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This completes the proof.

Remarlk, Using the technique of 0], the ] i i
. ? . Using : lee 0] . Jacobian matrix - s
written in the diagonal form i Al be
I I ke O i
o | =4 b L O
i 0 () d.

where k= —Fy=—|a,.
Now, using Lhe substitution g==y—-., then by k.
(2.2) in the form

al 5
:

O and we can write

=y, ). 5-0.

Then, a cenler manifold ¢ exisls for thiv canoni
I 1 .oexisls vocanonical suspended sy
(Y, p)=(U, =R R (sec [1T. [3] [7D. g Rt
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PIVE G BVATURE OF SOME REAL HYPERSURFACES
IN COMPLEX SPACE FORMS

BY

TTiE C-PROJEL

v, QI'ROIU

I’ Matlzeu and the present author have defived in [2] the (-pro-
jeetive curvabure lensor ficld of a torsion [ree connection, adapted toa normal
almost contaet strocture on an add-dimensiona! manifold. In the case of a
Sasakian manifold this C-curvature tensor fietd does vanish if ans only if the
considered Sasukian manifold has conslant g-sectional curvature. In the present
paper we study the C-projective curvature in the case of the normal almost
contack struetures induced on certain real hayvpersurfaces of complex space
forms. Reeall that a normal almost contact structure is induced on @ real
hypersurface of a Iaehlerian manifold if and only itihe Weingarien maopping
does cominute with the linear operator delining the almost contact slructure
o the hypersurface. In Lhis case the Weingarien mapping has at most three
distinct cigenvalues (see [3], [6]). We show that the r-umbilical real hyper-
surfaces of Lhe complex space forms are C-projectively flat i.c. their C-pro-
iective curvalure leasor ficld vanishes. The normal almost contact real hyper-
curfaces of a complex space form for which the Weingarten mapping has exactiy
{ hree distinet eigenvalues are never projectively flat. The manifolds and tensor
lields considered in ihis paper are (‘= The ustal notaliouns from the dilfe-
reatial geomelry arc used throughout this paper.

1. heal hypersurfaces of complex space forms. Let 37 be a Kachlerian
manifold of complex dimension n--1. Denole by J the almost complex struc-

{ure tensor field of X and let § be the metric tensor field of §7 Then
(1) Jie 1, GUIN, JY)=§(X, Y); X Y e (1)

and if V is the Tevi Civita conneclion of § we have
@ HY=0; X, YD),

It A= 3"1(c) is an (n-+-1)-dimensional complex space forin_of constant

holomorphic sectional curvature 4¢, the curvature tensor field R of Vis given by

RyyZecli(Y. 2N = §(X, 2)Y +§(JY, Z)JX = GUIN, Z)TY —
—2§(JX, Y)JZ}

Consider M= T (¢) a (2n+l)-dimensionul real hypersurface in the

complex space form T1m+1(c). Suppose M is orientable and let N be the unit

(3)



3
gb V. QPROIU

[

normal of M in B! (¢). An almost cont: . o
M by defining (sec ([?)], [':i]a)];n%t contact struclvre (5, 2, v} is induced op

(4) £ —JN, 9(X)=g(X, ), JX=oX+7(X)N, X=01.
Thus we have

) n(E=1, o*=-
and if ¢ is the Riemannian metric induced on A from § we have
(6) 95X, pY)=g(r. H—n(X)n(Y); N Y =00,

DBI‘I(JI,C l.) 7 A lh(" ywelngar tell llldi)l)lll” 155 0CI ("l wil ]l 'h(‘ 1 ]l” m
54 o s [4I M) ma
N Gf M 1Tk “’I yl( l t ¢ (ull]SS-Henl(’ [43) l!]]l:.l' e '
- ( ). hcn h ,__,dl IC“ f 1 ¢ oare

(7) VeV =ViY 4g(AX. V)N, VN=—AX.
Recall that V is the Levi Civita connection of g and A is selfadjoint i.e
8) g(AX, Y)—=g(X, AY). | -
Remark that, due to the last relation (3) we have
E)] GIX, V)=g(X, Y}, X, Yet(M)

thus g{oX, Y) is the restriction to M
S ¢ ’ ¢ M of the fundamental 2-form §
of M*+'(¢). The Gauss-Codazzi compatibility relations are \\riLteI:: zfs(.]fgflofg

(o RerEelal DX—g DY=oisX, o gV, Z)oX
290X, V)9Z +g(AY, )AX—g(AX, Z)AY
(V2 A)Y (Ve A) X =c{3(X)oY —1(¥)pX —2g(9X, )&}
where R is the curvature tensor field of V.

Using the Gauss-Weingarten for
: mula h ini
the almost contact structm‘i (o, E, ) we ;(EZ) and the formulas (1) Ay

(11) Vb= 0AX, (Vrn) (V)=g(34X, Y), (Vxo)V =i(V)AX —g(AX, V)T

léjsrr;]z:li':nthﬁt, geperal.ly, the almosl contact metric siructure (=, £, «, g) is not
ihe e oreover, In order the almosi contact struclure (g, £, ‘r_; be normal
eingarten mapping must satisfy a certain special conciitionf

Propositi . ] & i
— position 1. [3]. The almost confuct structure (5, £, +) is normal if and
(12) oAd=Az

The proof is got by a straightforward compulation using the expression
(13)  N(X, V)=[9X, o¥]—g[oX, Y] —o[X, oY ]~ AN, Y] +d7(X. V)&

y s . Ill t] X 55 10
leld ‘)f \P l‘) 1c E\pre‘ss 1 0[ tll{, trc“SOl f]eld 4

(14) he I —E@7 =32

3 THE C-PROJECTIVE CURV ATULE

387

lemark that frisa projection operator on Il — Ker v=Im o and its lernel is

V. the trivial line bundle spanned by & We have

(1) hi—h, ho=gh=g5 =Y ph=ho=0, sv=0p=0

where #n 26,
From now on we shall suppose that the cendition (12) is fulfilied, thus

Ihe almost contacl structure 'R R normal.
Proposition 2. The exterior differential of the 1-form « is given by

dr(X. V)= 20(4X. ¥y, Xy =),

(16)
Proof. I straightforward computation using
AN, V)= (Ver) (V) (Vo) (R
Propo=ition b The torsion free lnedr connection ¥ defined by
(7 VeV =V Y4 PN Y)
here
(18) PN, YY) = 1(XN) (oY ;y.lY)—F'r,H') (o - oAX)

is adapled to the normal almost contact structure (9, o],
Proof. Verily by a strajghtferward computation that ¥ has the properties.

_ R U
Vyi—oX. (V) (V) =g(24N. V)= =dn(X, ¥).

(1%
(Vi)Y = w(Y)hX — gloAX, Q\’)i:-‘q(}’)fix — }—)d'ﬁ(x, aY)E

“These are just the conditions for V 1o be adapted (see [11. [2h.
Remark that since Lhe condition (12) 1= fuifilled by the Weingarten

mapping A we get that £ is an cigenvectol of A

ctor field X on M. Moreover. using the Codazzi

Then v(AN)=an(X) for any A ¢
ant and the Weingarten mapping satisfies

relation (10) we get that = is a const
the relation

(21) QN AN ¢ hN=0, Nl

from which we get that 4 has at most three distinct cigenvalues. Moreover
these eigenvalues are constant (ree [6] for the necessary proofs).
i'ropusition 4. The copariani derivative of the \Weingarien mapping A
with respect to the L
(22) (Ved)Y
Proof. Using (20), 21y a
(rp )i —coX, 7(Vx)Y)=—cgeX, ¥).

eni Civita connection ¥V is given by
en(V)s X —egloX, V)
nd the relation 7(AX)=an(X) we get
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Thus we may write

(23) (VY = —cr(NoX—eg(pN, Y)IHO(X, 1),
where (0 is a tensor field of type (1, 2) on M salisfving

(24) HQ(X, V)= 0, O(X, £)=0

ie

{247 QX Y)=Q(X. V). (N, IY)=0(X, Y); X. Y= 0,

Next, using the Codazzi condilion (10) we gel
{43) QUN, Y)=Q(Y. N); X, Y=,

From the condition (12) fuMilled b : e i
Forward eomication (12) Tulhlled Ly A and = i1 Tolluws by o siraight.
(26) Q(X, 9Y)=20(N, ¥).

Finally, using (16) and the property d*=0 of the exterior differential we gel
(27) 8N, 5Q(Y, Z) +0(Y, 90(Z, X)) 497 20(N, 1)) -0,

faking in (27) Z for Z and using the properties (21'). (29), (26) it follpwsg
(28) 9Q(X, Y), Z)=g(Q(Y, Z), N)+-5(Q(Z. ), Y).

Then, taking in (27) X LY - N Y, 7 respectiv i

B0 (25 56 e ger T ¥E for & ¥, Z respectively and using agai
(29) QX Y), Z)+9(Q(Y, 2), X)+g((Z, X). Y)=0.

Then from (28), (20) we get =0,

-

Proposition 3. The covariant derivat ) 2. | :
the adapled connection V is given b;; Hifive.of 1hg Sform by, with respeel fo
(30) (Vadn) (X, ¥)=24(Nog(42, )= 24(¥)p( 12, N)
= 1 (N)dr(0Z, Y)4-(V)dg(eZ, N).
Froof. Use the expression (16 fy mla (17 ini :
e ms“!t,nf o pm!m]s“mn 4'( ) of dr, the Tormula (17) delining V and
r siti rature fensor fi
. gipm:*(gn!;) ition 6. The curraturc fensor filed R of the adapled conneclion V
RyyZescig(hY, Z)AN — g(hX, Z)ItY - oY, £y X — ¢(=XN, Z)oY —
L THEN DIBAY, D) (X 21N +a(54X,2) (oY -
(31) —:,pA})—i_—Eg(:pA.\', YXoZ o AZ)-lg(hAY, Z)hAN
=g AN, ZYWAY -4 Z) {—1(NYRY -} (VYAX) -+ Lo N)g(A Y, Z)
L(V)g(AN, ZNZ.
Froof. Use the general formula

(2)  RarZ=FoZA- () (Y, 2)—(Vy P) (X, Z) - YN, DAY, 2)) —
—P(Y. I(X, Z)).

3 h

THY C-UROIECTIVE CHEVATIRE aed

Nex{ compute

(VD) (Y. Z) o (AN, V) (G2 —212) B2 22) o(V)atZ) AN

(33) 2o Vye(Z)hN gl AN Z) (Y AV ) o= (Vg AND Z)

e Dt AN, Y) e (OGN Z)-Len(Z)gthN, Y )32
and
PN DOY I (N (Y RRZ 420 A7 WA ZE-nt XAy —hY
YR Y —a A Y (22 —=22)(Y) &}
Finally, nsing (3. (31) and the expression (10) of B we gel (31) alter
a quite long computation.

2, The €-projective curvature of the normul almost contact hypersnr.
faces in M-F(e). Tet ¥ Le o torsion dree eonncclion adapted to Lhe norma’
almost contacl strueture (oo Zo7) on the (2n +1)-dimenstond manifold
(n=1). (see [1]. [2]). Then the (-projectlive curvalure tensor field Wool ¥is
given by
W =h Ry 241N Y) = LY. NpihZz-1 (L(N. Z) Ny 2 Y

LAY Z) (Y e 2N - VLNL aY) =LY p N}t di(N, Yyl

e

o I!(\‘ VAR 1(! (N 7;1 ¥ A il(\ AR lrir(\' ?)1 A
AN pA) - (N L) 2 i Ll cople} o () L A)
\ . A 2 f
where
1
LN, Y)= = ].5'(,\', AY) 4 def N, Y )4 ————15(hN, Y)+
(A1) 2042 tn®—4

L SUY, Ny — S(oX. pY) — S(5Y, .»_Jx)}}

and S s the Bicei tensor field of ¥ @ S(N, Y) trace (Z— Ry Y)
Recall that W has the properiies
Wy 2o O, Wiy Z)=0, WeppZ Wy Z =0

trace Wyy —1trace oWy p==lrace(Z P W, Yy=trace(Z— p Wy Y) =0
and it is invariant under Lhe C-projective transformaltion of the connection V.

Suppose that M is a normal almost contact hypersurface in Lhe complex
space form 3% 1(e) Then using the resulis [rom the Tirst seclion we gel
37) SN, YV)=(2n4-Deg(hX, Y) {od-trd =g AN, Y-F2mq(N)yn(Y)

where 1.1 denoles The trace of the Weingarten mapping 1. Thus § is symme
tric and

(22 LN, Y)= SN, V) 4g(hX, Y)=

(38
) 2e(n+2)g(h N, Yi--(« e Dglh AN, Y
Nexl we get byoa straightforward computation Lhe expression of W
Wy Zo —— {g(hN. Z)RY — (i, Z)hN + g(oN. Z)2Y —
(M} n+1

el 1 . .
— (oY, £)aN + 240N, Yipdi+ I) l, (AN, Z)hY —
2n--2
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Now o we geb onr main resulls
Theorem 7.0 M iy o tolally «
sptce forr X0wey dhen it is C-projeciivef g flad,
Proof. The hypersurface M ois tolaly panmbibical df

nutpping (1 has the expression

wombalccol real upersurfoce i the compley

the Weingarien

AN aX Rhr(Ny:

where o & are scalar funclions,
Then A satisfies the condition (12) and it has only two dislinel eigenya-
es, One of Lhem s z=u -0, [he second one s a dn(l vsing {21) we must
have ol e, B foltows that o, b arve conslant, il - (2n {-l)u-;-!) and using
() we get W,
e mmA In the general case where MWis a nermal almost coitact hypersur-
face in X () for \\]mh A has Hoee distined eigenvalues o

W, we must
ltave
{10y Vordoes o, Mis= —r
thus 7, 0 e constant, 1N o an eigenveclor of 4 corresponding to 7, then
oN s again an eigenveclor correspondimg Lo i. Lhus Lhe mniltiplicity of 2
wiusl be an even number. Denole by 2p the multiplicity of 5. Then the multi-

phicity of w is 2in—py and = —2p7--2(1 —p)L.
fors of A (nl]u—.p::nrllu" Loz the con dxt'nn Wep 7=

2U2e4-a1) (p

Since L1 must have thre edistinet eigenvalues psie, (hus zx-+
—azt =0 1f =071 Toliows WAL 11 e0 and 0, take N, Y. Z eigen-
veclors of LY corresponding to ps=00 Then we gel zp-+20 =40 Lhus 2=p. We
mway conclude that The normal alimwost conlacl h\]:v[ surfaeces of the ('Um]J](:\
space forms "7 (ey for which the Weingarten mapping has Lhree distinet
cigenvalues cannol be C-projectively {lai,

I N Y. Z wre eigenvee-
Ods redueed Lo

ny==0

~2e=0 and d¢ -4
LA S

Examples of normal ahimost conlacd hy persurfaces
Jorms are oblmned as follows. Consider M1 11=
Live space of constant holomorphic coavalnre
sphere S0 - by Lhe usual pxc:]e(lmn oS R (|2 j={efis
Ol ces=+ Neal lel My2n42, /)= 828 he Lhe hypersurface of S48
defined by |

Z | op ) t=T I “nta

Thea (20 Flem( M (242 ne

v perswrfuce for which .4 has two (ons_l.lnr eig
Is The geodesic hypersphere in G710 and.
{-projectively flat,

in complex space
G0 the complex projecs
It is ebtained from the unit

is a connected eompacl :e
pyvitlies, Namely M, (‘)n-i—l
aceording {0 the Uheorem 7 it

L e —— e —_

r THE: L P"u.n::_:r VE SURVATURE S0
) e s e G H .
In the case of the hypersurface M2+ Lom. s)e S defined bx
" LIEEH | -3
; ) _—
E SemliEES E S A Zl-i. 1
L0 gom—1 Bzl

tas M(2n- S==n(M2n-- 2o N this is o real
|1\|Tl"l‘-ll!f.l((‘ in I P+ for which . has Uhree distinel
’ m. sy is never C-projectively flal,

the projection i GFP*
normal almost contacl
cigenvalues. Thus  M(2n i.
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