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By (10)

Pt =DV
and thus

V—=D;|p(0)|V =D.Ip@)),
where Dy=3D; and D;=Dy/D,.

Iherefore we obtain the result ONTHFE STABILITY AND BIFURCATION OF SOLUTION

OI' A GENERAL SEIR EPIDEMIOLOGICAL MODEL

BY

r r "
V() = a(f (V) + D, J 10(s) | x(s)ds)
‘ 0
here () exp(mDy [o(silis). Sinoe a(0) &1 fortizd NLOML AL BL-SEIEDSL and 0 A AMMAT
i Z

V(1) S(V(0)-4-D, 4 )P4
where V(0)= V(x(0), y(0), 7(©), w(®). This proves (©), [. Introduetion. Epidemiological models has heen considered by many au-

thors (see [10], [11]). In 1983 Smilh [12]sludied the 3-dimensional SIR system

(1.1) Sb—bS I S), P=H(, S)- (b R'=vi-bR.

REFERENCES where &, I and I denole susceptible, inlections and recovered individuals,

respectively, » denotes recovery rate, the hirth and dealh rates are assumed
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vhere ~ as i .4} represents Lhe per capita re CHoss of i itv. In sec-
Trirkey where ~ as in (1.3} represents Lhe per capita rate of foss of immunity. In sec

tion 2, we introduce a gencral 4-dimension mode! (1.4). We study Lhe stability
of steady states. Then we consider a special case of Lhe incidence rate H{I, s)
discussed by [6]. Tnsection, 3, we discuss the bifurcation of periodic solutions.
We use a very similar techniques to [8], [2], f3], in applying Hopf bifurcation
theory and to {1], |3] in applying center manifold theory.

2. On stability of a yeneralized SEIR model. We consider the gene-
ralized SEIR epidemic model
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a1 S BINY - bs - TH{L Sy by ROE =TT S) (b -+ ) E, onie root 7, (or ki) is negative and the other is positive, Thus pg (0. 0, 0} is
Poali— (bl R = ol — (b b) R unsiable, o o o
Nt Now the nontrivial equilibvium point is p(I,, 1, £) where,

l*qlln\\ing [6]. J11]. we veslrict our altention for stable equilibrium
population N, satisfving
Ny=S+E4+i4+ R0

aned BN =N, Thux (1o can be reduced to Lhe 3-dimensional svstem
"".

- s

(LN, —FE I-R)
(d+nT—F.(E 1, 1),

(b ra)E=F(FE I
R

n.

(2.1)
oI — (b4 R=E(E, I, R)

I'=

We assume thal all coefficients in (1.0) and the partial derivatives

el ) - . . .
HJ_I and o are positive, Now (he linearized problem corresponding (o
2.1 is
(2.2) Y =MY
"I
where Y =| y_ L (Y, Y, Y=
Y.
and
1 o 3 .
I{— (h+) (h+4a)(h+n) ol ﬂ (I._f . Iﬂl
08 o ¢l o8 a8
(23 M=
2. ~{b4n) 0
0 p ~(b+7)

o His clear that (2.1) has py(0 0, O as an equilibrium point and the va-
rialional matrix of (2,1) al p, is

—-;3. KN, 0
(2.3) My=| o e 0
0 v B

where 8,=b+a, L,~b+-. Ba=b+4nr  In this case the eigenvalues of M,

are
M= _*132 <0

and the olher lwo rools ... satis{y lthe equalion

(2.4) 22 (Pr A+ By — a K Ny =0
Hence since
(2.5) Fatda= —(By+2%) <0, Rla=—aKN, <0

(2.6)

b4-v
lf:u='-( 'l) I, and R,

%

Il
—1 1,
(" + ‘r) '

The variational malrix ol (1) ol pis

I s, —8, B, 8y o LT T —1Hs) 1, Hs, ]
M « 8y 0

and the characteristic equalion is

2.7) PR n R A =0,
where,
iy =8, -8, + 8,111,
== P By Ba) H (Lo B LI, - 1,011, — 1),
and
(2.8) (13=|Bg(ﬁ3+a)+m)|IOU%—OLBJOH,“.
Since p(Io, To. Ry)is asymplotically stable if u, >0, 0z >0 snd a ¢, —as >0,

then p(E, I, R is asymptotically stable if the Lwo conditions
I (i) 1, <H,

and
i) (B Ba - Ba) A Lo H |1 Ba(Bu o Bo) +(Ba+Bo) o o+

{(2M ; -y.I,,(]I,.—HI.)l>(;:-12{33—1frr)lulls;+1{3=Iﬁ(1130——11,u1

are salislied.

Remark. The special case H(I, s)=I{s)=Ks, was discussed by Liu

¢t al [6] for a 2-dimension reduced system. Here we insert this special case
in the 3-component system (2.1), we have

(2.10)

R =vI—8,R

1= KN E—T—R)—3,E) I'=ali—8;1,
Thus the nontvivial equilibrium point is p{l. f,, Ry where,
B.0:
B— 2220, I,=08,0 and R,=v0,

o

where

O

&

“:r‘: !\7_'1‘}11\’.‘\‘}“'&13;:.

Now, since I5,, 1, and Ry assumed Lo be positive. by (2.9), either §,8.<
KN, and ov-3,(%, —x) or 5,8, >ak N, and 2 >80y o). We nole that

b ndbal
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ihe two conditions (£) and (i) of (2.9) are satislicd. So pPE.
Is an asymptotically stable cquilibrium point,

Ry ol (2.10)

3. Bifureation of periodie solutions. Tt i= well known that the cha-
racteristic roots of (2.2) obey the characteristic equation
(3'1) 3.4

a2 i h—dy =0

where a,’s denote the sum ol the principal minors of M of order ;.

By (2.3).

a4y =trace M= [e]_}.gg_;.ﬁn_;_] _‘;’H]
as

o r T #
Q=Fo(Fip+Fap) ~FopFy+F o Fop— Pa (. e 1 fﬂ) a [(C_H - ﬁ) +

és ol @S
df
3 (ﬁx""l'é‘gj
and
; o - "
(3.2) a;=detM =—8,8.1 E{-j- +aB,1 0—“ = ﬂ —unl ﬂ
¢S al ¢S i8

Since the determinant of the [undamental matrix for (2.2) is the exponential
of the integral of the trace, the product of the characterislic roots of any
periodic orbil is less than one. This implies that at leas one characteristic
root has norm less than one and we have the following resull.

- Lemma 3.1. (see Hartman [4] pp. 233). For reach periodic so-
Intion of (2.1) there exists a 4-dimensional stuble manifold,

Tt is clear also by (3.2) that if the coefficients «, v, b, chosen so Lhat o
v large enough and b smal! then ¢, <0, ¢, =0 and ;0.

Now, choosing v, (the per capita rate of loss of immunity) a bifurcation
parameter for (2.1). let v¢ be the value of < at which (3.1) has { wo pure ima-
ginary eigenvalues %, ,. Since equation (3.1) should have at least one real root,
say Ay we may have the factorization

(3.3) =203+ G —a DA+ (0 —ayng a,) ] =0
But since A\ 4h,+rs=a, at =+, we get
Jy=a, and 7-.,=5:2
(3.4) Ara=—H2{(he —,) bV (o — @) — AAE— ;g a0}
Now at y=vy; the equation (3.1) can be written in the form
(3.9) F(a)=aa,—a,=0

Hence since a;<0 and @,>0 at v=-, we should have x, —=a,<0.
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Alwo. Uhe critical value === Is a solulion of (3.9), which is the (ua-

dratic equation
-0y —C!~in—l—c3—(),

(4.6)
where Y
=Bt [.@L ~ Il-'g) >0,
byrmmi (L’_I ‘_“) _ ({5@-1 .‘..’..1.) 5-8,3=0l (aﬁ” — P-I—I) 3
) e BN oS a1 &S
and
¢y ]”‘-’ g — B 84wl ((ﬂ - @)| d3—11.
) ¢S l if ¢S
where 3= ('3.._ -8 -+ I—a-ﬁ)
' a8

Converselv. knowing that ay<0 and ¢; <0, v =0, 1T we can solv_e e‘qt}atmfl
(3.6) for -.*(_'--ll: we then know that a. =0 and 7, %, are copjugale 1maginary.

ﬂl .i") — 3=l _a_ﬂ_..ﬂ))hﬁ

o L - laree FI nall he and . =

Sinee by (3.6) Tor large «. 2, 51 a2 gl ERN

and . are negative and ¢, is posilive. Iy = —r,>0 and 1!!: F(a)=—00.
H > L '{Aﬁ o

ppose Lhat <>, Then, from eq uxlion

Thus ~c is uniquely determined. Su >
. other hand., if v << v¢ then Fo(a)> 0.

{3.6) we conclude thal F(a,)<0. On l‘ho
Now, since by equation (3.3). 7 <0 and
F‘Y(rl,)r:(rlrrz—*ﬂ-s:(al %) (Mlo— k),
Sgn Fya,)= Sgn (a,—2)

Consequently, if vy then Ile T a=1/2(a,—2 y=0 and for >y,
Ry 20, Thus we have the following resull.
. Theorem 1. [ the paramelers, v and b chosen so thal
(1 +0) =8>l (H_H_ — Q{) ~1, then at ~=+c. there exisls an one parameler
a0 ér - asy _
fumily of periodic solutions bifurcaling 103 U
with period T. where T—T, as v—ve [o=2't;
i (3.2).
Proof. By the above discussion il is clem lh_:‘.:: ;
¢ there exisis a pair ol complex conjugale ¢ e
teristic equation (3.1). ‘
Since at y=<e. b, =y, Ly o=
Now. since by assumption ;=73 al vy =7

Thus by ahove,

from the criiteal poini p(Eo, 1o, Ro)
2=/Va, and a, as given

e

w v is increased through
afues Ay o of the charac-

g g 0.
}

Re 7,0 Tor v=20
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and

d
— (e &)
dy
This completes the proof.
' Remark, Using the lechnique of [7]
written in the diagonal form

| 0,

| ey,

!
=12 :,.,(7‘~ a,)‘ S (d
ey { N

d-y

_the Jacoebian matrix M can he

e VR STE Y
e | 5 Loy Las 0
it 0 0 a,

where k= ko, —| .
Now, using Lhe substilution
(2.2) in the Torm

A

veo then Ty = ko, al (b and we can write

2
h

g=@(y. 9). 3=0.
exisls for Lhis

[11. [3) {7].

Then, a cenler manifold €
(Y,p) =, )=l R (see

canonical suspended svstem at
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CURVATURE OF 5OME REAL HY PERSURFACES
IN COMPLEX SPACE FORMS

BY

THE C-PROTECTIVE

V. oI'RQlIt

. Miatzeu and the present author have defined in [2] the (-pro-
jeetive curvature lensor ficld of a torsion free connection, adapted toa normal
almost contacl strueture on an odd-dimensional manifold. In the casc of a
Sasakian manifold this C-curvature tensor field does vanish if ans only if the
considered Sasakian manifold has constant o-sectional curvalure. In the present
paper we study the C-projeclive curvaturc in the case of the normal alnosi
contact struetnres induced on certain real havpersurfaces of complex space
[orms. Reeall that a normal almost conlact structure s induced on 2 real
hypersurface of a Kachlerian manifold if and only tfthe Weingarien maopping
does commute with the linear operator delining the almost conlact siructure
on the hypersurface. In Lhis case the Weingarten mapping has al most threc
distinct cigenvalues (see [3], [6]). We show that the «-umbilical real hyper-
curfaces of Lhe complex space forms are C-projectively flat i.c. their C-pro-
sective curvalure lensor ficld vanishes, The normal almost contact real hyper-
aurfaces of a complex space form for which the Weingarten mapping has exactiy
{hree dislinct eigenvalues are never projectively flat. The manifolds and tensor
ficlds considered in this paper are (‘=. The usual notations from the diffe-
reutial geomelry arc used throughout this paper.

1. eal hypersurfaces of complex space forms. Let 37 be a Kachlerian
anifold of complex dimension n+1. Denote by J the almost complex struc-

and let § be the melric tensor field of AT Then
LGN, IY)=i(X, 1) X ¥ e@dl)

!
ture tensor lield of AT
(D Jz
and if V is the Tevi Civita connection of § we have
MY =0; X, Y=&AD),
It §1=AF"c) is an (n--1)-dim
' holomorphic sectional curvature 4¢, the curv
RyyZ=clf(Y, Z)N— HX, Z)Y +§(JY, IN—GJIN, Z)JY —
—2§(JX, Y)JZL

Consider Mce AT (¢) a (2n41)-dimension
complex space form A1r+i(c). Suppose M is orient

ensional complex space form_of constant
ature tensor field /R of ¥ is given by

al real hypersurface in the
able and let N be the unit



