a7h J, KORCZAK and J. {"OPFINDA
I
s—1t &
lim inf 21 Zl Qg o d=p
J=1 ==

then cvery solution of (E3) oscillalcs.

ommcldl_w proof of this theorem is simtlar to the previows one and will he

. nonI(‘)::\:itllllg'u:‘;'; l;'lc])l\tti:m?s i()l;P:L“,JI; which Ireats the asymplotic behavigyr
Theor 3. L ; 3 Y S\

index r E-{]?T].l., ;.} Ia(;fdpae :(E;r..x'!ii{hile:e:;i+,tlfg{;(;\h_,f’13;‘} :[” lq ff,-r”:;j ;':ii: {:‘r'{'\,‘;. ]“”

every ?)(:-ﬁg;“g{ll?io;;ﬂ:o?d;t”.' of (E 3} fends {o O as n- ‘. oo

positive (foll'.né]n,j. I(,c?i :1: n(;)ol:]o(::t(‘:llnlnr)- solution of (15 3) which is eventually

(:?2) Do Py b pYany Tor ned
Take nzn,: =n,-t max ({, max s;)., We oblain
1<issk
3
(53) A:n= Z (/i,-ﬂy:. £ “
ial

The j 3 o T de cran e .
Therefore 1he sequence {2} is sirictly deereasing and by (32) is positive for

nzng Thus lim z, =g exists, is finite and g2 0. Then [rom (33) we obtain

=1 i
R T s Z Z Givilfs -
and therefore =
E
A Y L TR
poony il !

Hence the series }3 = is i
) ES gl 18 converge: o ‘hei i
ol I’?: LR EER (o] erge i, Tt s Casy to vheew that from

convergence of the ahove series we can get Lhe convergence of the series

® &
- =
Z y and X y,;., and cons - by (8 . .-
joens j=,,,']'“ cquently by (32) convergence of the series Xz 50
it must be Hm -, =0 whi - O . . FEEE
Ip= ich 1 59 e . e e .
oo " v by (32) tmplies lim g, ==0. The proof is complete.
New o
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ON TIE BOUNDEDNESS AND THE STABILITY OF SOME
DIFFERENTIAL EQUNTIONS OF TIE FOURTH ORDIER
BY

NLSEY IN BERERITOGE

1. Introduction. We shall be concerned here with the differential equa-

tions

P f (6§ B feld 8 Hg(a) FhE) =0 (1)

and
P f e & Bt fa(e B Fe(0) T hE)=p0 (2)
in which fy. [ g, b and p are continuous functions depending only on the argu-
¢ ¢ dfy dg  dh .
ments shown and (—[-‘. 4y i_ff. W % o\ist and arc continuous for all
ex er e dy o di
values of their arguments. Moreover, the existence and the uniquencss
of 1he solutions of (2) will be assumed, Let x{0) be a solution. Therefore

we may wrile

d dx . &z dx .
g, —— =%, — =%, —— =l
di di® dts di?

follows, we use the folowing system, which is equivalent to (2):
b, = —[y(y. 5, w0 —f(g, 2 —g(y)—h{x)+pd). (3)

L R
The problem in this paper was established by Ezeilo [3] for the equation

a0 f( @) T+ tabg() et =p).

Tn what

Harrow [3]. 16]. [7] derived intercsting results for the problem
at+ag+f(2)+9(x) (@) =pD-
Lalli and Skrapek [8] established similar results for
a0 LT+ fa0E B Feln i, B=p).

Abou-I1-Ela [1] investigaied the boundedness results for

f.aler,

T [ £ i+ sad+g(E) 4ot =pl).
Ohjectively, I will Iike to show similar results for the equations (1) and (2).
Theorem 1. Suppose that
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3

(i} there is a finife constant a, >0 such tha
il oz, for all o, = w:

(1 4 Oy=g(0) = () = ‘ o
50 -"U)Chfz(;‘}‘;al) A=W =0, and there are finite constants x>0, g0

[y DYz 20, for all gy, 2550,
¥ fyzo, for wl y=0,
) a 2B for all x=0;

(1) ey — o, Agfda)<h' (1) S, for g '
‘ =i : = all v, where : Sffr ;
Ay &5 « positive constan! such ti:::lr: o e oG

(iv) {0 —g(gl Plas—oyafo(y, 5 0) 2 A, for @l y=-0, =
(\‘) gr(-’i)”“ﬂ(.'l)/!lésl ff’r all y==0, where 3, <22\, (ctlak') i

7

T
it ;Sf:(y, S s —[o4, 2. 0) 28, for all 2250 Jwghere §, 223 (z3a)
. ! s 7230/ (2w );

v
iy 7. 0)

(vit) y <q - a0y fulit
o =Y, Py =0 and m_('y =0 for all oy, oz
- {:fl(y' Z, ) cf . oo
ORI (RN
S Tl £ 20 for all 0. oo, aphere l'[:'—s-f-~0t,::s";

(vily  foly, D)z —ey< 2l 2z, for all =0, wheie z,

< gy <2< min {_]_, ) A &y [21,&,. ?) z, (2.3”
: i - k. o)} 4)

%y %y Zaya,D, Jo:,l'-).u 03 ' 11)_0 9?_1
Dy==u o, + o,z 2} J
Then cvery solution x(f) of (1) satisfies
T, i—0, f—=0, ;=0 a5 {—or, ("
Remark, When f,(#, # $) =« [y ) == T ; ; '
the hypotheses (i)—(\l-iii) 1,-e‘d)u;c ].tufg(h Dol SRt M thel
-1

o, =0, o, =0, a, >0, a0, R Ly ) 2y — X2y )
which Is the Routh-Hurwit iteri ]
G D-Hurwitz criterion for The asy i ili i
e ; poasvmplolic st !
large of frivial solution of the equation o abilily in he

el - @
R I T o S B O S )
;

This thcorem is a natural extensi I

. ) i . extension of Ezeilo™s Theorem 1 [3]. When
{}fgn ~t-hig)l,l\f‘,a]])m131}1)1]‘:‘?\?{:{(1]1lf)c.\ft- icf)(:'-)' fﬂ({’" ) by 2.z, g(y) kept the same, h(!r)] by 2.,
theorem. ttons and the hy potheses reduce completely to Ezcilg’s

Theorem 1 reduce Lo the hypoltheses . of the

Also, the hypolheses in
arrow |3 up to very small

elen ant theorems by Lalli and Skrapek [8] and 1T
differenves, These differences are due {0 the Tacl thal the Lyal Lyapunov
funetions are nol identical.

Theorem 2, [ the condifions hypotheses () — (vl o

[ Theoremy & hold,
and tf furlhet .

¢
I p)lds £ s

then given any finite numbers o

for afl 1 20, where A is some positive nuniher.
) suel thal the unique so

Yo To. t0e Hhere ix finite eonstant 1) D Hoo To 09
fution atl)y of (2) which is determined by the inilial condilions

-1{”) R (“)— o, Zf‘(“)=:m .1'(“)" "y

wlisfics

(| gD, [ xS PRS0 ED | gD

for all Tz
2, The function V (x, ¥, 7. w)
« lhe differentiable Tunclion V{r. g o) delined by

2V gonow) - 2dy I(¥)ds (oot~ oy 1y 2 .f‘.g,r(.\')d.‘i +-
" u]
—-2_f:(d,[..(y, 8)—d s F 2 \ shi(y, 5. Oyds e ye®
1] n

Lahiryy 4 2dh{0)z42d ) \ fi(y, s, Mds
0

- 2d () 2d e -2z

where
= edu), dy=eta,azt
: being Lhe constanl in (h.
We show thal Vis a Lyapunoey funclion for the system (3 with p(h) =

The prool depends on Iwo lemas,
Now, let

1 e
Wiy, = 0) = l ?S,ﬁ(y, 5. ds for =50

I
l f(y, 0, 1) for =0
i .
1 follows from (i} and (vi) that
Iy, r. Wz ey for all gz,

Dy, )y, 5, O =8, Tor all g, =

()

“The main Lool in the proofs of (D) and(6)

{7)

18

(%)
(*
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Lemma 1.

v (0,00 0) Under the hypotheses (i)~ (viii) of Theorem 1,

Oand there is a posilive constand D, such that
Vi, o5, ) 2 Dy(ae

- Y=ot )
fnr ﬂ” X, oM, DLIp,

[ Iroof. .I)Pfim‘ gyt gy for gy i
or =, 2V, o nw) may be rewritten in the form

20y )=V ST L !
(g zom)=V, 4V, -V e {D(*:]--_-(—]) WPy, 5, W dyy by, O
Y LTS A
b {-t‘ M) 90 g 80 1
gL y y

gy e 1 :
4 ld, m)}w-—{ sz[(r; s, Opds — 22 (g, = (J)}

where o

Vissaad —ady —di(y, 3, 0] y*+"’gﬁ'(s)ds —ya()-

-
0

agtly — dy — d3 %€ y)} -

S i
= 2d, g{lf(a’ s) x:}ms |-{a3(f,—d=q
o

¥

V.= Sh(s)d\ b
o ()

faly, $)ds — a.d 2t -.-{

df?(_-’.’.)} P

¥
[h(.z:) 2 »
- ] -

CR) [o g ‘
P CY EI TN D
.\_ e [13 79 h (-5)]»(}‘5-1*.%:8!!(.\)(1.\‘,

1]
L'}

oty — oyl —di(y, . ()= d.[ao d, Mrl Ay, = n)l
y

. 9w |
dg{ocz—d, ) — d By, =, ())}h_\' (7), (i),

=y E Oy, “llel(‘, Z=0:(0<0<1). we obtain
Irl(q ())__ {ag q(q) o 'a—lf
®%; ¥ :

Z dof(eyey) — (%) 20+ 2ty 2t507 ') by (iv)

+d, {I 9 _ 4
¥

q( i)
i

ui

;AU/(QIKE) - EDQ.

4>

. (,)} ]fl(f/) R }
Ay

(1

(10)

|
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Bul. we nole that
[ sq (s)ds = () I;\‘ﬂ(~)d-€-
I3y hyvpotheses (V) :
; ; 7 .
‘--‘grﬁwd.\- ygiy) \‘r;(s}d‘ sw'(-*)d-\ S{q—(;) = .ﬁ!'(-\)}sd-s Z i}ly‘u
'I'h(:lqu;lll‘(- )
v,z }—{21"_\" _if—‘—gﬂa — S,l e
2] wuf %y ]
Since 0« 2x,8,/(x,23)—8, we have
Ve 1/ di2a,8,/ (205~ 8} =0 by (1).
By (7). (iy and (11)
el — dy— gl y=d, e —dg()y dofi(y. = O} Aday = -1}z
zd, . d gl y—dofi(y 5 O) =y i/ (e %) el
Also, by (i)

V. (o)) A /(o) — e Doy 25
Furthermore,

\fx(J, s, Wds=: \ fy, s, hds - ';s(l)(J, s, Oyds

we get
2 [ shig. s, Oyds — z20(y, =, )= -f. iy, s H—a(y, 5 O)fsds 2

z —(8,/2)= by (9).

Since (')<(2Aolv.'fot,-.)~— o and so by (4)

V,+2 \ sfyly. s, Oyds =220y, 0) 2 1/2{2A f (afes) — 2D ef oy — O 3.
= 1/4{2Af (efoxs) — Bopz22 0.
By hypolheses (iii) wyfan—y/g(Y IR (2) 205 and by {ii)
Vy 2 efan
From the definition of d; and (8}
{d, — 1[0y, =, Opw?Zew?

we obiain

L2

Hence,
2V(x, y, 5, ) = a‘B;r2+1/rl{2m4Au/(a,a'f)—’ 3.}

which proves that there is

Vb 1/4128/(a3ts) — 82} 2+ ew®
a positive constant D, such that
V 2 Dyt +y2+s2twt) where
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e G

D—minge3 /2 US(22,Q0/(7,25) — 8 ) 1828 f(adon) — 8.0,

The case 1) is clear, |

I:vnmm 20 Cnder the hypotheses (i)
o posifive constud 1, surl that |
then

ar
=g

T
== (_H Ve, oo, IH);fw)')_.('ff‘-|-—:i:+m2).

Proof. A straightlorward gives

s :[lzs M"-‘—I—:SS éf(y, s, ) dip d, s g . efi(y s, )
ay J1 L . y
v ] . ey

—hfi(y, 7 wportw+do iy, 7 0) b dizg (y) — wimt = eadayz d,yfu(y, )4

F2fo(y Do —={(ys 5 ww—[i(y, 5 Vw0 5 w)dagw —

s —

iy 2 oyl = dog(9)] 4= 1 (O} g —{o — W@z, 1= 0:0<b< 1),
Because of (vii), it follows that

cfoly, s 0 . . i
:S gElL) ds £0), = S-‘s‘ ey, 5 9) dy 20 and :S éh(w. . 0) ds <0

dy P/ .
. y . dy

and by (i), we oblain
Vs {ag—dlg'(y)—dgfl(y, LM —{dye,— 1w — V, — ¥, —uag{y) y—
— ()} 4 — g — W ()} .
By the same way as in (11), it follows that
ep—dyg' (1) —dof\(y, 7, 0) 2 Bof(es05) — e Do ZAof(20,25) by (1.
From (7) ' ~
dia,—1=z¢,
Further, Trom (i) Vy -0 when 7.-0, and again from (1) if 720

Visdfulye D —a (2 day) 2 (fuly, Dfz—o)diy/d.
Therefore, Vi osalislies
Vaz —(fuly. Dz a)dapfd Tor all g, 2
and so by (viii) and (7)
ViZ — g0yt
Moreover, V=0 when =0, and from {vii) if 1==0

V.o {fl(,ll. oy [y <. ())} — {/‘1(!1' - u;]-[',(:;_ o)

3
n

do g =,
I

J: ('/',_(_,r_f. 5pe) -—'rl_.y ef'(y. = wz;)l

- - 10220 where D]
| £ éw I R

(viii) of Uheorem | there criss
[0 2ow) o anty solution of (3) with pt) b

i THEI BOUNDEDNESS AND THRE STARLITY 377

By (7) and (i)
Wog(y WOV 2 sosyP e =GO

thus _
(o y— b @Yy {og — D (ld e 2 eos (2 Wiy -rd gy =
> ot (o — RN by (100).
Now

Vg — A2 3) 02— 2o, 0 2 I a4 (0 — WoNdizs = — (==
g ol —[Ao(20,7) (@ =T () di ] =2 g,
By (1) and hypelheses (iii)
Be (a2

2y

A,

-'IC’.lo'.;r

Ay v

13 . 14
2 (ol () =, >
1 Do 0n oy
Tlence, we have
V2 (e—ea)za —A /(o) —soge 5 — Dy, w9
where D, —wmini(s—ea)aa, Agf(doz) eagf,
3. Proof of Theorem | By Lemma |

V(r. g = w)=0if and only if wge gttt =10
Ve, y 5, wy=0 il and only if @4 -2 wi>0,
Vir, g = w)—=0 il and only if a2+ g 422w —c0,

Also el (e, y(0, (D, w() be the solution of (3) with p(/)=0. such
thal, w(0) =y YD) es g 2(0) =24, w{ly=toy, where (o, Yo Zor ty) is an ar-
hitrary point in Lhe 2, g 20w - space, Consider Lhe function p{(h=V{r. g5,

w) corresponding to Lhis soluljon, Then by T.emma 2

V= V) Tor (20,

[Hence. the proof of (9) can be obtained using Lhe method in [3].

4. Proof of Theorem 2. The prool is based on the method devised by
Antosiewier [2]. Lel (r(). g, z(. w(D) be the solulion of .(3) with a(0) =1,
g(0) = gy, 2(() 2, w(0)=mw, and consider the function V({1)y= V(a(), y®), =(!).
wif)) where V(x. y. 2, w) is the function V uscd in the proof of Theorem 1.
Eising this funclion, we have

U Dottt (d o dyy - 0p) £ 1d e Hduy ol [ p
td o eedo g2 £ Du((yl iz - o)),

where Do maxil, dy, dah

Bul

Since |yl Vb |2l tp23, ] < T ? Tor all g, 2, w we get

V2D )| plh)).
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By (10)
Poedwt DY
and thus

V=D, Ip(h] V £ Dilp()),
where Dy=3D; and D,=Dy/D,.
Therefore we obtain the result

V() S Ya@VO) 4Dy § |p(s)) 2(s)ds)
where :t‘(l)Ecxp(-—D5;[ p(s)ids). Sinee a(fy <1 for {20
V() £(V(0)4-D,A)e P,

where V(0)= Vix(0), y(0), =(1), w(0)). This proves (6),
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ONTHE STABILITY AND BIFURCAVION OF SOLUTION
OF A GENERAL SEIR EPIDEMIOLOGICAL MODEL

BY

VML AL BL-STTE BRI and & A MM

1. Introduetion. Epidemiological models has heen considered by many au-
thors (sce [10], [11}) In 18983 Smilh [12]sludied the 3-dimensional SIR system

(1.1) S h—bS—TI(I, Sy, "I'=1I{I, S)—(n-+b)I R'=rI-IR.

where S. J and R denote susceptible, infections and recovered individuals,
respectively, v denotes recovery rate, the birth and death rates are assumed
equal and represented by constant b. The anthor considered the special case
H(I, S)==8(143cos2=l)1S. In 1985, Schwartz [11] have generatized this SIR
model and considered the SETR model

(1) 8 =b—bS—3(OIS, E'=(HIS— @ f0)l I'=aE—(b-rn ] R'=bI—bR,

where 7 denotes Lhe fraction of population which is expesed and Lhe proba-
bility of slill remaining in the exposed class at time =< after initial contact
is ¢72%, In 1986, 1iu et al [6] studied another seneralizalion of (1.1) however,
they neglected the exposed population. They considered the 3-dimensional
svstem

(1.3) § = —TH( $)—bs+yRE2N), I = TH{. ) =) B2l = (471

where (1, 5) is Lhe incidence rale per infeclive individual, In the present
paper we introduce an SEIR model which is a partial generalization of [6}
and [11]. We consider the 4-dimensional syslem

S = 8(N)— bs— TH(I, )y R, B'=TH(I, s)— (L), I'=al —(b40)],

1.4
(2 R =0l —(d+R,

where + as in (1.3) represenls the per capita rate of toss of immunity. In sec-
tion 2, we inlroduce a general 4-dimension model (1.4). We study the stability
of steady states. Then we consider a special case of the incidence rate H(I, s)
discussed by [6]. Insection, 3, we discuss Lhe biturcation of periodic solutions.
We use a very similar techniques to [8], [2], [3], in applying Hopf bifurcation
theary and lo [1]. [5] in applying center manifold theory.

2. On stability of a ygeneralized SEIR medel. We consider the gene-
ralized SEIR epidemic nodel



