
. Remark 2. The Lewma can be vseful in studyving of the oscillatory beha-
viour of solutions of some difference equations, lel ns consider the equation

:F'u'|‘2_b1'n+l+(l1'n=“- b,cs p‘"r-

(15 2)
Il ¢>h%2 then every solulion of (I
f.emma, Indeed dividing (E 2} by
obtain {he equation

(17) Aruteb?z, =0,

Since ¢-b¥2 then ¢/b:tc/b* =1, Therelfore by (iii) equation (17) does nol
possess any solution which is eventually positive. while hy (iv) any solulion
which is eventually negative. Hence all solutions of (17) must be oscillatory.
But if (2,) = {7,+,/b" % oscillates the same occures with the sequence {r,)
by =0,

Let us consider the equalion

2) is escillatory. This follows from the
e oand substiluting o, =2, 8% we

(E3) Al +pX )+ X Gratas =0, >l
)

Theorem 2. Lef po —1, {8 ==max s, s; &N, (=1, .., kiogo: N—1.
1<<ish
Let furthermore there exisls an index reil, k) and a constand =R+ such

that ¢,,,2q for all neN, If

t=—g=1" &
lim inf Y, Y g, —p

N—+ @ [V T |

| then every solution of (I23) oscillates.

(18)
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Proof. Tt us suppose thal the Theorem dees nol hold and simitary
as in the prool of Theorem 1 take y which is eventually positive (.1
for n>n,). let us denote - !

(]9) Zy=Un APy nxt
and take n=n, o =n--L So, we have

I
(20) A:n_‘: = E] {l'i’ny.u—s‘<0-

[£1
Fn_llm\ing the same way as in Che proof of Theorem 1 we can prove that there
exists n, such that for alt n=ny 2, =00 By (19) we get '
1) W PYus N,

C e

From (21} it follows

Swtiesp T PHan, Tor all ie{l,

i)
B

Sinee {—s<i— 5 N CIRTIORTYED do
sinee {—s<f—s; amd The sequence {z,1 is decreasing il is casyv to ohserve Lhat

= —~
Tptiog2 Tpt s,

Therefore Tyrpms = Plaee.  I==1, ..., L.
Thus
i 1 % !
(‘?’2") ).l (_) (fi.'ra‘-n' [} s}> - Z ‘1-‘;;:.’1;1..5 . o
i=t\ =P i ! . ’
By (20) and (22) for the sequence z defined by (19) we get o
i 1 *
A"-'u= o :EJI qt"nyn—s""- (_ F irzl 'Im.) k(1) .
Therefore {z,} satisfies (he inequalily .
1 k . .‘l
(23) Az, — (—p Y r];.,,) e Btz 0, J
- il

From (18) it follows that hypothesis of the Lemma (i) is salistied and [hat the
eveniually negalive sequence : salisfies inequalily (23) of the type contained
in part (i). Bot this is impossible, so the proof is complete. L

- ) . i 3 L
Fef p—=—1, {=5: =maxs, s <N, ¢ N=1, be per:qdm
. . . . IRigh ' '
with period 1, i=1, .., I and let exist an index v {1, .k} and « consiant q&

Theorem 3.

SRy such thal g, ,zq for all neN, If o

t—s-1 k

liny inf Z Y, Giw wt 3>~ (1 4 ) (
1o 0 i

o N

(24)

then cvery solulion of (I 3) nscillates.
_}-’mw". Suppose, for eontradiction [hat Lhere is an eventually positive
solution y of (E 3). Let y, =0 for nzn,. 'y
feL us denote ' '3

(25) :n:""yn"}'pyﬂ—t' n={
and
(26) Wy =2y +piap n>2, At

1 QaCILLATURY AND NONOZUTLLATONY SOLUTICGH i)

Iocan be casy o proved by viclue of Lhe periudicniy ol g0 thal  sequences
) e the solulions of (19 3) for suitable ri 1t is nol difficult to define
for g d and pg 2 of These sequences Lo salisfy (15 5) Tor all ne MN,

We have

y =
1wyt

T ”’H

Take =, ooy -l

]
i

t"') A-rr= ZI i nyn—#l<“v

Proceeding in a sinalar way as in Theovem | owe dimd sz, such that for ali
rz-Hf we oblain
k

Z oo n s':' 0,

P =

exists .20y such that wy

nzhs o, 0 Taking nzn,

(28) Y] [

Stmilary we can show Lhal there O Tor all 11z n,.

By (26) and (27) il Tollows
{26
Sel in (299 sueeessively nogf o s is

1y (1 'i'!i}:n-f'
o1, . feinsdead of nowe obtlain

LU= e f(} "'P):w-x.'

Sinee f—s<{ -5, e s inereasing, then
k 1 k

l H,) L i ’h.- n Wybyr o c ?L {[l‘ n:ir 5
il biep 1

Frenn (28) and (30) it [ollows {hat the sequence w delined by (26) satisfies

nedualily
| k

=
— ),J Hion { Wad -y
1

]':_1) 1

k
Ay, = — X] 'If'n:u-f,} (
7

win other form
]

A, (— T L} r/..,,) Wyt gagy =0
ot

(a1
JTuequality (31) is of the [orm considered in Tewma (if). By (21) the hy pothesis
of the Lemuma holds. Butb iy 2 evelnally positive solution of (31). and this is
impossible, so the prool of theorem is complete.
Example 2, Let us consider an algehraie equation
SRy
where =5, L seN. p——1, g — (L4-pu poy= 13 YFrom Theorem 3 it fallows

it 1his equation does nol possess any rool in {he set Ha.
Tndeed we have that all selutions of the difference equation

f-pr—p=10

o1 — Ty _:'p't'n-i" P !'!'(I‘Tu .\-=U

with p, q. s, f defined above oscillates, but in Uhis case all roots of the considered
aaehraic eauation showld he negalive or complex numbers,

Theorem 5 Lol peliy f<s: = ming, s,&N. ¢ : Nl be perindic
HE £ ]
with period 10 i=1. ... % and let exist an index rell, .., kb oand a constant

=Ny such that g2 q for ell neX. If
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liminf Y, Y, giope 2 14p
J=1 {s1
then coery solution of (E3) oscillades,
The procf of this thear is s - :
it I learem is simiar to the previous one and will he
TFinally we prove a thesrem whic )
ally 7 ; ; tich freats as sfie i
of nonoscillatory solutions of (E 3). Ihe asympfelic beliavigyr
Theorem 5. Iel pel.. { 5,€X, 4,: N
) . LS, eEXND g N By 0 L b and el exd
it : . h H i e
tndex rEl, o I} and «a constal ge=Ry such that g, ,zq for all neX P:;‘f(m
cvery ;ronosaliatory solufion of (I 3) fennds fo O as n—oo o
Jroof. Suppose (y,) is nonoscillalory s - 3
N Ha) 1 scillatory solufion of (1 3 ich is eventbus
positive (for nzn,). Let us denote e et

g

(:?2) Da Yu PPy for =l
Take nzm,: =n,-- max (f{, max s;), We obfain
1isk

33 k
(33) Arym — ¥ grontip.. <O,

it -y
Therefore the sequence {2, 4 i

b [ L} Yt - v M - Fand M i
I tTay 15 slricthy decreasing and by (32 s posilive for

nzn, Thus lim z,

IF =% %0

g exists s Tinde and gz Then from (33) we oblain

n—1 k
Tp A J_Z .21 Tl e
iy i=

and therefore

E
‘n.-"".']= Z }_l q;;;{f‘i L
= FRTSIPI T | !
Hence the sert SIS
T SETICS hH . s verses T i
y u : Iq,._,g,,_.r is convergesl. It is easy lo cheen Lhat from
convergence of the above series we can get the convergence of Lhe

o e

series

) by
! : i I
Z y,and Z y; , and consequently by (32) couvergence of the series ¥z, 50

I_-1:H, J=n,
it must be Hm 2, =0 which by (32) implies 1i T i come
g ch by (32) implics fim g,--0. The proof is complete.
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BOUNDEDNESS AND THE STABILITY OF SOME
EQUATIONS OF THE FOURTH ORDER

ny

ON THE
DIFFERENTIAL

HUSEYIN BERUEKIETOGLU

1. Introduction. We shall be coneerned here with Lhe differential cqua-

tions

P fy( Fo BT Tl D) Fg(E)FRE) =0 (1)

and
0o £ D fa(d 2) () Hh(e) pll) 2

inwhich fi. fa 1, 1 and p are continuous functions depending only ou the argu-
It ¢ &fy dh

ments shown and ,—rl 3 ~—r1 -—r— q
i di dr

cr or
\loreover, Lhe existence and the uniguencss

values of their arguments.
of the solutions of (2) will be assumed. Let x(f) be a solution. Therefore

we may write

cxisl and are continuous for all

dx dx  dix
——=—=, =-TJ

dt de g
In what follows, we use the folowing systen. which is equiv
[y, = W —[o(g, D) —g() —h@+p®. @)
the equation

=K1

E df
alent to (2):

=, W=

pm=y, g=2, -
The problem in this paper was established by Ezeilo [3] Tor
-1"“+f(.v)i:+°tgi+g(.t‘)+5¢41‘=P(1).
Harrow [3]. [6], [7] derived interesting resulls for the problem
9 Fag-Hf(8) 900 +RE@) =pO).
Lalli and Skrapek [8] established similar results for
2104 [(0)F +fa(d 1) ()R, 2)=p0).
Abou-LI-Ela [i] investigated the boundedness results for
a1l )i+ et g(a) +oust=p{l)
Objectively, I will like to show similar results for the equations
Theorem 1. Suppose ihat

L.ater.

(1) and (2).



